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1. Definﬂions and  Htondord For e

A"L'meou' ijmm“ (LP) is qiven by min'nmi‘tiﬂj/m«x‘sm;z:nj
a lineor function . denoled c'x = z_:,q-x; or <c, x>,
over o feasible region given by a finite collection of

lu‘new inequal.’hcs, denated O.‘:rx sb; for zl.m,

Wrilen concisely, for ceB” AeR™", bem™

[mln/mmc e x
s.t, Axf’o

elementwise



Ncr‘a‘ionol\y , e wl\" have a; denole o row of A
ond A; denote o column of A as

=1 TT
A' [ : =l A, . A,
Q ——— / /
N°§'l"“_\ (0 This model implicifly allows lineer @equality constrainds

als -a‘.Tx =lo iF ond only i$ alx %b;
ond ~a'x 2-b,

(2) This model .'mp\:d-“y allows nonnesc\hvill-y consiraints

as  ¥;20 4 chnly if e,;'x 20

ti”’ basis veclor (0,0, ., CL.o,..

(3) A 36'! 3.wn "ay a Slhale nneq0ql+y ix lqu ‘b'S

is called o b_g_lf_se_g_c_e_. .

(1) A st given by finidely mmy halfspoces x| afx:b;%
is called o Po\yhedron i

(5) A boumded po|ylvedron is called a "m‘y.tm_“

—n\e Geome-f,y ond Sﬁuc*um oF Po\yhe(‘rovn
s cyr’o:ecl in detail in “Inteo 4o Conw\u’#y“

a)



WC sz on LP is ln‘!éasiue 6'F no xem" has A

xsb,

denoled loy - gmin CX

We< Soy an va:s vnbounded

if  there exisls a sequence xVe W)n, Ax?y,
such that Jim %=

"0 (when mivimizing )
Cor lim 'xPz420 (when max:mlllus)

denoted by [ min ¢'x

AT or =400,
el ikt [3.4. Axsh

WQ SQy x~€mn

iS @ minimizer (mx-‘mlzer) if Axb

and "% 2% for all X with Axsb.

(2)

Common teminalogy : oy paind xe[R”

is a ”So’u*len“,
oy x with Ax<b is a feasible .}g(uhon“

MYy minimizivg [maximizin

/.

§ X is an 'opihud solufien ”.
Theorem Every lineor program is either infeasible, unbounded, or has on optimal selubion .

Noh’ ‘H\Is dot’S no4 L)OU Q)r V?on'in(’or O“)‘llhh"(ﬂ’“on.f

X
Consicler min{m,’zinﬁ e over (l" O‘ Ip,.
This ;4 reos;H-/ bourded kelow, and has no minimiter. “-6



\l\’e Say an LP is in §*mclovc| form if

min  ¢'x (always minimizing )
Sd. A" =b (all equqlﬁ'y constrainds invo'h'n_, A)

- CQ" Qw}rywue nonnesa&(ve varlqbks)_

: : . ine roqram Qs
E)r eXQmP[e, we con rewrite our Smd "j Li or prog

- (CH'CP) (Cm-Cp) Cp-cp)
m'n(v (‘FH"‘WM'P—‘FOTF‘PCP)
S‘{l- H *M"' F + S| :IOO
H =5, =15
M . "53 :ls
“M+f o 3
MHF "S5
: =20
o % s
* M =572 90.

HIMIF: Sl' oo, S’ 2 le)

rewriten

—nleomn (you u‘"prow in H‘@ Every LP cen be equivalently
into stondord form.

Note equvalent hee means if you had an optmal solution +o
[ either lineor program, you con immedialkely preduce an optimal

solution 4o the other . Vi
cl.“;"f S



P’.‘coﬁu‘on

Example Lineor Prosmmmina __AP
Two Cons{r‘ain‘,' Knopsac)(

Suppose you hove geods iz 1, m,  (lhink you o pacicing opples,
bonomns, celery, edc | >
ach with three athributes: /

weight per wnit @y
volume per wnit V;

Payo" per unit P‘, .

31:‘/\ end

G’ivtn weish* ond volume vpper boonds W,V (ke the s
size of your Mmap sacic)

MQximizihj your poyo’r‘f is a lineor Program:

max p'x (=i pux.)

s.t. Ty <
3’,: <' W (szx; is ad mosd W)
5 ;ov (ZV;X'. s ot most V)
) (ne negative quantities’)

w)vere Xi , our &C;Sior\ Vov:ablc, is Jhe # units of acod é pachd.

Nolcsh Pu’: in stonderd Sorm, this s Ml "P"‘

st w'x +s, =W
Vix  4s,ey
xo S',’ Sg 2 O,

P Each extreme point has ot most two goods packed. W)\y?

max Wy. + V)'z

P The Duol of this stendord form LP s
s.t. Wiyt VY, §-p Vet om

Why ?
y\,Yz s 0.

iz



EXo.mp\e Lineo( Pmsromm'MJ App_‘ﬂ:u{‘ion
-r;‘on.spor'}q*lon Problem

B;pﬁdi’e Srnrh Vi!(d}

Supply »
Suppme you ove shzﬁ')inﬁ Sooc\s from 3”0 - emond

SUPP\Y centers i=|.m to
de'moné cen*ers Js l...n . \ d; la
$,.250
Each supply center i has s, goods. H ﬁ"" ;
”7" ‘.’

EQCL\ demou‘ Cen4erJ nee(‘s dJ aoods
\
S\mppms one um* 'From L +oJ cosis C dollors .

Minimmns youvr tolal costs while mee‘hns all dermnond (o..s.sume ZSE’SJJ)

is the 'Po“auins lineor pmsrmi

minl Z c"' x"
R R
s.t. |
JZ, X;j =S, Vttl..-m (ceﬂkra sends ifs sdoclc)
? X;j ] dj ij l".n (Cen{f"‘j recieves its C;M\J)

>
l'R Xz (o) (710 msc\ﬂve S“\RPP.'nj)
Where X1 denoles the amound s‘ﬁmcd frown @ *"j

Notes » Nreo.dy in stondord form.

> EQCL’ extreme P°m* J”S“ uses man-| sh.rrms links (despite their being nw
+otal ophons

which form o spo.vmlns tree of the b.pm;e Sro‘oh above .
W‘\y?

> The Dual of #his stoadord form LP i {ma\x su # d'v
. w,\y7 S.t. U "'U. 03 V&



2 . Exlreme Roinits

For the sake of visvalizatlions,

a Senercd poly hedvon looks like...

“n*‘k

o {xlesas[E

X3

A stondovd -Form po\yhedron
is more limiled. They all lock ike ..

Tndersecling the plone
$x1Axzb}

with the nanneqative

Cf"kml— x20.

If e wont Visvalize stondord form LPs

with dimension >3, we con reshict
ovr view Yo the subspue IxlAx=b3...

Note: We can always reformulate /change voviables 4o be in shandord form .
This gives Us o very nice property! Why?

" P- $x)Axzb,x203 contains no lines §% | Xe*tArr 2 X for some Al
'FW My Xo,v-.‘
"y

a3

[—n\a{ is, no shofes like ‘/? exist in sdoadod form



“Three definitions for “corner pom‘ls“

Le{ P= ix le.‘L} be a semﬁc Po‘y‘wt‘fo'f’ (xeM”, beM™ Ae IB"‘"").

De%nihon 1 we soy xe’P is on exlreme Po‘m'* if

no y,z e’P\ix} exist with X‘Ay"('v\)z, /lE[o,f],

=

_n\is has a Seome“ric Llover ¢
X is not extreme as shouwn
by § ond 2. ¥ is extreme
as of\y Pd\v‘\"i ylz i is b"‘dm

hoe of least one infeasible.

-

Defini{ion 2 Wc Say xe P is a W__‘_'_"‘_S_’_‘, if some ceR”

has ¢™x < c'y for all yePrixt.

This has on op‘l’imizqhon ﬂowor‘

X is the Uhiqoe minimi zer

in some direction ¢ .

Derini‘ion 3 We Soy XG’P is a Basic Feasible Solution (BFS) i¥
there exist n lineorly independent a; with alx=b; .
(if we drop the requiremend xeP e say it is o Basic Sa‘uh::,,)

¥ .y
This has on q'gebmic flavor: ']
X Is uniquely determined by Q*
a system of n equalions.
1 % ise BFS, y iy a BS, ; “alxsb,
= '_'a:x:b,




-n‘leorem For oy Polyheéron PeixlAxsby, o point xef
is on exlreme point iff it is o vertex iff it is o BFS.

Proa;. (Verkx => Extreme Point)
Suppose X is a vertex , uniquely Minimizing in some direchon ¢ :
T < cTy Vye?\ixl.
!Consider oy Y,z €P\Vix¥, ond eny Aelo.1],

- Then A (s <cly)
=N ((Tx <cT2)

cx < AC')’ + (1-A) "z
=c"(A y
L Hencf X # /ly-l- -z ( Al O

(E"*mm Poini = BFS)
Svppose % is not a BFS,
Let T <. m3} denole the sel of *#ight” constraints alx=b,
{“i};_.r does not have n lineorly independend vectors.

=2 Some d#0 has ald=0 for all iel..

; =.J> al"("" CA):'as:’x'Bi
( a/(x=¢d) = a/x = b; Vé ¢I

|
v "
Moroovcr, O.J (xicd)- GJ'x x gaj’d < bj VJ#I
if we select g small ¢mv§b since ax <b;.

= X iy the overage of two feasible points, xted .



(BFS = Verlex)

Suppose X is a BFS.
Lei L= id’. | GER'B:'S be the some as above .

Consider minimizing over P in the directon ~c¢ =) a,
cel

Al\ yGP have afy ¢b;

T - ey

> dy= zztlfy.? -2 b,
o & D qu._l#y only holds
==2ar i alyshi Vieg

. alx

<ex
. - ?

S CcXx,
D x Minimizes ¢'x ovey P
Since oy Minimizer as eqm"'*y

sdved' Ly x’ X

qloow, ond a‘.’yzl,‘. niquely, ;s
is the Unique minimizer, m|

Comers oF VS{MA“A ,FOffh fgly hedrons

It suffices o consider lineor [rograms. over polyhedrons
| P=§x 1 Axzb, xz0}.
wi"%W‘,’ lO.SS 0'p seNleH‘ya A has independenf rows .

A BFS comes from selecting n Lineorly ind constraints to hold tightly -

Ax=5 gives LS M lineorly Ianoem‘en‘l' consinain ¢

Some nmnesn}'vﬁy constrainls  X; =0 must provide n-m more.



SOme notation for slandord form BFS

We pick o Basis Bs £BOY, ... Bemd3 ¢ 11,..., nd
ond denole s complement by 3 .

L‘* ¥a = ("Bma ey XBCM’) » Ca® (Caey oocr Caom)

X = a
8 be(" § HS . xBCn-m)> . CB* (Ci(,, sy Cé(n-n))

Ao [ ay o al ]
Bg A&o Astn)
LI 1 ] -

[ 1
Aﬁ: AECI) o ’ ]

| ' A §Cn-n)
/

P—

=l

.n‘en 'H\e BFS correspondlnj to B is the um'clue soldion 4o
{A"tl” &= Ag xg "Aﬁx,g =h /VSVP.M - g

X§e0 =293,
This coles |iKe...
xé ot O / n,‘ ‘ ‘\,'.3 .

& { Ayxg =b ’
xg 0. ixlAxzb}
This has unique solufion Xa * A;'o, X6°0  when !

ond no Uniqw solvhon o”nruise i

Ag is inverhble

Lemma (m HW1) Every nonempty stondord form polyhedvom has a BFS .

. —
-

».
[Recq“ éj/':', ."' ‘ l) i’ a P"‘} lyf(lfoﬂ w.'“\ .no cx"r@mo f‘oin h]

—

“



No&um| '
Queskon Wt hoe seen each stondovd form BFS comspmdg

o Pick:na a Basis B O\JSO'V'mJ iAsxo,b
Ts this choice of a basis unique ? xz\,.a.

{ptch-a T B
o ha 4, p <<o
’774.‘ gr E

No!

Two basis Bend B con have the same BFS x solve

{Agxﬁb T Ral 2

xg= O . xg- = 0.

In this case, all ; ey B mest have x;= O,
In Pa-'l.'culor,qmé e B\B’ has X:5 0O

(we cre qetting zeros inthe loasis St ae
did not force 4o be zevo. )

For example ,

X is detormined by % 1o delevwined by
my'huoo;#w%ffe myfhr«o“”ve four
f.'s\n-f constraints, tight constraints.

WC Say o basis B g'ws o _D_csenem*f BFS if some (eR has X;20.

WC soy it is Nondesen"qk otherwise (5.0., when Xg -"-'A;B > O).

R



3. Opiimali{y ond S{mhs_Quali{‘y_

Min ¢'x
Cowsk\er o stondord Form LP st. A;;b (LP)
o.

Rem“ X is o minimizer i A,,."- b, x'20,

ond %X $Cy VyePsixlAxst
x20%,

Firs! we show BFS minimizevs dypically_exist.

-n)eorem I-f (LP) has Q minimizer, 'Bnen Some BFS 5 6 Minimizer,

PC'OQF_ Le% x. Le o minimizer O‘F CTX over ?:Sx IAX‘: L,XZ 03.

Define the set of minimizers as Q={x| Axzb, cx=c"x", x205.

For example

Note Qs also in stondord form.

By our previous lemma, Q mus} have

-c_|
some BFS ¥.

OW‘ resol will then follow if we con show X is also a BFS of P,

Tha is, we wond 4o show no y,z€ PVERY have xzAdy+ -z,

for oy Ael0.1],

Since % is o BFS of @, no y,z€@VIA1 have 4his.

However £ either y or z is in P\Q, then y?>c™X or c"z> "3

R AcTy + 0-0cz > %
= c"(Ay+(-N2) >
=3 # Ay+0-nz .

Thys no v,z € P\iz3 have weishied awraqe . o



&Now we show how to check f o BFS is__OP'la'mal

Conslder ony BFS X with a correspcnclina basis (3

(*ha* is, X Uniquely solves { Ax = b)
% =0/.

For ony 5eB , lets consider slightly reloxing the

requirement X;=0 to x;7€ for small €50,

lel ¢ | Axzb Suppose B2131.23, 522,
X Unlquey SOlVC x= Then +his leoks lik ...
X.® €
3
x%\t"’go‘

We con solve this system divecily

X eg

8 ALYV i

Xi\j e O
< AB"3= b"Ajt
Xs sg
’(i\jto
xgz Ag(b-Aj€)
@ [”J c g
*By £ 0.

AX=B . $x1Ax=b3 X320
{ %20¢ @2' A‘xB‘.AJxJ*AB‘J"G\;*B R



As we move & amount, going from X 1o X, our objective

valve chomses lineorly ..

Ty . " A;(B'A'z)
"5 [Cs] £ =c;A;'(b~Ajz)4cje

cE\j 0 i @
= cgAgb + (¢;-cf AR A)e
= ¢+ (c;- cgAgA,)e.

. oslnj thad Sge A"L
If Cj‘C;ABAj‘O, we cre impmvinj on X, #> o4 02’:%";
F'TL )
1S rq-\e o-f o\pjec‘hve chmaf is impor-h»" enoua\n 1o howe s cwn
name . The Ple&)ced Cost of J_in basis B s E: =¢- C; A-B‘E)

L J
. Ll ' - .
Note every (¢B has CTi7 c;-cgAgAiz ¢ -cie:zcoc.z0

We Jed §.1 dencle the vector of all reduced costs,
c- cgAZA

7 Sa7
Suﬁwse %€ . Aelh  be TP;S, and the paper shows the 20

/@gﬂc"um Recapp‘lnj _fie- proce.ss og requinj Xj-'o +o 3‘""“"' -
| a‘rﬁno SU‘DJ’PGCP ;X , Ax-:\,‘i : SUFPO,Q c Po'.n*; wp I, 30 we misnimize doun .

BFS with Br§l.4.5.6,73
o B=1233,

.“ ‘x""'*' ﬁfkﬂhj xSSO:

> & o
420 x:x-;[A:'A"
o
e ®
™ ¢'X-c'%

\ x.zo =-{C3' C; A:As) €

“C3t

:o in this case Sinee L€, ,22




neorem Cons‘.der ony BFS x" with a bosis 3 ond

S —————
redvced costs €T,

¢) If cz0, x" is a Minimizer,
(ic) I X is o minimizer and nondegenerq}e, cz0.

T B |
Proo;- Suﬁ:ose ¢z 0. Consider ony feasible point x € Pr 5] Ax=b

x20% .
Let d= x-x".
Sinee Axzb, Axzb, Ad:=O.
= A.dg + Agde "0
= Agda= - )1 Ayds

ieb

= AB' ';Z- A.B‘AJJJ

J¢8
]
-n\en X must be a minimizer since

C‘r(x"x‘) < C‘rd s C‘;dB + nga )by Hee above caleviation

= "'Z (C;A; A“, dj - cjd.\) \? LY defimition

JeB

‘Df'OOr of Co)

- — »
= 2 45+ uiing b dj7 %73 20 s 20
1eh 373 3 3 X'20
€ = ’

. ' ond that &; 20 by assermp tion

20,




/P Suppose some C; < 0.
Axeb

For some &> O, consider the X uniquely solvinj{ X; e
Xi\j:o

which we prev:ously calevlated a3

W [
XJ = X + 1 g.
REH [ o

Since X. is assumed 1o be nonJeﬂemqu, x'B > O (sdicHy!).

= For small enoujh >0, §B>O.

Roo'p O-r C(’.L)

ﬂ' S;hce §j:£,° W\(‘ ;("6\15320 7 ?(' 3 o .

= X is ?easib\e' -for small enaugln e>0.

. T~ T . s T »
However, CX =cCcx -|-cJE < CX 'Forq”é’O.

= X‘ is not OP‘["’m! . 0

NO{Q 'H"C requiremm* O’r mndeﬂcnera(\y in (u'i) s ywdec‘ . _—]
Desianinj a Ssimple example with this property fa:l:nj

al a descncrqle BFS s a Sood cxcrc:se—._‘\

25



C ons{'roc*h

the duq |

'S
0¥ Q S+Q‘\(l0n:1 fovw LP

Back in lecture 1, we understood optimality by picking

mUl-l.'\o\{ers (mQS:cu“y) for each constraint, giving
a dual opflmltn{lcn proble\m. These reduced costs

are aclually se'lh‘nj al the sawe quoniilies.

LC*'S retrace our mu"ip\‘" Gﬂ’ﬂ’ndv from the 3”“""3 LP
on a Seneﬁc S“'omlon:‘ form lincbr proaram.

r-t A . Min ¢ x (recall Ae @™
onsider the ima | problem s.d. . -
ider the primal pro Ax=b .ol

x20.

P

X «y muH:Ph"’ Yemm for each equalily constram?.

Summinj ihese up weishfecl 85\'95 Z:“x (Qfx =1,‘.)

2y Ay = by. Q
LT e pick multipliers with, y'A ¢ ¢’ elementeise
;’ then %20 ensures yAx 2c'x . ()
()+(2) implies oy myltiplieys Ay s¢ bound the primal minimizetien

Qs hwinj c'x 2 Bry V&.ﬂue X.

Compitng e lomesh lwer bounct is +he dal problews | % °'Y
s.i. Ary ¢c,

b

[25



—n'leorem (Weuk Duqli‘}y) For ony (A;b,c>

min ¢ X
s:‘r-' Axzb > KEE, b"y
X20 sd. Alyse,
Proo". Jmmediate From our Proceec‘inj consirvetion . a

Theorem (S'}ronj Dualil‘y) For ony (Abe), if o4 least one of Hhe primal
or the dval LP is feasible . then

min CTX mMox bry
s, Ax:b =
X20 S.". Ary 2&,

in‘y- Cominj p in the next lecture or two
b’ mquﬁhj the ’Simple.\ Method ™. O
It will suffice 4o find o BFS with €20,

[Connfc* Reduced Costs of a Basis 46 Duall Solu-ho»:]'

Recq“ 'Hbc rzducecl COS“S 04: a bqs;; B oe C°= C‘Cg A;A,
ond onImqh-b holds if C-':- C’-CB'A;A_’O.

Dual feasibil:}y of some yeR" c-A'y ?-0\

-7
piCk:hs )l= AB CB maKes these two eqln‘vq'ewl'.
Ag b

HQ"(P a bas;’ B S;VQS P(imq' solu*‘m’ {Xge
Xg®o

These hove equql ol:jed'vcf c'x = c; A.s' b +¢go = b' A;‘Cs = l:'y.
= S-}ronj duality holds if we con find B with xy both feasible.

ond dual scluhon y-“-'A:Cg,

[2¢



—

An asic‘e\ Duall'ly con be defined more Senera"y

then the prev.'ously calevlated stendord form.

ConsiJcr a llneo»r proamm min crx + JTU
st Ax+Bu = b
Cx * Dy 2 e
xzo P U;"Oe ’

De-ﬂne MU'HP’iers y for the gqu'i"’y constrainds
ond v20 -ﬁ“- Jhe ;”equqtﬂ}« cons'qu(n"’s.

Summinj vp the weind constraints . we ind
y'Ax 4y By + v x+v Dy 2 BTy +e'v
[}
( Afy 4 Crv)‘rx i (qu . DTV)'U
IP e selec! multipliers witl, A"yd»(."v §$C , ther (A'y* €V s e’
I e select multipliers ity By + Dv=d, then By +0V)y =d"u.

Se oy y,v sa"c‘sfyinj these gives a lowerbound  c™+d™ > bl +e'v .

Thus the 'wsey‘ lower bound s given by the uval lineor Program....

Moy bry W eTV

StOAY e se
By +0'v =d
yfree, V20,



Ll. -”'ne SimP,ex MCU'!OJ

Befom pf‘ovinj .s*ronﬂ duq|6+y, we introdvce an iderative
Cllsoril\nm for Sol\n'ns LPs . Showlns the correctness
of this method aill incidentally prove s+mn3 dvality

N

For all of our development here, as a simplificaticn,

Wweé assume a“ BFS ore noncleaenemle ,

F

irst we de‘g‘ne__'P"VO*'"gé a@_way fo move fram one BFS 4o arcther.

Condidet. & (nondegenerate) BFS % - cwith basis B,

Recall by relaxing ;50 to %28 for j¢B defined pouts

~ Ax:b x8=§-A.'A
J o B K !
X (€) un.qucly So\vm5 Xre @ o g 3
*8yy =0 Xg 2 0.

—

-A-‘AS
Note X(€)=X+de for d=[ :1B ]

(o)

On 4he r‘«sh‘\ we skelch +hree broadly ;.'4",,),..3
cases for whal +his might look like,

lUnLounJ"’ Cﬂ:] If d20, thew R(D20 Vevo

So we how an @ unbounded
ray of Veqs‘.\)'e sdutions .

It ES‘ O, these how

CT%Ce) =00 as €I,

—
Deyenevate Sso

So the LP s unbounded,




ond De gener abe

BOUY\C‘QA CQS(’S (NOHC‘PS(’M!O"'(’ ;\

&JPPOSG dio So ad least oe Z'GB has d; <O,

= X (€) violales 32"._(1)?.0 for each sueh ¢
if ond only if X ted; <o((=b g>.-§;"..),

Le% E‘ = min {:’;—:’ lA, < 0} dencte the moximum ¢ with %¢e)
e i f feasible and the . liwaiding Hats
¢ Qrg ' {:-I IJI_ ‘0}

[.Nd' i Xis A'S’”"“J’, £°20 may occur ond 50 ho movemend cccml

Lemmct B'=BUiJ§\§é"} is o basis for ;}'(f‘)_

Proo'f.‘ C’Eov‘y X(€") solves {2;:2

We need 4o show uniquely solves Hhis system .
That is, since {A":b @{ Ag: xg =b

Xg: =0 Xgt0,

we need to SbchB' s inverhible .

No*e AB' g [As(l) " AJ " AB(M’] . "AB with A;- replaced by Aj -

Y
K*column = AB ¢ (AJ " A"') el:
) - o, .0y,

t
is invertible K™ e lenaen s

Slwm Morn‘son Says AB.’
iff AB is inverfible arnd |+ C.: A; (AJ'Az‘)#O .
Th’u holds since I#e,:A;(AfA:')' l"'e.:("dg"e“\ s l'di" - 'Jc' Q. g

7



I'lera{lvely p‘.vbfinj {0 BFS with lower objective
valves aives a famous alaori'ﬂnrﬂ-

_ﬂwe SEMPI& Methed

Given a basis Bs with primal soluhion x (g,

. SOlvihj {f;:—‘c; Primal feasible

Llecale for k= o,2,...

-7
Bx €8, -

_COrnPu"e the dual solvdion y (B,)=A
I‘F y(BK) is dval 'Fecxsible Ci.e. E?O),

 STOP and rebum pimal, dval optimal x(8.), y(B.).

E‘Se A=t
Ad' A,
Pick any § with <O, and compule d=[ 3 3|
o
If 420
STOP ond return LP is unbounded .
Else

Buw = ByUgj3ngit 4, oy i picked from

l
!
Q.



Ex omple Stwmplex  Steps

sA. -, X2 t 8y 21

-%, Xy ~Xu=-1

xz O

The ovigin is « RFS -u'!‘“d Lasis B=133,4%.

x=(0,0,1,1)
This has reduced cosb €= C- ATA;TCB .
15El ] o5] L]
. o -
e Fé'..

Pick y=1 . “pivet”™ Moving alowy (0.0,1,1) ¢ (1,011/‘1)-
*d

€21 aMamed by =4 D BE{1,33.

x=2(\,0,2,0)

Br has reduced cost <= C - A:A(:rrcs’

H

]

"

Pick §=7
Se Mm’ms Q(ms (62,0) * & Cﬁ'i'O/ Ol
4
420,

= Unbovnded. riT



R’OOF o-F ( Lineor P{‘osmmming) S*“’“"j D”QI"}V_

Recall our theorem shdement From poge 26

TINGOt‘em (S"‘mnj Duality)  For ony (Ab,c), if ot least one of the
primal or dual LPs s feasible  then
’:':' z:":b _ [ max b7y
XZo St Alyse,
If either LP ;¢ unbounded, +he eqaq’."ly is immediate
-prom weak dual:’*y's inequq,v‘"’y.

So

i suffices o show when one LP s feasible, bodh ore feasible
with x y‘ exis'\mj with o primal feasibilidy, { i",::

0 dval Feas:b:l.'lry {Ary'.‘c

3) Op*imq'o'"‘y { C’x. = b "

- y .

In porticuler, i suffices 4o show soyme bas

s B has assaciated

x (B) primal feasible a.d y(B) dual feasible as (3) always hol,

Cx(B) = cj A7 b = b'Ag ce = by (8) .

-n'lis is exadly wl«uﬂ the S’:mp’a Meﬂqq;l conshuc‘)s “

-nws it Su”‘lces to show the Simp’e.\ Method Hevminates .

Hence we will jus’r orque the Su’mp’!AMe'uvoJ never vevdits a basis
as there we at most (:‘) of them .



EOLSy Case: SUPPOSC every extreme poin-l' X is nondesenerode
(that s, xg>0).

Then every pivot of the simplex method has
% (By)
v

= C%(Bu) = "(x (8. + £d)
“Cx(By) *+€'c
= c"‘x (B,) + e"gj
< C'x (B.) (steichly!y,

= minf l Ji P O} >0 (stactly).

-ﬂws 'H':e olojed(ve S*ric-flt/ decveases each S‘}CP.

= We comot revisit o BFS.
= Simplex must fermingle cith a primal. dual pgir

Provmj S"‘ronj dvqli*y holds Q

Ho"d Case: I.f X(B

k) s desenEra'l‘e, we may have &= O.
Then the skrict decrease above does not hold.

Under generic Pivo’n'nj rules for selechnj j @d ¢, Simplen
MO\y cyc'e 'Porever.
(Cln ‘[L{‘ Sorry ch{a-lls ;]ef‘é ove l.'\’)o\(‘ our SCOPQ-

An example de{a:finj this Probl?m will be emailed o vt
'por tho se iw{emy'{Pd in moe LP {h(ory.)



TO hond le desenerqcyl we need +O kae maoré S+ruc4wecl

cl'\oices O'rd ond ¢ thon C«rbi‘hror}/ selection:

Blond’s Pole for Simplex

(Lexismp«:ml Pick JE€ E with Ej‘ O and 4'?« smallest
Pivohnj) such ind ex g-

Pek ie B a-Hq:mnj min § .’Sfﬁ.f-”_g,) 14,03 w1t

the smallest gycl index ;.

UnAer 'H'n'.s ru'e, one can show everr‘uq“y E">0 and

So progress. is made.
b Qre beyond our scope but u(” be emm'led OU1‘.)

Then the easy case argument can be appln'ed {0 guarentee

( Oswn -Fu” de'l‘q:

primal, dval optimal pairs will eventually be found. O

Note: Beller than x(B),y(8) jus} being optimal, we Know ¢hat they have

"Camplemcn#ovy Slackiness" : Each (¢B may have x.(B)> 0
but must have C;=c.- {y(8)z 0.

[3

Each j€B must have X;(B)=0
bt may have <?J=C3-A;y(8) >0.

= x(8)"(- Ay (®) =0 .

20 20



G . Commen'ls on C @Pu'lah‘on

ry of Compu"’ﬂhonq’

GUQI’ Qh”QJ o SGMP’(X

His"o

(The Simplex Methd moy fake exponentially many
S*eps (as far as we Krow ) under every pivo{mg

rule we have tried.,

¥y

USua”y show with a "Mv'n-Fy Cube"
%ype e)mmple, Per‘%wlo;nﬁ (X hyperc«./\oe, X

X

27 steps

In 80s+90s , folks showed simplex on average (over a dishibuhor,

of all LPs) only needs O (n) pivots .

In 20005, Smao{hed onaly:ls shows 3imp|ex only needs a_
polynomiq’ numl:er of pivo"‘s on szl,oc- with

L Gaussion no!se a'.‘Mos* proVems neor any problem are polynonda ™.

To pmchca”y qcply simplex, we need an initial BFS.

Ore common solution : First solve on LP seek-'nJ -fecu.‘l:;l:h/

Giver an LP (A,b,c), we have b20 WLOG
(nesq'e equqmy constraind
with b; <0 4o hase b;>0),

Consider the ausilliony LP

min ZS;
(%) st. Ax+g=b

x,820,

C,aimﬁ (0.%) is a BFS of ().
) hag q)ﬂmal valve O £ Fhe original LPis Rasible .

Proof . Left as exercise a 35



Some Pmammming Tools fov LPs

CVX s e sml strvetured op"lmizal(an tool in mony lomsqucs,.,

(in pythen  cvxpy

in maklab cvyx

in Jolia Canvot._’l)

Fof‘ mepk, in Julia glven matrix A ond veclors b.c,
Salvins the LP is one line :

bsinj Cohvex
X = Voriable ()
PMinimize ( do’r(c.x), A“ x = b, x> O)

Dual mulhpliers oerhpylng the retumed solution are also Provided

[ p.duval

C,assic Samplex solvers are CPLEX ond awol:; . which bol)
o‘p;‘er ‘che qcmdemc'c licenses = bU+ CN+ COV l'ndU"'ry.

w‘ will deal with other solvers as needed for move genern)

non'lncor Op'{lmc'zca(lon ptoblem:,

[36



An asid:\ On the complexity of representing polyhedre .

Consider the deball , St §u | 321y ot
‘el

This set has 2n BFS
3‘“",&7"'

i :C.,..., teﬂ'g

where ¢, ¢ (0,..0,1,0,...0).

R

ith
pos] h." :

2 9 = conves hull (12e3),

("""-S desuiphm of Sis
L lineer i the dimension V\)

Emc;ml geprﬂfn fatse.,

R
ts set has 2 'Fnces , @ach glven Ly an fnequkh*y

a]x ¢l fr each Q; e {&1,!1,---. Nt
My,

= Sc ix , alwel Vq,éf!l’h}.

(’Am dc;cvip‘\lcn of S ;1“, gnponaa\’f‘\' Slze n n)

Tnefficiew Represewtation

-rakcauo.yf SOMC Polyhu‘rom are bHer repmm&eé 'pw wbhm
s convexhull (Iﬂ}) vs §$xIAxsb}.

So(v‘ms these LPs ove easy ! min c'x sd. xe convnho”(!ﬁ})
[~ 4 . \ /
- h}un ;P‘: ,



Ah asiée on r\epre.sen%qhons, con{inucd

Comi&r “w a"ou&n, N P- Hevd prob‘cm
min va b 3
s.t. x€§TI3n

Cow\kiv\c&or'\o\\ Prob\ems ,u"(c Max-cut, k"“‘P’“k. ‘fmw.(hj o
con all be described in this form .. i

WQ con rewr«"le this with a [ineer ol;jechve over a
matrix problem (< A,XD is the trace tnner produet ErCAXY):

{m:ﬂ < A’xx.r> }USins cyclic pmper“*/ of trace

tr(xTAX) = 4rCAxa™) = <A xx"S
st. xefr3"

_ {min (A %D

st. Xe cov\vmhu“("m‘r | xef2i3)

~—

po'y%e(‘ron in madrix Spa ce

(some 30 printed examples ove on My website )

This LP is quivalon'( 40 an NP- Moed problem

In this case, we con view this as the PO‘)'}‘""’W‘ "‘“‘"\3 (as for as we Know)
expanentiol sized descriplion in ferms of either BFS or faces.

B



In [53]:

Out[53]:

In [57]:

Out[57]:

using LinearAlgebra #The default package for matrices and such oeprations

using Convex #A solver interface for convex optimization (including Llinear pro
gramming)

using SCS #A solver using ADMM (an algorithm we will discuss later in Nonli
near II)

function gradeStudent(scoreH, scoreM, scoreF, scoreP)

#Given a student's indivudual scores, ranging © to 100, 1in the four course components
#Returns their approximate maximum course grade over all allowable rubircs

#

#Warning the returned solution is only approximately optimal since ADMM only approximate
Ly solves

#Define variable for the LP. The coordinates are the weights (H, M, F, P)
X = Variable(4)

#Define the objective for the LP
C [scoreH; scoreM; scoreF; scoreP]/100.0
p = maximize(dot(c, x))

#Define the problems constraints
p.constraints += [x[1] + x[2] + Xx[3] + x[4] == 100;

x[1] + x[2] + x[3] <= 100;
x[1] >= 15;
x[2] >= 15;
-1*x[2] + x[3] >= 0;
x[2] + x[3] >= 50;

x[2] + x[3] <= 80;

x[1] + x[2] + x[3] >= 90]

#Run the SCS solver on our newly constructed LP
solve!(p, SCS.Optimizer; silent_solver = true)

return p.optval
end

gradeStudent (generic function with 1 method)

gradeStudent (89, 91, 82, 100)

88.84915267081558



