
(C) Inertial-Range Lagrangian Dynamics & Lagrangian Intermittency

We have earlier discussed the Lagrangian dynamics associated to the coarse-grained/large-scale

velocity field ū

`

, defined via the flow maps X

t

`,t

0

that satisfy8
><

>:

d

dt

X

t

`,t

0

(↵) = u

`

(X
t

`,t

0

(↵), t)

X

t

`,t

0

(↵) = ↵

For example, these appeared (implicitly) in our discussion of the inertial-range validity of the

Kelvin Theorem, where the loop C
`

(t) was defined as X

t

`,t

0

(C). The flows X

t

`,t

0

correspond to

advection by all the turbulent eddies at length-scales > `. They satisfy all the usual properties

of Lagrangian flow maps, such as the semi-group property, volume-preserving, etc. One may

thereby define the large-scale Lagrangian velocity

v̄

t

`,t

0

(↵) = d

dt

X

t

`,t

0

(↵) = ū

`

(X
t

`,t

0

(↵), t)

and large-scale Lagrangian acceleration

ā

t

`,t

0

(↵) = d

2

dt

2

X

t

`,t

0

(↵) = D
`,t

ū

`

(X
t

`,t

0

(↵), t)

For simplicity hereafter we take t
0

= 0 and write v̄

`

(↵, t) and ā

`

(↵, t) for the large-scale

Lagrangian velocity &acceleration, respectively. By invoking the Navier-Stokes equation, one

obtains

ā

`

(↵, t) = �r
x

p̄
`

(x, t) + f

s

`

(x, t) + ⌫4ū

`

(x, t) + f̄

B

`

(x, t)
���
x=X`(↵,t)

We know from previous estimations that

⌫4ū

`

= O(⌫ �u(`)

`

2

), f̄

B

`

= O(||fB||)

whereas

rp̄
`

, f

s

`

= O( �u

2

(`)

`

),1

and the latter dominate at inertial-range scales. Thus, we conclude that

ā

`

(↵, t) = O( �u

2

(`)

`

)

with �u(`;x, t) evaluated at x = X

`

(↵, t). This gives a simple estimate of the large-scale

Lagrangian velocity increment in time, using

1Note that for the pressure gradient this scaling is not established locally, but only in the sense of space-average

of pth-powers. A useful local estimate is rp̄` = O(�p(`)/`).
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�v̄
`

(⌧ ; ↵, t) := v̄

`

(↵, t + ⌧) � v̄

`

(↵, t) =
R

⌧

0

ā

`

(↵, t + �)d�

Hence,

�v̄
`

(⌧ ; ↵, t) = O( �u

2

max

(`)

`

⌧)

where �u
max

(`) = sup
�2[0,⌧ ]

�u(`;X
`

(↵, t + �), t + �).

Since the natural time-scale of the Lagrangian velocity at length-scale ` is ⌧
`

= `/�u(`), the

local eddy turnover time, we may guess that the order of magnitude is the same for all � 2 [0, ⌧
`

],

i.e. �u
max

(`) ⇠= �u(`) and thus, heuristically,

�v̄
`

(⌧) = O⇤( �u

2

(`)

`

⌧), ⌧ . ⌧
`

In particular,

�v̄
`

(⌧
`

) = O⇤(�u(`))

or, to good approximation,

�v̄
`

(⌧
`

) ⇠= �u(`).

This result gives an important bridging relation between space-increments of the Eulerian ve-

locity and the time-increments of the large-scale Lagrangian velocity.

It has furthermore been argued by

G. Bo↵etta, F. De Lillo &S. Musacchio, “Lagrangian statistics and temporal inter-

mittency in a shell model of turbulence,” Phys. Rev. E. 66 066307(2002)

L. Biferale et. al.,“Multifractal statistics of Lagrangian velocity and acceleration in

turbulence,” Phys. Rev. Lett. 93 064502 (2004)

that it should be true that

�v(⌧
`

) ⇠= �v̄
`

(⌧
`

)

where v(↵, t) is the full Lagrangian velocity from all scales of motion. We shall give a fairly

careful argument for this which leads to a somewhat stronger conclusion that, pointwise and

not just for increments,
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v(↵, t) = v̄

`

(↵, t) + O(�u(`))

for |t|  ⌧
`

, where it is assumed that labeling is done at time t
0

= 0.

In the first place, we recall the result for the Eulerian velocity that

u(x, t) � ū

`

(x, t) = u

0
`

(x, t) = O(�u(`)),

which is the counterpart to the above Lagrangian result. We next compare the Lagrangian

flows, X

`

(↵, t) and X(↵, t), generated by the two velocity fields2. These satisfy

X(↵, t) = ↵ +
R

t

0

u(X(↵, t0), t0)dt0,

X

`

(↵, t) = ↵ +
R

t

0

ū

`

(X
`

(↵, t0), t0)dt0

so that, taking the di↵erence,

X(↵, t) � X

`

(↵, t) =
R

t

0

{u0
`

(X(↵, t0), t0) + [ū
`

(X(↵, t0), t0) � ū

`

(X
`

(↵, t0), t0)]}dt0

and thus

|X(↵, t) � X

`

(↵, t)|  O(�u(`)t) + O( �u(`)

`

)
R

t

0

|X(↵, t0) � X

`

(↵, t0)|dt0

using u0
`

= O(�u(`)),rū

`

= O( �u(`)

`

). If we only consider times t  ⌧
`

= `

�u(`)

, then

�u(`)t = O(`).

We can then appeal to a standard mathematical result, the Gronwall inequality which states,

in one simple form, that if

x(t)  a + b
R

t

0

x(s)ds

for all t 2 [0, T ], then

x(t)  a exp(bt)

for t 2 [0, T ]. Applying this inequality we get

|X(↵, t) � X

`

(↵, t)|  (const.)` exp[O( �u(`)

`

t)] = O(`)

for times t  ⌧
`

= O(`/�u(`)).

2It is important to stress that we are here considering u(x, t) to be the solution of the Navier-Stokes equation

with ⌫ > 0. Even Leray singular solutions of NS are known to have su�cient regularity to define unique, volume-

preserving flow maps, by a theorem of R. J. DiPerna & P. L. Lions, “Ordinary di↵erential equations, transport

theory and Sobolev spaces,” Invent. Math. 98 511-547 (1989). This was one of the works cited in the award to

Lions of the Fields Medal in 1994.
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Heuristically, since the di↵erence in velocity of the two trajectories X(↵, t),X
`

(↵, t) is u

0
`

=

O(�u(`)), they can di↵er over times t  ⌧
`

by distances at most O(�u(`) · ⌧
`

) = O(`). The flow

map X

`

(↵, t) is a “smoothed” version of X(↵, t):

The maximum distance up to time ⌧
`

is O(`).

Finally, we compare the Lagrangian velocities, v(↵, t) = u(X(↵, t), t) and v̄

`

(↵, t) = ū

`

(X
`

(↵, t), t).

Applying the previous result that X(↵, t) � X

`

(↵, t) = O(`), we get for t  ⌧
`

that

u(X(↵, t), t) � u(X
`

(↵, t), t) = O(�u(`)).

Next we use again the Eulerian result that

u(X
`

(↵, t), t) � ū

`

(X
`

(↵, t), t) = u

0
`

(X
`

(↵, t), t) = O(�u(`))

Putting this altogether, we conclude that

v(↵, t) = v̄

`

(↵, t) + O(�u(`))

for t  ⌧
`

, as claimed.

Since we may label particles at any arbitrary time t, we can conclude that

�v(⌧
`

; ↵, t) = v(↵, t + ⌧
`

) � v(↵, t)

= [v̄
`

(↵, t + ⌧
`

) � v̄

`

(↵, t)] + O(�u(`))

= �v̄
`

(⌧
`

; ↵, t) + O(�u(`)) (11)

However, we have argued earlier that

�v̄
`

(⌧
`

) ⇠= �u(`).

We thus conclude that
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�v(⌧
`

) ⇠= �u(`)

This is the bridging relation between Lagrangian time-increments and Eulerian space-increments

proposed by Bo↵etta et al. (2002) and further analyzed by Biferale et al. (2004).

We now examine some simple consequence of this relation, first within the perspective of K41

theory. Since in K41 ⌧
`

⇠ h"i�1/3`2/3, one has that

(h"i`)1/3 ⇠ (h"i⌧)1/2.

The standard K41 scaling h(�u(`))pi ⇠ (h"i`)p/3 thus translates into

K41: h(�v(⌧))pi ⇠ C
p

(h"i⌧)p/2

Such results go back, essentially, to the original paper of Kolmogorov in 1941. He proposed

there that his similarity hypotheses could be applied to a general velocity increment of the form

�w(`, ⌧ ;x, t) = u(x + ` + u(x, t)⌧, t + ⌧) � u(x, t)

[with a slight change in notations]. For ⌧ = 0, �w(`, ⌧ = 0) is the usual space-increment of

velocity �u(`). On the other hand, one gets for ` = 0 a “quasi-Lagrangian time-increment”

following the fluid particle moving with the initial fluid velocity u(x, t). However, Kolmogorov

did not work out the concrete predictions for Lagrangian velocity correlations. This seems to

have been done first by Obukhov and by Landau, independently, just after the appearance of

Kolmogorov’s first paper in 1941. They both observed the p = 2 case of the above relation:

h(�v(⌧))2i ⇠ C
2

h"i⌧

This result was first published, apparently, in the 1944 edition of the Landau &Lifshitz text on

fluid mechanics. It was subsequently rediscovered by a number of people, in particular

E. Inoue, “On the turbulent di↵usion in the atmosphere,” J. Met. Soc. Japan 29

246-252(1951)

E. Inoue, “On the Lagrangian correlation coe�cient for turbulent di↵usion and its

application to atmospheric di↵usion phenomena,” Geophys. Research Papers 19

397-412 (1951), Air Force Cambridge Research Laboratory
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It is noteworthy that the linear scaling h(�v(⌧))2i / ⌧ is identical to that for the time-increments

of a Brownian motion/Wiener process, although the physics is quite di↵erent. One important

consequence, however, is the same: just like the Wiener process, the Lagrangian velocity in

turbulence in the limit Re ! 1 is not di↵erentiable in time! Instead, in K41 theory v(↵, t) is

Hölder continuous with (maximal) exponent 1/2 in the time variable t.

Another interesting historical sideline is that Richardson (1926) already raised similar issues.

The title of his section 1.2 was “Does the wind possess a velocity?” He went on to explain:

This question, at first sight foolish, improves on acquaintance. A velocity is de-

fined, for example, in Lamb’s “Dynamics” to this e↵ect: Let �x be the distance

in the x direction passed over in a time �t, then the x-component of velocity

is the limit of �x/�t as �t ! 0. But for an air particle it is not obvious

that �x/�t attains a limit as �t ! 0. We may really have to describe the

position x of an air particle by something rather like Weierstrass’s [continuous,

nowhere-di↵erentiable] function.”

According to our modern understanding the Lagrangian velocity v(↵, t) = dX(↵, t)/dt does

exist in the infinite Reynolds number limit Re ! 1, but the Lagrangian acceleration a(↵, t) =

dv(↵, t)/dt does not exist (at least in the classical sense) as Re ! 1.

The previous results are all K41 style and ignore the possible e↵ects of fluctuations. The first

consideration of intermittency in Lagrangian statistics seems to have been given by

M. S. Borgas, “The multifractal Lagrangian nature of turbulence,” Phil. Trans. R.

Soc. Lond. A 342 379-411 (1993)

Borgas considered a description of intermittency based on energy dissipation. In that frame-
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work, he proposed an analogue of the “bridging relation” �v(⌧
`

) ⇠= �u(`) with ⌧
`

⇠= `/�u(`).

We shall here follow instead the discussion of Bo↵etta et al. (2002) and Biferale et al. (2004),

which is instead in the spirit of the Parisi-Frisch theory for spatial intermittency of velocity

increments. See also

L. Chevillard et al.,“Lagrangian velocity statistics in turbulent flows: e↵ects of

dissipation,” Phys. Rev. Lett. 91 214502 (2003)

Following Bo↵etta et al. (2002), Biferale et al. (2004) let us then assume that

�v(⌧
`

) ⇠= �u(`), ⌧
`

⇠= `

�u(`)

and also that

�u(`) ⇠ u
0

( `

L

)h

at a given spacetime point with probability

Prob(�u ⇠ `h) ⇠ ( `

L

)(h)

for a codimension spectrum (h). From ⌧
`

⇠= `/�u(`) one then easily obtains that

⌧`
T

⇠ ( `

L

)1�h, T ⌘ L

u

0

= large-eddy turnover time

It then follows that

�v(⌧) ⇠= �u(`) ⇠ u
0

( `

L

)h ⇠ u
0

( ⌧

T

)
h

1�h

and

Prob(�v ⇠ ⌧h/(1�h)) ⇠ ( ⌧

T

)
(h)

1�h .

Therefore,

h(�v(⌧))pi ⇠ up

0

R
dµ(h)( ⌧

T

)
ph+(h)

1�h .

This yields by the usual steepest descent argument that

h(�v(⌧))pi ⇠ up

0

( ⌧

T

)⇠

L
p , ⌧ ⌧ T

with
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⇠L

p

= inf
h

[ph+(h)

1�h

]. (⇤)

This relation has a number of remarkable implications.

First, we note that (h) can be recovered from the usual scaling exponents ⇣
p

of the space-

increments of velocity by the inverse Legendre transform D(h) = inf
p

[ph+(d� ⇣
p

)] and (h) =

d � D(h). This in turn, by (⇤), yields the exponents ⇠L

p

. Thus, according to the multifractal

theory, the exponents ⇣
p

and ⇠L

p

are not independent but, in fact, are each uniquely derminable

from the other! This is testable, parameter-free prediction.

Another interesting consequence of (⇤) is that

⇣L

2

= 1.

Thus, according to (⇤), there is no intermittency correction to the Kolmogorov-Obukhov-

Landau-Inoue relation h(�v(⌧))2i / ⌧ . This relation is analogous to the 4/5-law result that

⇣
3

= 1 for the exponents of space-increments. Not only are these analogous, but, in fact, they

are equivalent within the multifractal model! One can see this as follows:

According to ⇣
p

= inf
h

[ph + (h)]

1 = ⇣
3

= inf
h

[3h + (h)]

() 8h, 1  3h + (h) and 9h⇤, 1 = 3h⇤ + (h⇤) (12)

Now, 1  3h + (h) () 1  2h+(h)

1�h

assuming that h < 1. Similarly,

1 = 3h⇤ + (h⇤) () 1 = 2h⇤+(h⇤)

1�h⇤

Hence,

⇣
3

= 1 () 8h, 1  2h + (h)

1 � h
and 9h⇤, 1 =

2h⇤ + (h⇤)

1 � h⇤

() 1 = inf
h

[
2h + (h)

1 � h
] = ⇠L

2

. (13)

Thus, within the multifractal theory,
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⇣
3

= 1 () ⇠L

2

= 1.

This result is due to Bo↵etta, De Lillo & Musacchio (2002). It is noteworthy that lack of

intermittency is found in the relations h(�u
L

(r))3i / h"ir and h(�v(⌧))2i / h"i⌧ in which the

mean energy dissipation h"i appears linearly. There is a general argument suggesting this should

be so, due to R. H. Kraichnan, “On Kolmogorov’s inertial-range theories,” J. Fluid Mech. 62

305-330(1974). See also UF, Section 6.4.2.

We now review some of the recent experimental and numerical evidence. DNS results have been

presented by Biferale et al. (2004) and, also, by

L. Biferale et al.,“Particle trapping in three-dimensional fully developed turbulence,”

Phys. Fluids 17 021701 (2005)

We reproduce Fig.2 from the latter paper, which shows structure functions of Lagrangian time-

increments of velocity obtained from a 10243 DNS of forced, steady-state turbulence at Re
�

=

284. For exponents p = 2, 4, 6 it can be seen that the local slopes vary considerably and have

no range where they are approximately constant. Thus, Biferale et al. (2005) employ the

“extended self-similarity”(ESS) procedure of plotting

d(logS

L
p (⌧))

d(log S

L
2

(⌧))

vs. ⌧

rather than the local slope d(log SL

p

(⌧))/d(log ⌧). For more discussion of the ESS procedure,

see UF, Section 8.3. We just note here that if the K-O-L-I relation SL

2

(⌧) / h"i⌧ holds, then

these two plots will not di↵er in the inertial-range. The inset in Fig.2 shows that the ESS plot

does show a narrow plateau for p = 4, 6 in the internal [10⌧
⌘

, 50⌧
⌘

]. Furthermore, the exponents

fit from this range agree very well with the multifractal model prediction from formula (⇤):

⇠L

4

/⇠L

2

= 1.7 ± 0.05, ⇠L

6

/⇠L

2

= 2.2 ± 0.07.
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ian experiments with different initial conditions for the ve-

locity field and perform ensemble averages. Unfortunately,

this is an unfeasible task with the state-of-the-art computa-

tional resources.

It is interesting to remark that for values of ! in the range
from !" to 10!", the local slopes are significantly smaller and

tend to accumulate around the value 2 for all orders. This

relevant correction to scaling cannot be attributed to the in-

fluence of the dissipative range !#!", since the latter would

increase the value of the local slope, rather than decreasing

it. A similar effect can be detected in Eulerian structure func-

tions as well, yet the intensity in the latter case is much less

pronounced. These strong deviations in the Lagrangian scal-

ing laws are most likely due to the trapping events depicted

in Fig. 1. Indeed, the long residence time within small-scale

vortical structures introduces an additional weighting factor

that enhances the effect with respect to Eulerian measure-

ments. This could possibly be the reason of the systematic

small underestimate of the relative scaling exponents, $p /$2,
measured in the experiment of Ref. 8 with respect to our

estimate (see Table II). In other words, the experimental es-
timate of the scaling exponents might be partially flawed by

contributions from time intervals affected by trapping events.

The saturation of local slopes to the value 2 around !"

can be interpreted as the signature of trapping in vortical

quasi-one-dimensional structures with almost discontinuous

tangential velocity. Indeed inside these structures we have

%!v!vrms with the probability of being inside a filament
scaling as !2. In order to quantify this effect we computed the
statistics over a velocity signal filtered out of the trapping

events. A trapping event is defined when the mean accelera-

tion amplitude, averaged over a time window of &t is larger

than 7arms. We have used two different time windows with

&t=2!" , 4!". We have found that such events are relatively

rare, covering approximately 1% of the whole statistics for

the shorter window. The computation of the filtered velocity

structure functions is then done by removing the contribu-

tions of increments %!v if one or both extremes of the time
interval fall into a coherent event. The comparison between

filtered and unfiltered structure functions is drawn in Fig. 3

for the sixth order. The analysis reveals that the effect of

long-lasting coherent acceleration events associated to trap-

ping is twofold: first, the conditioned structure functions

S
p

"f#"!# are much smoother at small time increments than the
unconditioned Sp"!#; second, the local slopes now do not

show any saturation effect and the “bottleneck” for !!!" is

almost absent (see inset of Fig. 3). The large-time behavior is
left unchanged upon filtering, indicating that trapping events

influence the statistics in a neighborhood of !" only. Let us

notice also that doubling the window length does not affect

much the curves, an indication that coherence inside the vor-

tex persists for time lags larger than !". Similar results are

obtained with different threshold values and for the run at

lower resolution (not shown). These results point to the con-
clusion that trapping in coherent vortical regions is respon-

sible for the corrections to scaling behavior observed for

time increments of the order of the Kolmogorov time scale.

These findings suggest that stochastic models for particle

dispersion based on dimensional arguments might be inher-

ently inadequate to describe the short-time behavior of real

trajectories. In summary, we have presented the analysis of

FIG. 2. Log–log plot of Lagrangian structure functions

of orders p=2, 4, 6 (bottom to top) vs !. Bottom right:

logarithmic local slopes d log Sp"!# /d log ! (same line
styles). Top left: ESS local slopes with respect to the
second order structure function d log Sp"!# /d log S2"!#,
for p=4, 6 bottom and top, respectively. Straight lines

correspond to the Lagrangian multifractal prediction

with the same set of fractal dimensions used to fit the

Eulerian statistics (Refs. 7 and 25). Data refer to the vx
component. The two other velocity components exhibit

slightly worse scaling due to anisotropy effects. Rela-

tive scaling exponents and error bars are estimated from

the mean and standard deviations of local slopes in the

interval $10!" ,50!"%. Data refer to R'=284.

TABLE II. Summary of the relative scaling exponents measured in our DNS

(first line), and in the experimental data of Ref. 8 (second line). In the third
line we also show the theoretical values predicted by the Lagrangian multi-

fractal formalism, $p=minn$"ph+3!D"h## / "1!h#% where the fractal dimen-
sion D"h# is extracted from the analysis of Eulerian scaling properties (Ref.
7). The fourth line shows the values predicted by the classical dimensional
scaling &"%!v#p'!"(!#p/2.

$4 /$2 $5 /$2 $6 /$2

DNS 1.7±0.05 2.0±0.05 2.2±0.07

Expt. 1.56±0.06 1.8±0.2

LM Theory 1.71 2.00 2.26

Dim. Scal. 2 2.5 3

021701-3 Particle trapping in 3D turbulence Phys. Fluids 17, 021701 (2005)

Downloaded 12 Jan 2005 to 193.205.65.5. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp

single-particle statistics in high Reynolds number flows. At

variance with experiments, we can investigate the statistical

properties of millions of particles on a wide range of time

intervals, from a small fraction of the Kolmogorov time up to

the integral correlation time. We found clear indications that

velocity fluctuations along Lagrangian trajectories are af-

fected by multiple-time dynamics. Only in the interval

10!"#!#TL we observed anomalous scaling for Lagrangian

velocity structure functions in agreement with the multifrac-

tal prediction.
7,24,25

For frequencies of the order of !"
!1 we

noticed that velocity fluctuations are affected by events

where particles are trapped in vortex filaments. Events with

trapping times much longer than expected on the basis of

simple dimensional analysis appear frequently. The main

novelty of Lagrangian single-particle statistics with respect

to the Eulerian one is the importance of particle trapping by

small-scale vortical structures. Indeed, the event analyzed in

Fig. 1 would have a much smaller weight in an Eulerian

analysis because of large-scale sweeping past the fixed

probe. The strong “bottleneck” induced by particle entrap-

ments on Lagrangian structure functions can be removed by

filtering out the contribution of coherent, intense acceleration

events. One of the most challenging open problems arising

from our analysis is how to incorporate such dynamical pro-

cesses in stochastic modelization of particle diffusion
3
and in

the Lagrangian multifractal description.
23–25
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FIG. 3. ESS plots. Sixth-order structure functions vs the second-order one,

with and without filtering of trapping events. Symbols refer to: $ structure

functions without any filtering, Sp!r" ; ! structure function with filtering,

S
p

!f"!r", defined on a %t=2!" window; " with filtering on %t=4!". Inset: ESS

local slopes of the curve in the body of the figure vs log!! /!"". Upon
filtering (two upper curves in the inset), the “bottleneck” effect on structure
functions, i.e., the shallower slope observed in the neighborhood of !", is

suppressed. The behavior for time lags longer than 10!" is unchanged. Data

refer to R&=284. Similar results are obtained for structure function of order

p=4 (not shown).
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On the other hand, in the range from [⌧
⌘

, 10⌧
⌘

] the exponents taken on rather smaller values
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with local slopes implying a value

⇠L

p

⇠= 2 for all p.

Biferale et al. (2005) explain this a consequence of “trapping” of Lagrangian particle trajec-

tories, for times of that order, in the interior of intense, coherent vortices. By assuming that

these events have h⇤ = 0, D(h⇤) = 1, (h⇤) = 2, they get ⇠L

p

= 2 for all p. By “filtering out”

the trapping events from the statistics, Biferale et al. (2005) in their Fig.3 find that the “dip”

in the ESS plots is much reduced. For more details and discussion, see Biferale et al. (2005).

Results from laboratory experiment are also available:

N. Mordant et al., “Measurement of Lagrangian velocity in fully developed turbu-

lence,” Phys. Rev. Lett. 87 214501 (2001); H. Xu et al.,“High-order Lagrangian

velocity statistics,” Phys. Rev. Lett. 96 024503 (2006)

Our experimental facility consists of a closed cylindrical
chamber containing 0:1 m3 of water. We generate turbu-
lence via the counter-rotation of two baffled disks driven
by 1 kW dc motors, and the temperature of the water is
controlled to within 0.1 !C. A more detailed description of
the apparatus was given in a previous report [11]. In order
to measure Lagrangian statistics, we seed the flow with
transparent polystyrene microspheres with a diameter of
25 !m, which is smaller than or comparable to the
Kolmogorov length scale " for all three Reynolds numbers
tested. These microspheres have a density 1.06 times that
of water, and have been shown to act as passive tracers in
our flow [11]. The microspheres are illuminated with one
"90 W and one "60 W pulsed Nd:YAG laser, and their
motion is tracked using Lagrangian particle tracking algo-
rithms [12] in a subvolume of #2:5 cm$3 in the center of the
tank where the effects of the mean flow are negligible. In
order to achieve the high time resolution necessary to
resolve high-order Lagrangian structure functions, we im-
age the tracers using high speed digital cameras. As
sketched in Fig. 1, we use three Phantom v7.1 CMOS
cameras from Vision Research, Inc., which can record
images at up to 27 000 frames per second at a resolution
of 256% 256 pixels, arranged in a single plane with an
angular separation of 45! in the forward scattering direc-
tion from both lasers. Once the raw particle tracks have
been obtained, they are processed to obtain Lagrangian
velocities by convolution with a Gaussian smoothing and
differentiating kernel [13]. In this Letter, we report only the

structure functions measured from the radial velocity
components.

In recent years, the extended self-similarity ansatz in-
troduced by Benzi et al. [14] has become a widely used tool
for investigating the anomalous scaling of the Eulerian #Ep .
This technique is based on the Kolmogorov 4=5 law men-
tioned above. Kolmogorov was able to show rigorously
from the Navier-Stokes equations that #E3 & 1 [15]. There-
fore, hj$u#r$jpi" r#

E
p " hj$u#r$j3i#Ep exactly. Plotting the

structure functions of different orders against each other
tends to produce cleaner scaling ranges since imperfections
in the scaling behavior in the near dissipation range seem
to be correlated among structure functions of different
order [3]; this fact may also point to the existence of new
universal functions with the same scaling exponents in the
near dissipation range [16]. Regardless, extended self-
similarity (ESS) has been shown to produce very well-
determined values of the #Ep .

Because of its great utility in determining the scaling
exponents of the Eulerian structure functions, researchers
have extended the ESS ansatz to the Lagrangian structure
functions [7–9], using the fact that K41 scaling gives #L2 &
1. While this result has not been proved rigorously from the
Navier-Stokes equations, the fact that the K41 scaling law
for the second order structure function is linear in the
energy dissipation rate % suggests that intermittency effects
should not change the value of #L2 [17]. In Fig. 2, we plot
the Lagrangian structure functions of orders 1 through 10
as measured in our experiment at a Reynolds number of
R& & 815 using ESS.

flow

90 W

60 W

x

y
z

FIG. 1 (color online). Top-down view of the experiment. The
dashed box represents the #2:5 cm$3 measurement volume. The
tracer particles were illuminated with one "90 W and one
"60 W pulsed Nd:YAG laser aligned so that the cameras
were in the forward scattering direction from both beams. The
three cameras were arranged in a plane with an angular separa-
tion of 45!. The disks rotated about the z axis.
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FIG. 2. ESS plot of the high-order Lagrangian structure func-
tions at R& & 815. From top to bottom, the symbols correspond
to our measurements of the tenth order through first order
structure function, with second order omitted. The straight lines
are fits to the data to extract the relative scaling exponents. The
lines were fit only to values of DL

2 #'$ corresponding to times
between 3'" and 6'", where DL

2 #'$ displayed a K41 scaling
range with #L2 ' 1.
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Because of the lack of an exact equation for any of the
!Lp similar to the Kolmogorov 4=5 law, ESS can only be
strictly used to measure relative scaling exponents in the
Lagrangian case. Figure 3 shows our measurements of the
relative exponents !Lp =!L2 computed using ESS. Since !L2
should be close to unity, this ratio should be close to the
true value of !Lp . In order to find the relative exponent as
close as possible to !Lp , we have fit straight lines to the ESS
curves only between DL

2 !3"#" and DL
2 !6"#" for R$ # 690

and 815 and DL
2 !2"#" and DL

2 !4:5"#" for R$ # 200, where
a very limited K41 scaling range for the second order
structure function is evident. In analogy with the usual
Eulerian definition [3], we take this range to be the
Lagrangian inertial range. These fits are shown in Fig. 2.
The values of the relative scaling exponents are shown in
Table I, and are compared with the K41 predictions in

Fig. 3. It is clear that there is significant deviation from
the K41 prediction, and that this deviation is stronger than
in the Eulerian case. This behavior has also been observed
by Mordant et al. [9]. Additionally, since the ESS ansatz
has not been fully justified theoretically, we have also
measured the scaling exponents without using ESS; these
absolute scaling exponents are nearly identical to the ESS
values.

The scaling exponents shown in Fig. 3 and Table I are
similar to those measured by Mordant et al. [9], who
measured up to sixth order. Both our results and those of
Mordant et al. [7,8], however, are significantly lower than
the findings of Biferale et al. [7,8] who made predictions
based on a simple extension of the successful Eulerian
multifractal model to the Lagrangian case. Biferale et al.
[7,8] fit power laws to their structure functions for times
between 10"# and 50"#. These times were long enough,
however, that they fell outside of the Lagrangian inertial
range reported by Biferale et al. [8] for their simulations.
Fitting their structure functions for times shorter than 10"#
led them to find scaling exponents near 2 [8], in much
better agreement with our results. They attribute this clus-
tering of exponents near 2 to intense small scale vortical
motion characterized by intense acceleration [8].

We have seen from Figs. 2 and 3 that the scaling prop-
erties of the high-order Lagrangian structure functions are
anomalous when measured for time ranges where the
second order structure function shows a K41 scaling re-
gion, which we have assumed corresponds to the
Lagrangian inertial range. If we scale the structure func-
tions by the K41 prediction, however, a different picture
emerges. As shown in Fig. 4, the higher order structure
functions do indeed show plateaus when compensated by
the K41 predictions, albeit at shorter times than for the low
order structure functions. The open circles in Fig. 4 show
the centers of the K41 scaling ranges, which occur at times
we denote by tK41.

Figure 4 suggests that the value of tK41 decreases and
saturates at a value smaller than "# as the structure function
order increases. We have observed this effect for all three
Reynolds numbers investigated, as shown in Fig. 5. While
tK41 is smaller for the low order structure functions at R$ #
200 than at the higher Reynolds numbers, the R$ # 200
results collapse with the higher Reynolds number data at
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ζL p 
/ ζ
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FIG. 3 (color online). Anomalous scaling of the structure
function relative scaling exponents !Lp =!L2 measured using ESS
as a function of order. The solid line shows the K41 prediction
for the scaling exponents, with !L2 # 1. Different symbols de-
note different Reynolds numbers: the red (!) are for R$ # 200,
the green (") are for R$ # 690, and the blue (#) are for R$ #
815. Strong departure from the K41 prediction is clear for all
Reynolds numbers investigated. Equivalent results are found
without using ESS (not shown). Moments of orders higher
than 7 are not as well converged statistically as the lower-order
moments, as suggested by their larger error bars. These high-
order moments are plotted with open symbols.

TABLE I. Values of the relative scaling exponents measured in our experiment using ESS. The ESS curves were fit only in the range
of times where the second order structure function displayed a K41 scaling range with exponent !L2 $ 1. For comparison, we included
the values measured from the DNS of Biferale et al. [8] and the experiment of Mordant et al. [9]

R$ !L1 =!
L
2 !L3 =!

L
2 !L4 =!

L
2 !L5 =!

L
2 !L6 =!

L
2 !L7 =!

L
2 !L8 =!

L
2 !L9 =!

L
2 !L10=!

L
2

200 0:59% 0:02 1:24% 0:03 1:35% 0:04 1:39% 0:07 1:40% 0:08 1:39% 0:09 1:40% 0:10 1:42% 0:11 1:46% 0:12
690 0:58% 0:05 1:28% 0:14 1:47% 0:18 1:61% 0:21 1:73% 0:25 1:83% 0:28 1:92% 0:32 1:97% 0:35 1:98% 0:38
815 0:58% 0:12 1:28% 0:30 1:47% 0:38 1:59% 0:46 1:66% 0:53 1:67% 0:60 1:65% 0:66 1:61% 0:73 1:57% 0:80

Ref. [8] 284 1:7% 0:05 2:0% 0:05 2:2% 0:07
Ref. [9] 740 0:56% 0:01 1:34% 0:02 1:56% 0:06 1:73% 0:1 1:8% 0:2
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Here we reproduce Fig. 2 of H. Xu et al. (2006), which gives the results for ESS plots of structure

functions of Lagrangian time-increments of velocity obtained from a laboratory experiment of

driven turbulence at Re
�

= 815 using optical tracking of Lagrangian particles. The correspond-

ing exponents ⇠L

p

, along with those of Mordant et al. (2001) and of Biferale et al. (2004, 2005),

are given in their Table I, which is reproduced as well. It may be seen that the experimental

results are considerably smaller than those obtained from DNS by Biferale et al. (2004, 2005).

On the other hand, the experiments are more limited in the range of time-separations ⌧ that

they can study. The exponents of H. Xu et al. (2006), for example, are fit to data in the range

from 3⌧
⌘

to 6⌧
⌘

. If the DNS of Biferale et al. (2004, 2005) was employed in this same range

it would yield exponents consistent with those from the experiments. The experimental results

are thus consistent with the “trapping events” analyzed in detail by Biferale et al. (2005).

In addition,

H. Xu et al.,“Multifractal dimension of Lagrangian turbulence,” Phys. Rev. Lett.

96 114503 (2006)
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the work done by Borgas [5], they have also proposed a
way to translate between the Lagrangian and Eulerian
multifractal dimension spectra, namely,

DL!h" # $h% !1% h"fDE&h=!1% h"' $ 2g; (2)

where DE!h" is the Eulerian multifractal dimension spec-
trum and where we have subtracted 2 in order to account
for the different embedding dimensions for spatial Eulerian
statistics and temporal Lagrangian statistics. Using this
form, we have constructed a DL!h" from the Eulerian
log-Poisson model of She and Lévêque [7]. We also com-
pare our measured DL!h" with Kolmogorov’s log-normal
model of the dissipation rate [13]. The moments of the
velocity increments, better known as the structure func-
tions, scale as power laws in the inertial range. In the
Eulerian case, h!upl i( l"

E
p , where the velocity increment

is now taken over a length l. In the multifractal formalism,
these exponents are related to the DE!h" by a Legendre
transform, namely,

DE!h" # inf
p
&hp% 3$ "Ep ': (3)

Kolmogorov’s log-normal model predicts a form for the
"Ep , which we can relate to DE!h" through the Legendre
transform and then to DL!h" using Eq. (2). Our data appear
to compare well with the three models to the left of the
peak of the spectrum, though the right side of the spectrum
is quite different; the three models predict curvature, while

our right side is linear with slope $1. We shall discuss this
discrepancy in more detail below.

The Lagrangian counterpart to Eq. (3) is given by

"Lp # inf
h
&hp% 1$DL!h"'; (4)

where the "Lp are the scaling exponents of the Lagrangian
structure functions. Previously, we have measured the "Lp
for integer orders [20]. In Fig. 4, we compare measured
values of the "Lp for both integer and fractional orders to the
Legendre transforms of both the experimentally deter-
mined DL!h" and the three models discussed above. We
find excellent agreement between the exponents predicted
by our measurement of DL!h" and the directly measured
exponents, in agreement with the multifractal picture of
turbulence. Because of the finite domain of h, Eq. (4)
implies that "Lp will change from a curved function of p
to a linear law at some p) such that hmin minimizes the
right-hand side of Eq. (4), since DL!hmin" # 0. Therefore,
small changes in hmin imply significant changes in the
predicted "Lp , which in turn explains why the three models
agree less well with our measured values of "Lp even though
they appear to agree very well with the left side of our
measured DL!h" curves in Fig. 3. We note that the "Lp
calculated from the DL!h" constructed from the She-
Lévêque model using Eq. (2) are equivalent to "Lp calcu-
lated from the model proposed by Boffetta et al. [8] and
used by Biferale et al. [10].
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FIG. 4 (color online). Scaling exponents "Lp of the Lagrangian
structure functions as a function of order. The ! denote direct
measurements of the "L!p" at R# # 690. The " show the
exponents extracted from our measured DL!h" data via
Eq. (4). The two experimental measurements agree very well
with each other. The curves are models: the dashed line is again
the model of Chevillard et al. [9], the solid curved line is
Kolmogorov’s log-normal model [13], and the dot-dashed line
is the model of She and Lévêque [7]. The solid straight line
shows Kolmogorov’s 1941 prediction for the "Lp [12].
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FIG. 3 (color online). Direct measurement of the Lagrangian
multifractal dimension spectrum. The symbols denote our ex-
perimental measurements at three different Reynolds numbers:
the " correspond to R# # 200, the ! to R# # 690, and the # to
R# # 815. The measured multifractal dimension spectra agree
well for all three Reynolds numbers, suggesting that DL!h" has at
most a weak Reynolds number dependence. The three curves
correspond to models: the dashed line is the model due to
Chevillard et al. [9], the solid line is Kolmogorov’s log-normal
model [13], and the dot-dashed line is the log-Poisson model of
She and Lévêque [7].
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the work done by Borgas [5], they have also proposed a
way to translate between the Lagrangian and Eulerian
multifractal dimension spectra, namely,

DL!h" # $h% !1% h"fDE&h=!1% h"' $ 2g; (2)

where DE!h" is the Eulerian multifractal dimension spec-
trum and where we have subtracted 2 in order to account
for the different embedding dimensions for spatial Eulerian
statistics and temporal Lagrangian statistics. Using this
form, we have constructed a DL!h" from the Eulerian
log-Poisson model of She and Lévêque [7]. We also com-
pare our measured DL!h" with Kolmogorov’s log-normal
model of the dissipation rate [13]. The moments of the
velocity increments, better known as the structure func-
tions, scale as power laws in the inertial range. In the
Eulerian case, h!upl i( l"

E
p , where the velocity increment

is now taken over a length l. In the multifractal formalism,
these exponents are related to the DE!h" by a Legendre
transform, namely,

DE!h" # inf
p
&hp% 3$ "Ep ': (3)

Kolmogorov’s log-normal model predicts a form for the
"Ep , which we can relate to DE!h" through the Legendre
transform and then to DL!h" using Eq. (2). Our data appear
to compare well with the three models to the left of the
peak of the spectrum, though the right side of the spectrum
is quite different; the three models predict curvature, while

our right side is linear with slope $1. We shall discuss this
discrepancy in more detail below.

The Lagrangian counterpart to Eq. (3) is given by

"Lp # inf
h
&hp% 1$DL!h"'; (4)

where the "Lp are the scaling exponents of the Lagrangian
structure functions. Previously, we have measured the "Lp
for integer orders [20]. In Fig. 4, we compare measured
values of the "Lp for both integer and fractional orders to the
Legendre transforms of both the experimentally deter-
mined DL!h" and the three models discussed above. We
find excellent agreement between the exponents predicted
by our measurement of DL!h" and the directly measured
exponents, in agreement with the multifractal picture of
turbulence. Because of the finite domain of h, Eq. (4)
implies that "Lp will change from a curved function of p
to a linear law at some p) such that hmin minimizes the
right-hand side of Eq. (4), since DL!hmin" # 0. Therefore,
small changes in hmin imply significant changes in the
predicted "Lp , which in turn explains why the three models
agree less well with our measured values of "Lp even though
they appear to agree very well with the left side of our
measured DL!h" curves in Fig. 3. We note that the "Lp
calculated from the DL!h" constructed from the She-
Lévêque model using Eq. (2) are equivalent to "Lp calcu-
lated from the model proposed by Boffetta et al. [8] and
used by Biferale et al. [10].
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FIG. 4 (color online). Scaling exponents "Lp of the Lagrangian
structure functions as a function of order. The ! denote direct
measurements of the "L!p" at R# # 690. The " show the
exponents extracted from our measured DL!h" data via
Eq. (4). The two experimental measurements agree very well
with each other. The curves are models: the dashed line is again
the model of Chevillard et al. [9], the solid curved line is
Kolmogorov’s log-normal model [13], and the dot-dashed line
is the model of She and Lévêque [7]. The solid straight line
shows Kolmogorov’s 1941 prediction for the "Lp [12].
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FIG. 3 (color online). Direct measurement of the Lagrangian
multifractal dimension spectrum. The symbols denote our ex-
perimental measurements at three different Reynolds numbers:
the " correspond to R# # 200, the ! to R# # 690, and the # to
R# # 815. The measured multifractal dimension spectra agree
well for all three Reynolds numbers, suggesting that DL!h" has at
most a weak Reynolds number dependence. The three curves
correspond to models: the dashed line is the model due to
Chevillard et al. [9], the solid line is Kolmogorov’s log-normal
model [13], and the dot-dashed line is the log-Poisson model of
She and Lévêque [7].
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have attempted to obtain the Lagrangian multifractal spectrum DL(ĥ) of the velocity time-

increments, both directly and via the Legendre transform of ⇠L

p

:

DL(ĥ) = inf
p

[pĥ + (d � ⇠L

p

)]

Note that the relation (⇤) gives, with L(ĥ) = d � DL(ĥ), (h) = d � D(h),

L(ĥ) = (h)

1�h

= (1 + ĥ)
⇣

ˆ

h

1+

ˆ

h

⌘

with ĥ = h

1�h

. Such a relation goes back to Borgas (1993). The direct measurements of Xu

et al. (2006) for DL(ĥ) are consistent with their measurements of ⇠L

p

. Of course, as discussed

above the experimental results for ⇠L

p

(and thus also for DL(ĥ)) are consistently more singular

than those predicted by (⇤). Note also that Xu et al. cannot evaluate the multifractal spectrum

for h > h�1

corresponding to p = �1, since the usual structure functions diverge for p < �1. To

access this portion of the multifractal spectrum, other techniques — such as inverse structure

functions — are necessary.
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We make finally some remarks about other forms of Lagrangian intermittency in fluid turbu-

lence. It should be clear from our earlier discussion of Richardson 2-particle di↵usion that it

should also be subject to intermittency corrections. We found then that

�(2)(t) ⇠= (const.)t
1

1�h

when the velocity field has Hölder exponent h. It is easy to use this result to derive a multifractal

generalization of the Richardson t3-law, in the form

h[�(2)(t)]pi ⇠ Lp( t

TL
)µp

with

µ
p

= inf
h

[p+(h)

1�h

].

It is furthermore easy to show that

⇣
3

= 1 () µ
2

= 3,

so that the 4/5-law implies that

h[�(2)(t)]2i ⇠ h"it3

without any intermittency correction. All of these predictions are due to

G. Bo↵etta et al., “Pair dispersion in synthetic fully developed turbulence,” Phys.

Rev. E 60 6734-6741(1999)

Of course, the test of these predictions will be di�cult, since even Richardson’s t3-law has

been very hard to verify in simulation or experiment. Just as there, it is easier to consider

inverse structure functions or exit statistics, of the form

h[T
�

(⇢)]pi

for the �-folding time T
�

(⇢). It is particularly straightforward to consider negative orders,

p ! �p, since

T
�

(⇢) ⇠ ⇢1�h

then implies in the multifractal model that

h[ 1

T�(⇢)

]pi ⇠ (u

0

L

)p( ⇢

L

)⇣p�p (?)

35



with the ⇣
p

’s scaling exponents of the Eulerian velocity space-increments, ⇣
p

= inf
h

[ph + (h)].

These predictions have been tested in DNS by

G. Bo↵etta and I. M. Sokolov, “Relative dispersion in fully developed turbulence:

the Richardson’s law and intermittency corrections,” Phys. Rev. Lett. 88 094501

(2002)

and also by Biferale et al. (2005). We reproduce Figure 7 from the latter paper, which seems

to show better agreement of the DNS results with the multifractal prediction (?) rather than

with the K41 prediction / ⇢�2p/3.

which separate rapidly and correspond to positive moments
of the separation. Kolmogorov scaling based on dimensional
analysis then leads to

!" 1
T!#r$%p& ' "p/3r−2p/3. #11$

Assuming that a reasonable estimate of the exit time is
given by T#r$'r /ur, where ur is the relative velocity at scale
r, intermittency corrections can be quantified in terms of the
multifractal formalism,30

!" 1
T!#r$%p& '

1

TL
p" r

L0
%#E#p$−p

, #12$

where #E#p$ are the scaling exponents of the Eulerian veloc-
ity structure functions as predicted by the multifractal for-
malism. In Fig. 7, we plot ()1/T!#r$*p+1/p scaled by the Kol-
mogorov scaling exponents #11$ and intermittent scaling
exponents #12$, respectively. The #E#p$ are calculated using
the She-Lévêque formula.31 As already remarked at lower
Reynolds numbers by Boffetta and Sokolov,14 there is a
small but clear improvement in the scaling of the inverse exit
times when scaled by the multifractal predictions.

Before concluding this section, we note that the exit time
statistics can be used to measure the largest Lyapunov expo-
nent in the flow. This is because for small thresholds, rn, the
mean exit time probes the exponential growth of the separa-
tion distances. The exact relation between the “finite size
Lyapunov exponent” and the mean exit time is32

$ = lim
rn!0

1
(T!#rn$+

log#!$ . #13$

In Fig. 8, we show the right-hand side of #13$ for three
different Reynolds numbers #two from this numerical simu-
lation, see Table I$ and one from a previous DNS study,14 at
different thresholds, rn. The usual Lyapunov exponent is re-
covered from the saturation value in the limit of small rn. As
may be seen in the figure, the data show a clear proportion-
ality between the Kolmogorov time, %&, and the Lyapunov
exponents, $, for all available Reynolds numbers. Thus, we
get

$%& ' 0.115 ± 0.005.

This value is comparable with the one found by Girimaji
and Pope.33

IV. RELATIVE VELOCITY STATISTICS

A. Fixed-time statistics

We now consider the statistics of the relative velocity of
the particle pairs during the separation process and which we
denote as ur#t$=u#1$#t$−u#2$#t$. The relative velocity statis-
tics are of interest because they provide information on the
rate of separation of the particle pairs. We consider the sta-
tistics of the relative velocity projected in the direction of the
separation vector, the “longitudinal” component, and the pro-
jection of the relative velocity orthogonal to the separation,
the “transverse” component. The former is given by

u, =
dr

dt
= ur · r̂ ,

where r̂=r /r. The transverse component of the relative ve-
locity is given by

u! = ur − u,r̂ .

There are, of course, two transverse components of the
relative velocity, but since the turbulence is isotropic it suf-
fices to consider only one. We comment here that the relative
magnitudes of (-ur-+, (u,+, and (-u!-+ and the alignment prop-
erties of ur, r#t$, and r#0$ have been discussed extensively
by Yeung and Borgas.18 Here, we state simply that our data
give similar results and concentrate on the PDFs of the ve-
locity components and their properties.

In Fig. 9 we plot the PDF of the longitudinal component
of the relative velocity, u,#t$, for r0=1.2&. The PDF is nega-
tively skewed at t=0 #not shown$, corresponding to the Eu-
lerian distribution, but as t increases, it quickly becomes
positively skewed, indicating that pairs with small initial
separation are more likely to be diverging than converging.
This skewness then decreases and the PDF tends toward a
Gaussian distribution for travel times of order TL. The PDF
of one component of u! for the same initial separation is

FIG. 7. The inverse exit time moments, ()1/T!#r$*p+1/p, for p=1, . . . ,4 com-
pensated with the Kolmogorov scalings #solid lines$ and the multifractal
predictions #dashed lines$ for the initial separation r0=1.2& and for !
=1.25. FIG. 8. The finite-size Lyapunov exponents as a function of the separation

rn for different Reynolds numbers.

115101-6 Biferale et al. Phys. Fluids 17, 115101 !2005"
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As we have discussed earlier, computer simulations have now advanced to the stage where

direct comparison with Richardson’s theory is possible. This extends to the direct study of

intermittency e↵ects. Consider the paper which we cited earlier for Richardson dispersion:

R. Bitane, H. Homann & J. Bec, “Geometry and violent events in turbulent pair

dispersion,” Journal of Turbulence, 14 23–45 (2013)

Their Fig.4 (see below) plots the 4th and 6th-order moments of the relative separation versus

time in their simulation with Re
�

= 730 :
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6

(3) are / t2, leading to postulate
�
|R(t)|2

�
' g � t3(1 + C t

0

/t), with a constant C
independent of r

0

when r
0

� ⌘. The product of the constants g and C has been
estimated numerically and results are shown in Fig. 3 (b). One can clearly see that
C ⇡ 1.3/g ⇡ 2.5 when r

0

� 8⌘.
One can also see from the figure that C < 0 for r

0

. 4⌘. Thus, for dissipative-
range initial separations, the asymptotic t3 behavior is attained from below. This
can lead for such values of r

0

to an intermediate time range where the mean squared
distance grows even faster than the explosive t3 law, as for instance observed in
[7]. Another remark that can be drawn from the data is that, independently of the
Reynolds number, the constant C is equal to zero for r

0

⇡ 4⌘. The first subleading
terms are then / t, so that the convergence to the t3 law is much faster for such
an initial separation than for others. This observation could be useful for experi-
mentalists to optimize their setup. However, such small values of r

0

are clearly not
representative of the inertial-range behavior.

2.2. Higher-order statistics
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Figure 4. (a) Fourth-order moment h|R(t) � R(0)|4i and (b) sixth-order moment h|R(t) � R(0)|6i as

function of t/t

0

for R� = 730. Both curves are normalized such that their expected long-time behavior is

� (t/t

0

)

6

and � (t/t

0

)

9

, respectively. The black dashed lines represent such behaviors.

We now turn to investigating the large-time behavior of higher-order moments
of the separation. Figure 4 shows the time evolution of h|R(t) � R(0)|4i (a) and of
h|R(t)� R(0)|6i (b). At times smaller than t

0

the separation grows ballistically, so
that h|R(t) � R(0)|pi ' tp h|V (0)|pi where V (t) = u(X

1

, t) � u(X
1

, t) denotes
the velocity di↵erence between the two tracers. The fact that we have chosen to
rescale time by t

0

(which depends on second-order statistics of the initial velocity
di↵erence) implies that the moments do not collapse in this regime because of
Eulerian multiscaling. However the collapse occurs for t � t

0

where these two
moments grow like t6 and t9, respectively, with possible minute deviations. The
measured power-laws give evidence that, at su�ciently long times, inter-tracer
distances follow a scale-invariant law. Also the observed collapses indicate that t

0

could be again the time of convergence to such a behavior.
The presence of a scale-invariant regime is also clear when making use of

ideas borrowed from extended self-similarity and representing these two moments
as a function of h|R(t) � R(0)|2i (see Fig. 5). This time, for a fixed r

0

, the
smallest separations correspond to the ballistic regime. There, we trivially have
h|R(t)�R(0)|pi/h|R(t)�R(0)|2ip/2 ' h|V (0)|pi/h|V (0)|2ip/2, which has a weak
dependence on r

0

, because of an intermittent distribution of Eulerian velocity in-
crements, but does not depend on time. This normal scaling can be observed for

Bitane et al. claim that the curves for di↵erent initial separations r
0

are well-described at

long times by classical Richardson scaling with no intermittency corrections (black dashed

lines). However, careful inspection shows that only the envelopes of these curves are parallel

(approximately) to the dashed line. The individual curves have distinctly shallower slopes,

consistent with sizable intermittency corrections! 7
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Figure 5. Fourth (a) and sixth (b) order moments of |R(t) � R(0)| as a function of its second-order

moment for R� = 730. The two gray dashed lines show a scale-invariant behavior, i.e. h|R(t)�R(0)|4i �
h|R(t)�R(0)|2i2 and h|R(t)�R(0)|6i � h|R(t)�R(0)|2i3, respectively. The two insets show the associated

local slopes, that is the logarithmic derivatives d logh|R(t)�R(0)|pi/d logh|R(t)�R(0)|2i, together with

the normal scalings represented as dashed lines.

t ⌧ t
0

in the insets of Fig. 5, which represent the logarithmic derivatives of the
high-order moments with respect to the second order. At times of the order of t

0

,
noticeable deviations to normal scaling can be observed. Finally, at much larger
scales, data corresponding to di↵erent values of the initial separation r

0

collapse but
the curves start to bend down. One observes in the insets that the associated local
slopes approach values clearly smaller than those corresponding to normal scaling.
This gives evidence of a rather weak intermittency in the distribution of tracer
separations. Note that the presented measurements were performed for R

�

= 730
but the same behavior has been observed for R

�

= 460.
To our knowledge, the most convincing observation of an intermittent behavior

in pair dispersion has been based on an exit-time analysis [23]. However, the rela-
tion of such fixed-scale statistics to the usual fixed-time measurements we report
here requires to consider pair separation velocities. As we will see in next Section,
the velocity di↵erence between two tracers displays statistics that are much more
intermittent than those for pair separation. This implies that there is no contra-
diction between an almost normal scaling for distances as a function of time and
an anomalous behavior of exit times as a function of distance.
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Figure 6. Probability density function of the distance r at time t = 2.5 t

0

(a) and t = 5 t

0

(b) and for

various values of the initial separation. We have here normalized it by 4⇡r

2

and represented on a logy axis

as a function of r/h|R(t)|2i1/2

. With such a choice, Richardson’s di�usive density distribution (2) appears

as a straight line (represented here as a black dashed line).

To investigate further this weak intermittency in the separation distribution, we
have represented in Fig. 6 the probability density function (PDF) of the distance
|R(t)| for various initial separation and at times where we expect to have almost

This is even more clear in Fig. 5 of Bitane et al., which plots relative scaling of the 4th and

6th-order moments versus the 2nd-order moments. Normal scaling would correspond to straight

lines with constant slopes 2 and 3, respectively. However, the insets to the figures which plot

local slopes of the individual curves show that straight lines are not great fits and local slopes

are distinctly smaller than normal scaling values at long times.
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As a last comment on the results of Bitane et al., they also examined the statistics of the

relative velocities of Lagrangian particle pairs,

v

(2)(t) =
dR(2)

dt
= v(↵0, t) � v(↵, t), ↵0 = ↵ + ⇢

0

.

In particular they have considered the longitudinal component v(2)

k (t) along the direction of

R

(2), which satisfies

v(2)

k (t) =
d�(2)

dt

with �(2)(t) = |R(2)(t)|. Using a multifractal model argument with �(2)(t) ' (const.)t
1

1�h and

thus v(2)

k (t) = d�

(2)

dt

' (const.)t
h

1�h would lead one to predict that the moments h(v(2)

k (t))pi scale

in time t the same as the (longitudinal) Lagrangian velocity structure-functions h(�v(t))pi, with

exponents ⇠L

p

given by the formula (*). This is exactly what Bitane et al. have verified for

p = 4 and p = 6, as shown in their Fig.12!
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Figure 12. Fourth-order (a) and sixth-order (b) moments of the longitudinal velocity di�erence as a func-

tion of its second-order moment for various times and initial separations. The two dashed lines correspond

to a scaling compatible with that of Lagrangian structure functions proposed in [25], namely ⇣

L

4

/⇣

L

2

= 1.71

and ⇣

L

6

/⇣

L

2

= 2.16. The insets show the logarithmic derivative d logh[V �
(t)]

pi/d logh[V �
(t)]

2i for (a) p = 4

and (b) p = 6 as a function of t/t

0

; there the bold dashed lines show the Lagrangian multifractal scaling

and the thin lines what is expected from a self-similar behavior.

larger initial separations. The actual level of statistics do not allow us to relate
systematically this behavior to that of the initial velocity di↵erence distribution.

Finally another way to address the question of intermittency of the velocity
di↵erence consists in finding how moments of its longitudinal component depend
on time. For that we follow, as in the case of the moments of distances, an approach
similar to that of extended self-similarity. Figures 12 (a) and (b) show the fourth
and sixth-order moments of V k(t) as a function of its second-order moment. As
evidenced in the insets, they display an anomalous behavior that di↵ers from simple
scaling. However, the collapse for various r

0

is much less evident than for the
moments of the distance, except perhaps at su�ciently large times. One can there
guess a power-law dependence of h[V k(t)]pi as a function of h[V k(t)]2i. Surprisingly
the power is compatible with the scaling exponent of the Lagrangian structure
functions that were obtained in [25] by relating velocity increment along trajectories
to She–Lévêque multifractal spectrum for the Eulerian field. The two dashed lines
in Fig. 12 (a) and (b) correspond to the predicted values ⇣L

4

/⇣L

2

= 1.71 and ⇣L

6

/⇣L

2

=
2.16. Confirming further this match would require much better statistics.

3.4. Stationary distribution of rescaled velocity di�erences

As we have seen previously, the velocity di↵erence between tracers displays very
intermittent features and, as a consequence, does not converge to a behavior with
temporal self-similarity, or does it only very slowly. The situation is very di↵erent
when interested in mixed statistics between distances and longitudinal velocity
di↵erences. As seen in [20], the moment h[V k(t)]3/|R(t)|i, which is initially negative
and equal to �(4/5)�, tends very quickly to a positive constant —see Fig. 13 (a).
The decrease at very large times comes from the contamination of the statistics by
pairs that have reached a distance of the order of the integral scale. The asymptotic
value ⇡ 6.2 � seems to depend only weakly on the Reynolds number. The collapse
of the curves associated to di↵erent Reynolds numbers and, for r

0

� ⌘, to various
initial separations indicate that the time of convergence is / t

0

. Figure 13 (b)
shows the same moment but conditioned on the sign of the initial longitudinal
velocity di↵erence. One observes that for initially separating pairs (red curve), the
convergence to the asymptotic value is on a time of the order of ⌧

⌘

. Conversely
for tracers that initially approach each other (blue curve), the convergence is less
fast. We have seen in Sec. 3.2 that such pairs first attain their minimal distance at

Finally, we should note that there is also dissipation-range Lagrangian intermittency. For

example, the small-time limit of the Lagrangian velocity increments is the Lagrangian acceleration:

a(↵, t) = lim
⌧!0

�v(⌧ ;↵,t)

⌧

= dv

dt

(↵, t)

which, from the Navier-Stokes equation, is given by
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a(↵, t) = �r
x

p(x, t) + ⌫4u(x, t) + f

B(x, t)

evaluated at x = X(↵, t). Clearly, this quantity will be dominated by viscous e↵ects. If we use

the result

ā

`

(↵, t) = �r
x

p̄
`

(x, t) + ⌫4ū

`

(x, t) + f̄

B

`

(x, t)

evaluated at x = X

`

(↵, t) and the estimates

rp̄
`

, f s

`

= O( �u

2

(`)

`

), ⌫4ū

`

= O(⌫�u(`)

`

2

)

then we see that the former balance the latter at the length scale such that `�u(`) ⇠= ⌫ or

⌘
h

⇠= LRe�1/(1+h)

at a point with Hölder exponent h. Alternatively, using

⌧
`

= `

�u(`)

⇠ T
L

( `

L

)1�h,

we see that this corresponds to a fluctuating cut-o↵ time scale

⌧
h

⇠= T
L

Re�(

1�h
1+h ).

We can also estimate the acceleration itself locally as

a ⇠= �u

2

(⌘h)

⌘h

⇠= u

2

0

L

Re
1�2h
1+h , Re ⌘ u

0

L

⌫

where u
0

is the local (large-scale) fluctuating velocity. This line of reasoning has been used to

developed a multifractal model of the acceleration 1-point statistics or acceleration PDF, by

writing

a ⇠= ⌫
2h�1

1+h u
3

1+h
0

L
�3h
1+h

and then assuming a probability distribution of exponents h as ⌫ ! 0 distributed as (⌘h
L

)(h)

and a Gaussian distribution of u
0

with mean zero and variance u2

rms

= hu2

0

i. For details, see

L. Biferale et al., “Multifractal statistics of Lagrangian velocity and acceleration in

turbulence,” Phys. Rev. Lett. 93 064502 (2004)

A comparison of this theory with DNS results shows quite satisfactory agreement, at least in

the tails of the PDF:
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prediction (4) is observed, namely, !L!4"=!L!2" # 1:71;
!L!6"=!L!2" # 2:16; !L!8"=!L!2" # 2:72.

Similar phenomenological arguments can be used to
derive predictions for the acceleration statistics. The ac-
celeration at the smallest scales is defined by

a $
"#$v

#$
: (5)

As the Kolmogorov scale, $, fluctuates in the multifractal
formalism [15], $!h; v0" % !%Lh

0=v0"1=!1&h"; so does the
Kolmogorov time scale, #$!h; v0". Using (3) and (5)
evaluated at $, we get, for a given h and v0,

a!h; v0" % %!2h'1"=!1&h"v3=!1&h"
0 L'3h=!1&h"

0 : (6)

The PDF of the acceleration can be derived by integrating
(6) over all h and v0, weighted with their respective
probabilities, (#$!h; v0"=TL!v0")(3'D!h")=!1'h" and P !v0".
The large scale velocity PDF is reasonably approximated
by a Gaussian [15]: P !v0" # exp!'v2

0=2&
2
v"=

!!!!!!!!!!!!!

2'&2
v

p

,
where &2

v # hv2
0i. Integration over v0 gives

P !a" %
Z

h2I
dha(h'5&D!h")=3%(7'2h'2D!h")=3LD!h"&h'3

0 &'1
v

* exp
"

' a2!1&h"=3%2!1'2h"=3L2h
0

2&2
v

#

: (7)

From (7) we can derive the Reynolds number depen-
dence of the acceleration moments [20,25]. For example,
in the limit of large R( the second order moment is given
by ha2i / R)

( , where ) # suphf2(D!h" ' 4h' 1)=!1&
h"g. Thus, we find that ) # 1:14, which differs slightly
from the K41 scaling, )K41 # 1 (see [25–27] for a dis-
cussion on departures from K41 scalings in the context of
acceleration statistics). In order to compare the DNS data
with the multifractal prediction we normalize the accel-
eration by the rms acceleration, &a # ha2i1=2. In terms of
the dimensionless acceleration, ~a # a=&a, (7) becomes

P !~a"%
Z

h2I
~a(h'5&D!h")=3Ry!h"

( exp
"

'1

2
~a2!1&h"=3Rz!h"

(

#

dh;

(8)

where y!h" # )(h' 5&D!h")=6& 2(2D!h" & 2h'
7)=3 and z!h" # )!1& h"=3& 4!2h' 1"=3. We note
that (8) may show an unphysical divergence for a + 0
for many multifractal models of D!h". For example, with
D!h" given by (2) we cannot normalize P !a" for h <
hc + 0:16. This shortcoming is unimportant for two
reasons. First, as already stated, the multifractal formal-
ism cannot be trusted for small velocity and acceleration
increments because it is based on arguments valid only to
within a constant of order 1. Thus, it is not suited for
predicting precise functional forms for the core of the
PDF. Second, values of h & hc correspond to very intense
velocity fluctuations which have never been accurately

tested in experiments or by DNS. The precise functional
form of D!h" for those values of h is therefore unknown.
Thus, we restrict h to be in the range hc < h , hmax. For
hmax we take the value of h which satisfies D0!h" # 0; that
is, hmax + 0:38.Values of h > hmax affect only the peak of
the velocity distribution which we have already excluded
from our discussion. We also restrict j~aj to lie in the range
(~amin;1" with ~amin # O!1".

In Fig. 2 we compare the acceleration PDF computed
from the DNS data with the multifractal prediction (8).
The large number of Lagrangian particles used in the
DNS (see [14] for details) allows us to detect events up to
80&a. The accuracy of the statistics was improved by
averaging over all directions. Also shown in Fig. 2 is
the K41 prediction for the acceleration PDF PK41!~a" %
~a'5=9R'1=2

( exp!'~a8=9=2" which can be recovered from
(8) with h # 1=3, D!h" # 3, and )K41 # 1. As is evident
from Fig. 2, the multifractal prediction (8) captures the
shape of the acceleration PDF much better than the K41
prediction. What is remarkable is that (8) agrees with the
DNS data well into the tails of the distribution—from the
order of 1 standard deviation, &a, up to order 70&a. This
result is obtained with D!h" given by (2). We emphasize
that the only degree of freedom in our formulation of
P !~a" is the minimum value of the acceleration, ~amin, here
taken to be 1.5. In the inset of Fig. 2 we make a more
stringent test of the multifractal prediction (8) by plotting
~a4P !~a" and which is seen to agree well with the DNS data.

From (6) it is also possible to derive a prediction for the
acceleration moments conditioned on the local—instan-
taneous—velocity field v0: hanjv0i. Such quantities are
important in the construction of Lagrangian stochastic
models of turbulent diffusion [2]. For the conditional
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FIG. 2. Log-linear plot of the acceleration PDF. The crosses
are the DNS data, the solid line is the multifractal prediction,
and the dashed line is the K41 prediction. The DNS statistics
were calculated along the trajectories of 2:0* 106 particles
amounting to 1:06* 1010 events in total. The statistical un-
certainty in the PDF was quantified by assuming that fluc-
tuations grow like the square root of the number of events.
Inset: ~a4P !~a" for the DNS data (crosses) and the multifractal
prediction.
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