1. (a) (5 pts) State Descartes’ Rule of Signs for estimating the number of
positive real roots of a univariate polynomial.
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| (b) (5 pts) State the definition of the Greatest Common Divisor (GCD)
of a set of univariate polynomials f1, fo,. .., fr € Rlz].
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2. Using the algorithms we learned in class, answer the following questions.

(a) (5 pts) Determine the number (including multiplicity) of real roots
of z* + 22 — 2 — 1. How many of these are positive and how many
are negative 7 (Do NOT use MAPLE for this problem. State clearly
how you arrived at your conclusions - “I used solve() on MAPLE and
counted the real roots” is NOT a good answer and will not receive
any credit)
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(b) (10 pts) Find two intervals of length 0.5 that each contain a real
root of z% + 22 —z — 1.

For this problem you can use MAPLE. However, DO NOT use the
solve(), sturmseq() or sturm() commands; you can use any other
MAPLE command that you want, like dif f(), rem(), eval(). Note
that you can input a list of expressions into eval() and it will evaluate
all the expressions in the list at the prescribed z value. For example
eval([z, z*, %),z = 2) will return the list [2,4,8]. State clearly the
commands you used in MAPLE, the output you got and how that led
to your final answer.
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(c) (15 pts) Show that

(—22° =22+ 1, -2+ 23+ 2® + 2 — 1,52° — 52 + 2%+ 2 — 3) = R[z]

Y

l.e., every univariate polynomial is in the ideal generated by these 3
polynomials. You can use any function from MAPLE for this prob-
lem (you might find ged() useful which computes the GCD of two
polynomials). Clearly state which commands you used, the output
given by MAPLE and how that led to your conclusion.
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all univariate polynomials over a field K. Show that there exists f € K|z]
such that I = (f).
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3. (15 pts) Let I C K[z] be any ideal in K[z] (recall that K[z] is the set of



4. (7 pts) Prove that (z + zy,y + 2y, 22,32) = (z,y).
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5. (8 pts) Let S C R" be a subset of points in n-dimensional Euclidean
space. Recall that the set of polynomials

I(S) = {f € R[xy,..., Ty f(s) =0 Vse S}

is an ideal. Show that if f™ € I(S) for some m > 1, then f € I(S), i.e.,
if the m-th power of a polynomial is in 7(.S), then that polynomial is also
in 1(9).



