A34 APPENDIX ¢

C.3 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS

Solve first-order linear diffarantial R s

real-life problems.

STUDY TIP

The term “first-order” refers to
the fact that the highest-order
derivative of y in the equation
is the first derivative.

Differential Equations
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First-Order Linear Differential Equations

. Definition of a First-Order Linear Differential Equation
A first-order linear differential equation is an equation of the fors
¥+ Py = O(x)

where P and Q are functions of x. An equation that is written in ths
form is said to be in standard form.

s form

 P(x)

To solve a linear differential equation, write it in standard form to ic= _
functions P(x) and Q(x). Then integrate P(x) and form the expression

u(x) = efP(x)dx

1 impl
Integrating factor

which is called an integrating factor, The general solution of the equas:

p = u_(l,)a_[Q(x)u(x) dx. General solution

EXAMPLE 1| Solving a Linear Differential Equation

Find the general solution of

Yy +y=ex 1_/
SOLUTION  For this equation, P(x) = 1 and O(x) = e* So, the integrating % .
u(x) = oldx Integrating factor
= 52
= e*,
This implies that the general solution is
1 suideli
y=— f e*(e*) dx
e - Writ
1
= e—x(Eer + C)
, . Finc
= Eex + Ce™=, General solution
. ; . . ; . Eval
In Example 1, the differential €quation was given in standard form.

tions that are not written in standard form, you should first convert to =
form so that you can identify the functions P(x) and Q(x).




Solving a Linear Differential Equation
he general solution of

— 2y = x%

me x > 0.

ION Begin by writing the equation in standard form.

-y

s form, you can see that P(x) = —2/x and Q(x) = x. So,

| P(x) dx —jgm
X

= —2Inx

Standard form, y’ + P(x)y = Q(x)

= —Inx?
h implies that the integrating factor is

_x) = efP(x) dx

)
=elnx

I
> Integrating factor
X

aplies that the general solution is

1
= TN Q(x)u(x) dx Form of general solution
u(x)
1 :
dx Substitute.
i/
= xzf —dx Simplify.
X
= xX(Inx + C). General solution

sidelines for Solving a Linear Differential Equation

Write the equation in standard form
y' + Plx)y = Q).

Find the integrating factor

o) = ey

Evaluate the integral below to find the general solution.

2 j O uls) dx
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DISCOVERY

Solve for y” in the differential
equation in Example 2. Use this
equation for y’ to determine the
slopes of y at the points (1, 0)
and (e=1/2, — 1/2e¢). Now
graph the particular solution

y = x? In x and estimate the
slopesatx = 1 and x = e~ V2,
‘What happens to the slope of

y as x approaches zero?

TECHNOLOGY

’ From Example 2, you can
‘V see that it can be difficult to
solve a linear differential equation.
Fortunately, the task is greatly
simplified by symbolic integration
utilities. Use a symbolic integra-
tion utility to find the particular
solution of the differential equa-
tion in Example 2, given the initial

condition y = 1 when x = 1.




APPENDIX €.3  First-Order Linear Differential Equations

REREQUISITE
EVIEW ¢€.3

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.

In Exercises 1-4, simplify the expression.
1
1. e (e + ¢¥) 2. e_“’;(eﬂ + e%%)

3. e—lnx3 4. 62 Inx+x
In Exercises 5-10, find the indefinite integral.

5. fe"(Z + e ) dx

6. jez"(xe" + 1) dx

1
t 7'f2x+5dx
Xk |
s'fx2+2x+3dx

9, f (4x — 3)2 dx

10, f x(1 — x2)? dx

EXERCISES C.3

ises 1-6, write the linear differential equation in standard In Exercises 23-26, match the differential equation with i

solution.

Solution

@ y = Ce”

@)y = ~gHce
©y=x*+C
@ y = Ce*

— 2%+ 3y =0 2.y =52x—y)=0
4. xy' +y=x3

6. x =x*(y' +y)

Differential Equation
23. y'—=2x=0
24. y' =2y =0
25. y'—2xy =10
26. y'—2xy =x

“+y = xe*
= (x — 1)y’

tises 7-18, solve the differential equation.

d
“ 13y =6 8. 2 ys5y=15
dx In Exercises 27-34, find the particular solution that satisfies the

& initial condition.
+ty=¢e* IO.d—z+3y=e‘3"

Differential Equation Initial Condition

+==3x+4 y =3 whenx =0

12.%+3y—=3x+1 e il g 108
* 28. y/+ 2y =™
C+5xy=x 14. y' + 5y = &> 29, 5y’ +y=0

== ’ = y2 — 3 ’ — 2+
=1y’ +y=x*—1 16. xy’'+y=x2+1 30y +y=x

y=4whenx =1
y=2whenx =2
y=4whenx =0

5+ 2y = e 18. xy'+ y=x*Inx

=cises 19-22, solve for y in two ways.
+y=4 20. y’+ 10y =5
— 2xy = 2x 22, y' +4xy = x

31.
32.
33.
34.

¥y’ + 3x%y = 3x2
y+Q2x—1)y=0
Xy’ =2y =—x?
x%y’" — 4xy = 10

y =6whenx =0
y=2whenx =1
y=Swhenx =1

y=10whenx = 1

i




