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015101-5 Fontane, Dritschel, and Scott Phys. Fluids 25, 015101 (2013)

FIG. 1. The vorticity field ω at times t = 1, 5, 10, and 50 from left to right and top to bottom. A linear grey scale is used
with white being the highest level of vorticity value and black being the lowest. The fields are taken from one simulation in
set B and only a sixteenth of the domain is represented.

enstrophy continues until late times due to a small but non-zero fraction of the input enstrophy
cascading to large scales (consistent with the energy cascading to large scales as discussed next).

B. Spectral evolution

Figure 3 shows the evolution of the enstrophy spectrum for both sets. Curves are plotted at
times 1, 5, 10, and then every 10 time units up to the final time of the simulations. After t = 5,
which is shortly after the time when the enstrophy reaches the smallest scales of the flow and starts
being dissipated, the spectra converge to a fixed form and do not evolve further in time except at
small wavenumbers where the inverse cascade continues to build energy at large scales. The part of
the spectrum lying in the enstrophy cascade range, i.e., in wavenumbers larger than kf, exhibits an
intermediate k−1 spectrum, albeit with a steepening just to the right of the forcing, possibly due again
to presence of coherent vortices. However, the wavenumber ranges here are too short to make any
comparison with theoretical prediction meaningful. For wavenumbers lying in the inverse energy
cascade range, i.e., wavenumbers smaller than kf, the spectra exhibit a plateau between the forcing
wavenumber kf and a smaller wavenumber kb(t) corresponding to the front of the inverse cascade.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
162.129.250.14 On: Sun, 09 Feb 2014 14:40:57
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tral method on a doubly periodic square domain of N2
!20482 grid points. The viscous term in Eq. !1" has the role
of removing enstrophy at scales smaller than l f and, as cus-
tomary, it is numerically more convenient to substitute it by
a hyperviscous term !of order eight in our simulations". Time
evolution is obtained by a standard second-order Adams-
Bashforth scheme. After the system has reached stationarity,
analysis is performed over eighty snapshots of the velocity
field equally spaced by one large-eddy turnover time.
Let us now discuss the results. In Fig. 1 we present the

third-order longitudinal structure function SL
(3)(r) compen-

sated by the factor 1/(#r), showing a neat plateau at the
value 3/2 !in agreement with the Kolmogorov law" over a
range of almost one decade of scales. In Fig. 2 the energy
spectrum E(k) is presented, which displays Kolmogorov
scaling k"5/3, and the energy flux $(k). Although at small
wave numbers it is visible the effect of large-scale friction on
the energy flux, nevertheless $(k)!# for almost one de-
cade. A careful inspection of the spectrum !see upper inset of
Fig. 2" shows that at low wave numbers there is a slight
deviation from the Kolmogorov slope. This can be recog-
nized as a bottleneck effect !see Ref. %19& in the context of
the direct energy cascade", which can be very marked when

hypodissipative terms "'p("(2)"p) replace friction, as in
Ref. %13&.
We also have performed simulations with several hypo-

viscosity terms, which show that the magnitude of the hump
in the compensated spectrum increases with the order p of
the large-scale dissipation. This effect is related to the pres-
ence of large-scale vortical structures, which do not appear if
the order of hypodissipation is taken small enough, or if
damping is properly parametrized %14&. The Kolmogorov
constant in

E!k "!C #2/3 k"5/3, !2"

is found to be C!6.0#0.4. Previous numerical simulations
and experiments report values of the Kolmogorov constant C
ranging from 5.8 to 7.0 %6,8–13&. The structure function con-
stants corresponding to Eq. !2" are CL

(2)!3CT
(2)/5

!%!3*/25/3+(4/3)2&C!12.9#0.8, where the first two
equalities follow from isotropy and incompressibility and

SL
(n)!r "!,%-rv• r̂&n.!CL

(n)!# r "n/3. !3"
For transverse moments, r̂ is substituted in Eq. !3" by r̂! ,

perpendicular to it, and CL by CT . It is of interest to remark
that longitudinal and transverse velocity increments are un-
correlated, i.e., ,%(-rv• r̂)(-rv• r̂!)&.!0. The relatively
large value of CL

(2) implies a small skewness of the longitu-
dinal velocity differences (3/2)/(CL

(2))3/2!0.03. Albeit the
longitudinal PDF looks close to Gaussian and quite symmet-
ric, nevertheless on a more quantitative ground asymmetries
turn out to be quite strong as shown by the two curves of
SL
(5)(r) and SL

(7)(r) in Fig. 3. First, we can observe that their
scaling behavior is in agreement with Kolmogorov predic-
tions. The existence of fluctuations do not permit one to fully
rule out nonvanishing intermittency corrections, but they are
bounded to be minute and within the error bars with the
present statistics. Second, the constants are CL

(5)!130 and
CL
(7)!14 000, giving for the hyperskewness CL

(5)/(CL
(2))5/2

!0.22 and CL
(7)/(CL

(2))7/2!1.8. The error bars can be esti-
mated from rms fluctuations of compensated plots and for
the seventh order !which is of course the most delicate" they
amount to 20%.

FIG. 1. Compensated third order longitudinal structure function
SL
(3)(r)/(#r). The dotted line is the value 3/2. Note the linear ver-
tical scale. The labels l f and / f r indicate the forcing and the friction
length scales, respectively.

FIG. 2. Energy spectrum E(k). In the lower inset the energy
flux $(k) is shown. In the upper inset is the compensated spectrum
#"2/3k5/3E(k).

FIG. 3. Structure functions of order 5 !lower line" and 7 !upper
line". The compensated curves SL

(5)(r)/(CL
(2)#2/3r2/3)5/2 !lower line"

and SL
(7)(r)/(CL

(2)#2/3r2/3)7/2 !upper line" are shown in the inset.
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Another striking evidence for the importance of the lon-
gitudinal PDF asymmetries is provided in Fig. 4. We con-
sider here the antisymmetric part of the PDF P„!vL(r)…
!P„!!vL(r)… "shown in Fig. 5# and calculate ‘‘antisym-
metric structure functions’’ such as S!

(4)"$0
%u4„P(u)

!P(!u)… du . Both the fourth and the sixth moment show a
scaling compatible with Kolmogorov prediction S!

(n)(r)
"C!

(n)(&r)n/3, with C!
(4)/(CL

(2))2!0.08 and C!
(6)/(CL

(2))3
!0.6. This indicates that the non-Gaussian antisymmetric
part, although visually small, has imprinted all the relevant
scaling informations on the inverse cascade.
The increase of the skewness by almost two orders of

magnitude from the third to the seventh order is particularly
informative. Indeed, whereas "hyper#flatness necessarily in-
creases with the order "a consequence of Hölder inequali-
ties#, "hyper#skewness might a priori reduce. Our main mo-
tivation was precisely to find out whether the skewness was
decreasing or increasing with the order and the answer to this
question shows that hyperskewness is definitely not a ‘‘small
parameter’’ to be used in perturbative schemes for the statis-
tical properties of the inverse energy cascade. Different adi-
mensionalizations might of course be considered, as, e.g.,

SL
(2n#1)/(SL

(2n)) (2n#1)/2n, which are guaranteed to give
smaller numerical values for n"2,3. We prefer then to di-
rectly compare in the inset of Fig. 5 the tails of the antisym-
metric and the symmetric part of the PDF "the latter being
very close to Gaussian, see Fig. 6#. The figure unambigu-
ously shows that the antisymmetric part, although much
smaller than the symmetric one for moderate fluctuations,
tends to become comparable to it "remaining of course al-
ways below it# for large fluctuations. The predictions in '17(,
although based on a closure explictly invoking small devia-
tions from Gaussian behavior, turn out to be compatible with
the numerical results. This indicates that the closure is likely
to be more robust and ‘‘nonperturbative’’ than its derivation
might suggest.
To address the issue of the expected universality of the

present results with respect to the type of forcing we also
performed numerical simulations with an injection rate char-
acterized by the spectral correlation function
) f (k,t) f (k!,t!)*"!(t!t!)!(k#k!)!(1!kl f) '6(. At vari-
ance with the former choice, this forcing is limited to a nar-
row bandwidth in Fourier space but its spatial correlations
decay rather slowly. Averages have been taken over 20 snap-
shots of the velocity field.
Odd-order structure functions and the antisymmetric part

of the PDF do not show any visible dependence on the de-
tails of the energy input. Conversely, the symmetric part of
the PDF of velocity differences and even order moments are
more sensitive. For the forcing limited to a shell of wave-
numbers, both the "symmetrized# longitudinal and the trans-
verse pdfs are visually indistinguishable from Gaussian, as
shown in Fig. 6.
Deviations of kurtosis and hyperkurtosis from their

Gaussian values are small and compatible with those pre-
sented in '12(. For the forcing localized in physical space,
the far tails of the PDF at scales O(l f) tend to be "symmetri-
cally# broader. This tendency is due to the formation of small
vortices of size comparable to l f , which generate large ve-
locity differences "especially transverse ones# across a dis-
tance of the order of their size. The effect becomes, of
course, negligible at scales larger than l f but it might affect
the quality and the extension of the scaling region for even
order structure functions. No coherent structure of size larger

FIG. 4. Antisymmetric structure functions S!
(n)(r) of order n

"4,6. In the inset S!
(4)(r)/(CL

(2)&2/3r2/3)2 "lower line# and
S!
(6)(r)/(CL

(2)&2/3r2/3)3 "upper line#.

FIG. 5. Antisymmetric part of the longitudinal velocity incre-
ments PDF, at three separations ranging from r"0.05 to r"0.1,
within the inertial range of scales. In the inset, the antisymmetric
part of the PDF at r"0.1 "lower points# compared with the sym-
metric part "upper points#.

FIG. 6. Left: symmetric part of the longitudinal velocity differ-
ence PDF. Right: PDF of transverse velocity differences. The forc-
ing is restricted to a band of wave numbers. Gaussian distributions
are shown as solid lines.

RAPID COMMUNICATIONS

PRE 61 R31INVERSE ENERGY CASCADE IN TWO-DIMENSIONAL . . .



,.-rV i cV ava a'r-^.t\y So\ut b\a a'^A t'".rj. tVr* i vrue.t;,e,

t
\- o- aafvttn3 v,*ov4 le t4;4 +t4-or-\'.-V ?. Fl 1>. q.1

c{: c ̂ Jt--4 , .^r,'*t', "\ otG -}ta'e'-t ( +t *7 tt^o *Le-!.a,=- ) JLo*,t-?

F*- Q><.r.+Lfu,, .+

vra| Yo ,V"lr= I o.'lr Uz

M, C-hc.r$z,"''z e$ '

|^ A^.L.a\-t-Jr a)'we15.on'r' ,

I a55 V e- 5 a'a\a.--s caet 5Va,.z

oAr..A)? va\o <- i*, 4;"lA iS

C wt a:tnl7 rpt --|,'o 
\ 

) , 
-Th i-s ciVse.n, -r\^o.-\ ()J, = s\..*J. a\ ",r{-

3 --+ 
\r* 7in4 

i "1 +1'* Y o?t'

! '<, Go*,g Az-V\ E M, V-.a<5>o\. , 
tt 

?hnso.{'r^-.r,}r.^-,
ra -\1.'v- ( <r.s,,c- Sc<,\..- a-J.. octr'a6 

, ', 'php,s.,ca p \3f

b3-no (  zooo)

,\a +?.',.- b(.o icl'rn..^ *r.oL-e,\ "+-
14,u

r<40 - x0 + ,+

q\

t\

\\ .-f-

) 
Lnw).z rre-

?hz' , ku,
v€rsL(s J.ive"t Ca)eaJ<,s

L-++, q stz-s\s( \q1T)

o.-/l i n'.---3:--- Cnre-ror(.q- , i€

\\ sk€R'ci-"A!, co\Arh.c,s; L\r- (\
4t"r'L

ti^-,L

*.i)n4 u a.
!\'4 SYarz

q,ho sl"^lie.,,\ Fmis pvtVw-^'

ctdl^ec$art

2*o +Q.v)e:

G o..sri,, 
- 

vatlo',u^ 4'.\J,

"-."h^ e*yo-.e^<4 h g Co, t )

4r,t.+ y ft.tar--
aJ L.J-;J. -t^.,s.

qg*aAravt9 r,cf

r[4 +'rr"€ .

l-  . \  '
t2 \+ -SrYl4\ \ ' t ' l t



-L4 +r.... f+*-^X\Z Covrzryry'sr -li L t'-- yh na. "'R 4r" ;5 *.& \

4'l*-= ls atrl inva.rt-<- 61!cr.Le i+ 4^.a. Sp 
-<.e- 

,\aj€cFs

9cr\rr^- *-Z 
^+ 

4Lz sOi'rsla.---l- r."{-= X . Jr"

4L,e aVnl c'-- t a &o,-,7i'..7 *.,n o( / +r^.i cont^.s1-o*Js

+t 6 *t .-t sl c,$ rre2rUt^a t^,, i*tr

€o*, :  ,a#el)  :  yt  (  r+ o )

otn,\ eU (* ) --+ oo 45 -t -.l -\ o6 . HN,"^..\'.e,,-) +?^- st\'.\'.t

r+ 80 tr) 1o 'h a >-+?+.,,-\a2/ \'w^;+ at -1-i -t- .s , u,rrJah

is ya",$c o+ >-\S' - sir-,i (a.-- , E ,q . 't2^.- Ppf oF *k- sc-rtrr

in cre ,-'t*,* ,Mo24 hh,lte- 5 .r\5 4i es q$ +. -+ -\

P*(so, r) : J-=(+)
O-rb,

"l?2.b P(zu)F(-)- V'-t f -Pco)l' It + z'*'J'*f

u- Lha Z' a.J t sara^a- c.\ c,.\', l'\.e po s ,Lt . co^ s*=.\ &*L

& v*A vrtsot^ kt-- ?yacx.- 6ft.v...o..s.-*t.9 e.€  -l-h* dt_o2ree 
"+

co,-tfle:J :b:liV "C \?-,- t.lo "i\2. 9 .J iq*c,.el>,,^3 4^.*+ +U

S-LA'sHrr oJ 6-OCr) , o\{rt^ov.2V >=1S -si-,..i)or , a.e_
Aoq- G^-'.s r'o,n, t. -g+ , ^o ,v*r\Z *| R9 (r )

*7



(^
L i , o .' Str^-"c+u^''c A^*a\'tos o.G O I

d-o v..dr e>.i sf i n *".1 r P n t\a' -r '

.$;*','- tJ ,.L)^"A' +o a AAa-A -+'

O+ .n.,a.- S C.r\o-- gre,n),7 &. {-|

o. \ \ "( 
4^? 5\- cAra-c d.'.'^-.\'-,,. s "{

Vnua X?r'1 la[-t'-lo-

.'T 6\rkr ?> Zb

f:C a.' yos,\r,<.-

(v eve.** 47- b\o,r-.,.p

zb

?>zL

--O,.  \
r

" ,  Fct-h)P
(r-h)p

czr

.3 \-tt-h) P

7 <zb
| | 

( ' ' .  
)l . ( .+,)  P:

/5\(r-h)e-zv)
\./

(

'-,w-,r<- Q\. : I g) =t*>\*  7 i9 n-.\-- A o*,fr3 S c-,\4

o.> aa.J -z!.r\ 4T 41'r'-- €d+. ov,r . ?*r, -tn^- fc-rt,.-., 
-f-

41t\z vv\o*\,'-+a9 ,..rh,; ch utzzfa- o \ t .^ J.- S- ;-1- .$- & - rt,/

Ve-n^-|rr.t >"!$ - str-,i \o.,-, L.f 41;t-- taro,a^c-,\- t zV:cl1 )ri vo-2r_ 4

-R- sZ : O v\ota-/ e-\ai L';\- Ao^y,^g - -ory- 
i,.J.*r^ ill<^.y. .

;5'g ln.;: [z-.\-;.,- o,..-. o\ <rwer- "+," Z O rV,.-s"a-- 
"*-rZ

r^ -",r..o-)s r,.ro.,n\l be 5<\+ -j,,-, "\on ,
avve.av '+t l.- c\q-3..- .ln1 Ga*ss.*,', S- /.-

anA . \\ s\^."d+,ze. 'd-.*1'-..- fec-t-sirt -Rr^,J<_

CaJ c< b , 
ln^o.-. 

-\\

s M c-c- *v*- s$^\;r}' .-

C*rra.St ,^.1+ t e2.,-^- )
(*n y r^-.-,+> ) 45 t -) -o



9u..^>- o\\ V,rtow^ e>t^t+1, So\utt\g wtad<'\s

i argerzz q45c4}.- 5Lo..''' a\ro svcV y rc?tdtes "€

,zVich e>.1"1 I^+

s<\+- s\u;\aj,

ij Vas o$'c-'' s\43gesw +h^+ e-ve2.. ir^,-e'>- Casc<&

,n1.^* laz- sa\+- s\'-ti\af . A^ t^\'"Artc- ar'1v(v*4'e'+ i"t -Q,"^'

-*Vri s is "'t"^^lF al*-- *t-t''br o+ wta &zs .J- a. ?\vevt

\.J avuv\utnttV<,r k 5 C'(z5 at

cto >-c- +a @*:lla 
-

, ot-)
L- V tv\ A,i,'r-,a..r5t6a. A,

4 Govrte "r,r<.\ 7-<-fi,
s
ti4 Ctl1:.'1!,as Th fi^;J

L<co^. ,

V<.,n

l,a.ts I 
q syv-eaAs

O\r€ r l'^c\ncaJt\,.31y vv<a147 nn oAs'| a'S k

ca.? I 
:4},€- * '$4 ^tZ Lt-'i t/s vV a s 4 1,*.r,.r.,a-|iar,+r ave-- otnfVFuo\

\,a +"- V*^.uY Y,ouss (A"- $^"t^.-"{ ra,..<t4iur\,'c.\r.,c.

QetS C<. A-e.- t'-"oa\-e\ ) 
l)nv'e'ver , 

a^ '^ve't>u- atcoJ'<' co*F5 '^'^"ls

a Cssv:,5evve-A er ^n*il7 
'S-o'^'" *7 rvt-' J'tS ;ut}- Fn*- vt'o JtS,

a s \< d,-ec.reas-es , 3h +1'\ 
"t caw ) {\*.f*-+'a,Lt c^r€- sr4,(oJL*J

orr\- i rr .n \€- yvo e5f "C ^n{3t*5 a.d M& r*ril\e7. c'sl

V eeTuc\o) +o do<-'<agz, JS +t^'- lrt3hz / LUTtv€t t t-V".-- rr.o&s

9-\ swt,-^,+,-c A +oJ z+l'\&- are r''r€6t ic^\\7 tze^A7 conurcl-+-.;,

O',44- Qvt ev€.\.1, t'e'-T Tifaz- -|l1.+

"te 
1'Ja^r""tJ **Z in zD iqrte-r'>- caJc.J-e=

-lLtz * ar7,t"*tt-t\'

4^- s*.$,t s-lri-=s ,^,i l\

c-e^\-<t I i,-r;{ -f t<r-ovcn-r

$',- l t- ,  Goravi 
^.r 'z.) ,  #

lL/  ct

e vz- -$^,-

a.9vtrynl ,

Cow-Je
,/

a.'n-A -t?^a i spre-

C "*A in'te-rt;-c- Carc,r Je-s ?p.1ej-nY ) .'s T,ir- oy%,



Nu; Gtr r-r'5

56-\v..3 in 4LLL

co*si&r- 4\,.,e p"ss"rb'l\l A \n).n^n:+=^7 & eonon olo., s

Th- d.\^i.o^ "(-
5ftq6\,.,zr- R.--#t'-^9 -$a- -t-r^; s cias-z- iJ 4 L;f &\ I .-.)<_ 

/ 
l,:ttrtc<--

ia )rb,r- \<B fu"7 4\^- vorz\i.;, SutA u-) ; 4no ^**
/\
(h--o ) '+D o\\o.,,' +,-'- ('(;r'<- r+ (\T',.-Crl \f > a.\J )L.,--

v"\ .c ' , } ,  f i ' . la\  \4 ' /  * to 5, , ' 'oa\ t .  (  hu:  \  
)  - {6-  o[o.-  - f r . .e-

uz-a ,+ < \ J'cr6r) \1" > . e-r-- ^7 ir6\---,,1 &A,r- o(

t\ ?^\.7-1-lt$e-*.\ s;\n'^th'"t"--'^&'^'4'z-r 
(( 

-S"^ 42'*' ttoAtil ,os

)= t)*"h[ / ,-/ n-.xg -sica" -N /1z{*

-\?r\* -firs-\- ct. -ico- "S"^ tL-"-- vo'\sci47 ,,,or(.5 go-- 
",ut,, po::\ Ltz s.. \,Y

ey(t v1144-+-s ca+A 4t4- Jeco.,.c\ 
-t^- 

i.-- -e- u.t-.,{ ..,.,o-1.-: $r- on7

a>y6v\e*r+-, V\,veeva O oQ ?- , --rh.ts, 1, v=---'rLq{q,*ia.-s & 
/

tt=r*.rrcln,r.- Sr^r{, o.',t " o.\\- t-t> +-b .^^si d.-pv- +L..* ov-le{ *r..+- i-o\*r[t

+l,v- \< g y ,'eAi c4tar^: a.t c/t \-e- y o:si L: \> ,

- is 7"*--\\7 e*W"J-"1 tu';- -tz-z \'-"a;! D----so i5

tr"rnr><-oas i.,r -Y?'-€_ ZV uo^y\',-y\7 caSC-r-t-e- u-atetgt<-, o^A fLr.- 
*

Y.otii t\c- )o...v-a--- .C autauur-y\ang S<*e\.e^g is 
W

t"J.-. '- .{k-Z 
, ,o +ho+

ctnA. et \t So.*J- d.t{k-o.-.., sil".+u^ -&,.,^.Fro^ 
(\ 

-Fro/- Jn-"* vul".,l./ aS

s ;  ( . )



oc

Sr'(,4,) ^J \r ' '(#jt, {N .- {+

s i r , )  ,^ \ , .1" ' . r ( t l t t  ,  " . .e+

s J "!,, ) - t'= \:'u (.t.l.lu)

io +L.+ 5i :  f  +;5r"

6a [o\a^s a< o-] v cn'-ti'= A -\D Lttl uV +t o A) A''^-' \

\ogo-JV,*.i<- €ac+a--s E ,7 . F--.'.{^^-.t5 \"1 - covrec{rl y'^o)i'$.,'ot<

.o*\  A 1iv c '

b.r+- ttnis r-.ro-rta\ s+i\\ ctn"' 'esy'*'a\ -\- Sf,:O ( ^> 4 -,\i,,..r\
e-><y6a,a,t4- Sr ,Qra --+ o 

) , NoJ<- u'f*- 4?^4- a)s-r r'r,pA-;a-.-, -h^q+- 
-y

i ^Ie". 
,.^;ILe-^.7 i ,r -h--L ZC u-,r*zyV7 C-rf <a Le.- i s -€. rzn -\Pr.e--

'q-w-.-"v? - t c -\-"- , fu re:-\\t^ 7 )6+\"^2 *f^nz-*= *r- o*) f;

Vnu- 
-\\ 

oF x?''-- yrnyotJnes a5 al'\ tt^:"'- St- L*o^2 --5c-,L€--

.'al,c,- t^',IJn*-7 rla 'tr^'- 2D Mver:;-<- q2c...(o- ( ?^F"r':*^s \& Z,

C-."\\^rlo s \ g Z- ) , -f n, Y -J* 
c-u'\an--, tf a^), {rt ot,/e-

Uo-I",. Ccrncawc-, r\'\ f ^J

,.- b t{

cr 
q' -- Y 6.--t : :f- -c4-Y ? I  -F ? -  or  + \

av^c- .t"+h koy.- i^cn-raj,? i,".r ? ,



a'- 0 ?"n^n- L-io-'s "+1"""Y Ji.l\r u(s +L" +-

ud,

?@Z- n)P \-'

.\, q, Csr'tte ac'e,1<' /

(*te re e.s(\ h";- L'"-- S-),aA*r\ is +z*- 
t' n"' 't"ti'''-*', {t' \ t''o'-.

{-0"- z

le; wt) J.irc'', > > 4t"-><- 4."'o i -r -\" 'r

J-^ +'ue- Ats\- )e ena'-ro , 3 (

&qA *\a-eyr ?o' '\V\7 {V : o {r Sota'e i ajet"'-( f o, f* I Wk

5v-o s. .  Y> (x, ?r.>* '* ,^ l \7 YX>2- 1 5\ . . " -  en5\.a,o

qf-e.A/h 3h. \louev \t^.w 41.e- \.- F 
t 

s(z*-vtt,t't hnne- r'touer-

\"-t^ *Vv.).A i n ^7 St\ta.<la*->x 6\--- e,*1,"en*'n-tl 
, { *7

V^owVA,-', C^ ALa-- "\"^"- ;^J t *tte'rc-- h^v- \tze'A rt6or{-s

o+ vregza\\ze- V\$ \ fu,-- qF1o 
^,e-*= i", : 'raa-,\<\'a-,r "tr Sec^VU

2D VTVre--a)cov-s $o,-,u., ^ S-l-u I-'s Q1n<\bn ( s1u^-ave--- L^O\^..o.-

,\Js:;V,^+;v-\ ) :,na 
i^ida\ k-3 nn--,7 .r-*,--t/ asfoc;^-fe,\

.^r-,il \\ a-t F " i.a, 1^-,e- e^J=,-s ,C coV.z.=n# vowh..- 5+14,4 c\areS i

u*+-y $rl. J,
A=su*,Y ttk-

h-r ,  (  O

i hJ4fl '.+la.*= sc.eyqy4 q'', h-ir.  - Q

StvTvt\a;"f\7 ",S- 
{l"r

w,r.\\i$^t+--\ *<")'-a'\'

o,.\Z *wo fots; bi I i*ies e>. i  sF;

qs \'. 4L^- ?o-isi -Fr*h

s\--.AZ-:f:\- *;i5ls S'- U-4O

' :g 
,*-  V-o (>a*A",a, ' - , . )

(l

Wowl-



R, 9.n2, eJ M, V".gaJss\a , 
tt 

Cp\r.-,,1

ct.ns\ "*v 6YY\ taA T-', -fo 4l-o-o\i"na-'asi**\

Of-,  ?4s,. g \r ' )-  \Zg C \t t t  )

ruou.Vl a-alrsig
{,^.rL.Q-.-*, It p[,r,*

1l

et 6a-.,n,s:ia-1

v--o noAra.+- \

M , F^2- e.,^A M, Ho\t.h,nid,c- , 
tt 

T'"rl'-.1,,r,=$-A:t-, "-C

4y-o -fin-^e.,n-rio-..\ 
ln--L-!a^c"c' evw-"y7 sy.c\'att'a i"" lo.*r- o{-

]was, *s'\^2u\^'> ir. 56.a4.a VoJex ctr"S t Ev.u,pir*t.

Ld+, E n3c)- 1+s (tt<t )

$ecn^22 +te- i ̂ i\'o\ 
Ao{- Ll o ee > a&-'t'\oA 4--w^

evtl-pv.lV- t"i}l" n,''zi7 tyac$r'tzrlvl ;7 *7 c...e

$ -\Af 
,^ri*la a\r QVoWve ht 

- 
1 .t h*: CJ , hA*<- un^'{t^o'^.-\"tL

@u € B": ,,.o.tr ** *oe By* t L4+ tf"{n'--\> -f**"J-*J

+, 4vr2- A^;l* :-al* "C 
W?\"/<-wv<441<"t-5 o4- +?-t- S'Vra''t-'*h'-r 

) , 
-Tft 

-

o.V.*e_ fp* 6.\-l^a -tr4^.J* l;tz' 3o\*\'-,"'s "f +L".- ZV V\y-n-uf>ca..S

\J 5 .1un*^n a!.<-e t " p :- \*\.^.s .^ri}t,' 
^" r -,i'* \-1"\n"- ( "* -- )

5rh9,r\^--+-es C) ^ 4v\z- S \\ou''rt3 Yo?t zer- t', ' G 'F 1-?^-''

ttra yar & 9o, 2, t- V".j '+)f6\a ( tt,t, ) , rr-,\4'?. sVa's -t-'.^-

3.^,^rvn^+,'a,^, t( \$ t &-- eYasr'rara\o. o!'\--'v\a) 
? 

4 t-t""J-t

a-.,^ rlrs\s . '\Lta{ e' ,c-eJ*' +b \zt- aYY6vlu-r+> *^- '\1""- wov'\"'eil

a.2 g,.^.\ a,5 [-: -\ l. l''- '\*k-p'at1+'*1 *t"a:-- !'cS .. FLs ,i

r,.,-!- a.,r,H *\y cVon, TF 5tno*\) lG<- h*r=J 'h..-tr 
^-L'.- 

Uprwr3co^5 NS

on*-cf*.^/ M LD oY wo mnJrytqu ym-lt{qLo- €r 4.- vo*;.}l

t'Vi cb .o-i A e<eu) 7r<.-.\\, ;f= i- [*i- | 
^,,n'",fti.4,'1 

-/



124 R. Renzi, M. Vergassola / Optimal wavelet analysis

I I I

-0.5

Fig. 6. Probability density distribution P( h) of the local scaling exponents obtained by using the optimal wavelet
transform on the vorticity signal of fig. 3. The vertical axis represents P( h) in arbitrary units and the horizontal axis

represents h.

error in the negative exponents shown in fig. 6 is very small, much smaller than (E;). It is
interesting to understand to which flow configurations the negative exponents are connected. It
comes out that the coherent structures with positive vorticity shown in fig. 3 are characterized
by negative exponents around - 0.5.
In fig. 7 we show the optimized wavelet spatially averaged around the vorticity maximum of

the coherent structure. As one can see the negative scaling is quite accurate in the inertial range.
Our result is in agreement with the theoretical considerations of Farge and Holschneider
(1991).
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Fig. 7. log-log plot of the optimal wavelet transform, In Ti a, x) versus the scale In a, computed at the vorticity
maximum of the coherent structure with positive vorticity shown in fig. 3.
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$ ( p )  is the Fourier transform of $(x) and kM is the maximum value of k available 
in the numerical experiment (in our case 64). We can also decompose w in a similar 
way: 

(3.8) w = wk' + wk + wk,, . 
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r!‘. Because vorticity gradients tend to be perpendicular
to streamlines, Fig. 3(a) shows there is more of a tendency
for vorticity transport !‘ to be parallel to velocity than to
be down the local vorticity gradient.

The classical picture of the enstrophy cascade [2,19] is
that there is stretching of small-scale vorticity gradients
by the strain arising from larger-scale vortices. This
suggests that the forward flux should occur mainly in
strain-dominated regions of the flow. By the Weiss crite-
rion [20] this corresponds to regions where !‘ < 0
(hyperbolic), with !‘ ! det"rv‘# $ 1

2!
2
‘ % S2‘. Regions

with!‘ > 0 (elliptic) are vorticity dominated. In Fig. 4(a)
is plotted the instantaneous !‘"r; t# from one snapshot of
the simulation, with strain regions in red and vorticity
regions in green. In Fig. 4(b) is plotted the instantaneous
enstrophy flux in the same domain. The plots show that
flux is either forward or backward with almost equal
likelihood in vorticity regions, but flux tends to be pre-
dominately forward in the strain regions. This is verified
quantitatively in Fig. 5(a) which shows the conditional
PDF’s of the enstrophy flux in both the strain and vor-
ticity regions. The PDF in the strain region is clearly
skewed to the right, while the PDF in the vorticity region

remains nearly symmetric. The difference between the
two regions is seen even more clearly in Fig. 5(b), which
plots the conditional PDF’s of the angle " between !‘ and
r!‘. The PDF in the strain region is clearly shifted to
values of " > #=2; , whereas the PDF in the vorticity
region is more nearly symmetric. These results demon-
strate that forward enstrophy cascade indeed occurs pre-
dominately in strain regions.

The physics of the cascade is further illuminated by a
simple approximation for !‘ [9]. To derive this expression
we introduce a new length scale ~‘‘ & ‘ and low-pass filter
~vv of v with scales less than ~‘‘ removed. Then, for ~‘‘ < ‘ it
should be true that !‘ ' ~vv ~!!% ~vv ~!! . The scales less than
~‘‘ are believed to make only a disorganized, uncoordi-
nated contribution to the vorticity transport !‘ [13].
Although vorticity increments at smaller scales decrease
only very slowly, in mean square as log"~‘‘#, contributions
of those scales are subject to large cancellations, produc-
ing an extra small factor ~‘‘. The resulting approximation is
a 2D analog of the similarity model [15], a computational
LES model in 3D. We emphasize, however, that our ap-
proximation does not rely on any phenomenological as-
sumption of self-similarity, but only on the assumption
that scales ~‘‘ < ‘ contribute negligibly. We have verified
that the approximate formula for the transport vector is
almost indistinguishable from the exact one for all ~‘‘ < ‘.
For the extreme choice ~‘‘ $ ‘ the fields appearing in the
formula for !‘ are smooth on the filter scale ‘ and their
increments over such lengths can be approximated by a
local Taylor expansion. The leading-order term is the
analog of the 3D nonlinear model [15]:

! NL
‘ $ C2‘2D‘!r!‘; (4)

FIG. 4 (color). Instantaneous snapshot of (a) !‘"r; t# and
(b) Z‘"r; t#, for ‘ $ #=130 in a 5122 subdomain. The red
regions in (a) are dominated by strain and the green by
vorticity.
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FIG. 5. (a) PDF’s of Z‘"r; t# and (b) PDF’s of the angle "
between !‘ and r!‘, ‘ $ #=130. The solid line indicates
strain, and the dashed line indicates the vorticity region.
hZ‘istrain $ 3:7( 10%3 and hZ‘ivortex $ 9:5( 10%4.
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Intermittency in two-dimensional Ekman-Navier-Stokes turbulence
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2INFM Sezione di Torino Università, Corso Raffaello 30, 10125 Torino, Italy
3CNRS, INLN, 1361 Route des Lucioles, 06560 Valbonne, France
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We study the statistics of the vorticity field in two-dimensional Navier-Stokes turbulence with linear Ekman
friction. We show that the small-scale vorticity fluctuations are intermittent, as conjectured by Bernard #Euro-
phys. Lett. 50, 333 !2000"$ and Nam et al. #Phys. Rev. Lett. 84, 5134 !2000"$. The small-scale statistics of
vorticity fluctuations coincide with that of a passive scalar with finite lifetime transported by the velocity field
itself.

DOI: 10.1103/PhysRevE.66.026304 PACS number!s": 47.27.Gs, 47.52.!j

In many physical situations, the incompressible flow of a
shallow layer of fluid can be described by the two-
dimensional Navier-Stokes equations supplemented by a lin-
ear damping term which accounts for friction. An important
instance, among others, relevant to geophysical applications
is the rotating flow subject to Ekman friction #1$. The two-
dimensional Ekman-Navier-Stokes equation are written in
terms of a single scalar field, the vorticity %"“#v ,

&%

&t !v•“%"'(2%$)%! f % , !1"

where ' is the fluid viscosity and ) is the Ekman friction
coefficient. In two dimensions, the incompressible velocity
field v can be expressed in terms of the stream function * as
v"(&y* ,$&x*). The vorticity and stream function are
therefore related by %"$+* . The term f % is an external
source of energy acting on the largest scales—e.g., stirring.
This term counteracts the dissipation by viscosity and fric-
tion and allows one to obtain a statistically steady state, char-
acterized by a total enstrophy Z",%2-.
Here, we will study the statistical properties of vorticity

fluctuations .r%"%(x!r,t)$%(x,t) at scales r smaller
than the correlation length L of the external forcing. We will
show that of the statistics of .r% is intermittent, and that the
vorticity field has the same scaling properties as a passive
scalar with a finite lifetime.
As shown in Fig. 1, the vorticity field—resulting from the

numerical integration of Eq. !1", see Ref. #2$ for details—is
characterized by filamental structures whose thickness can be
as small as the smallest active length scales. The wide range
of scales involved in the vorticity dynamics manifests itself
in the appearance of power-law scaling for the spectrum of
vorticity fluctuations Z(k)"2/k,!%̂(k)!2-0k$1$1. As al-
ready shown by Nam et al. #4$, the spectral slope $1$1
depends on the intensity of the Ekman drag: for the friction-
less Navier-Stokes case ()"0) we have 1"0; a nonvanish-
ing friction regularizes the flow depleting the formation of
small-size structures and results in a steeper spectrum !see
Fig. 2".
In the range 0%1%2 the exponent 1 coincides with the

scaling exponent 22 of the second-order moment of vorticity

fluctuations, S2
%(r)",(.r%)2-0r22. Let us now focus on a

given value of ) . In Fig. 3 we show the probability density
functions of vorticity fluctuations .r% at various r, rescaled
by their rms value ,(.r%)2-1/2. As the separation decreases,
we observe that the probability of observing very weak or
very intense vorticity excursions increases at the expense of
fluctuations of average intensity. This phenomenon goes un-
der the name of intermittency. Its visual counterpart is the
organization of the field into ‘‘quiescent’’ areas !the patches,
where the vorticity changes smoothly" and ‘‘active’’ regions
!the filaments, across which the vorticity experiences rela-
tively strong excursions".
The dynamical origin of this phenomenon can be under-

stood as follows !see also Refs. #3,4$". Let us first notice that,
for any ) strictly positive and as far as the statistical prop-
erties in the scaling range are concerned, we can disregard
the viscous term in Eq. !1". Indeed, at variance with the
frictionless case, where the enstrophy flux is constant in the
scaling range, in the presence of friction it decays as k$1 !see
Fig. 4". At the viscous wave number kd0'$1 the enstrophy
flux is stopped by viscous dissipation, with a viscous dissi-
pation rate 3 %0'1. Therefore, the enstrophy dissipation van-
ishes in the inviscid limit '�0, since 1&0 !see Fig. 2".

FIG. 1. Snapshot of the vorticity field resulting from the numeri-
cal integration of Eq. !1". Details are given in Ref. #2$.
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In other words, in the limit of vanishingly small viscosity,
there is no dissipative anomaly !3", and Eq. #1$ can be solved
by the method of characteristics yielding the expression
%(x,t)!&"'

t f %„X(s),s…exp!"((t"s)"ds, where X(s) de-
notes the trajectory of a particle transported by the flow,
Ẋ(s)!v„X(s),s…, ending at X(t)!x. The uniqueness of the
trajectory X(s) in the limit )�0 is ensured by the fact that
the velocity field is Lipschitz continuous, as it can be seen
from the velocity spectrum E(k)!Z(k)/k2*k"3"+, always
steeper than k"3 #see Fig. 2$. We remark that for +#0 the
second-order velocity structure function is dominated by the
IR contribution of the spectrum and thus trivially displays
smooth scaling independently of the value of + . This is not
the case for odd order structure functions that, in the absence
of enstrophy dissipative anomaly, display anomalous scaling
at the leading order !5". We have checked that this is indeed
the case in our simulations #not shown$.
Vorticity differences are then associated with

couples of particles %(x!,t)"%(x,t)!&"'
t ! f%„X!(s),s…

" f %„X(s),s…" exp!"((t"s)"ds. Inside the time integral, the
difference between the value of f% at X! and that at X is
negligibly small as long as the two particles lie at a distance
smaller than L, the correlation length of the forcing; con-
versely, when the pair is at a distance larger than L, it ap-
proximates a Gaussian random variable , . We then have
-r%*,&"'

t"TL(r) exp!"((t"s)" ds*, exp!"(TL(r)", where
TL(r) is the time that a couple of particles at distance r at

time t take to reach a separation L #backward in time$. Large
vorticity fluctuations arise from couples of particles with
relatively short exit times TL(r)$.TL(r)/, whereas small
vorticity fluctuations are associated to large exit times.
Since the velocity field is smooth, two dimensional, and

incompressible, particles separate exponentially fast and
their statistics can be described in terms of the finite-time
Lyapunov exponent 0 . For large times, the random variable
0 reaches a distribution P(0 ,t)*t1/2 exp!"G(0)t". The
Cramér function G(0) is concave, positive, with a quadratic
minimum in 1 #the maximum Lyapunov exponent$, G(1)
!0, and its shape far from the minimum depends on the
details of the velocity statistics !6–8". The finite-time
Lyapunov exponent and exit times are related by the condi-
tion L!r exp!0TL(r)". That allows to obtain for r$L the
following estimate for moments of vorticity fluctuations

Sp
%#r $*.,p/! d0" rL # [p(%G(0)]/0

*" rL # 2p
%

. #2$

The scaling exponents are evaluated from Eq. #2$ by a steep-
est descent argument as 2p

%!min03p,!p(%G(0)"/04. Intermit-
tency manifests itself in the nonlinear dependence of the ex-
ponents 2p

% on the order p. It has to be noticed that the active

FIG. 2. The vorticity spectrum Z(k)*k"1"+ becomes steeper
by increasing the Ekman coefficient ( . Here (!0.15 (%), (
!0.23 (&), and (!0.30 (!). In the inset, the exponent + is shown
as a function of ( .

FIG. 3. Probability density functions of normalized vorticity in-
crements -r%/.(-r%)2/1/2. Here, r!0.20 (%), r!0.07 (&), r
!0.02 ("). For large separations the statistics is close to Gaussian,
becoming increasingly intermittent for smaller r.

FIG. 4. Enstrophy flux 5%(k)*k"+ for )!5&10"5 (%) and
)!1.5&10"5 (&). Here (!0.15. Reducing ) , the remnant enstro-
phy flux at small scales tends to zero as )+ #see text$, allowing to
disregard viscous dissipation.

FIG. 5. Snapshot of the passive scalar field, simultaneous to the
vorticity field shown in Fig. 1
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nature of ! has been completely ignored in the above argu-
ments: the crucial hypothesis in the derivation of Eq. "2# is
that the statistics of trajectories be independent of the forcing
f ! . This is quite a nontrivial assumption, since it is clear that
forcing may affect large-scale vorticity and thus influence
velocity statistics, but it can be justified by the following
argument. The random variable $ arises from forcing con-
tributions along the trajectories at times s!t"TL(r),
whereas the exit time TL is clearly determined by the evolu-
tion of the strain at times t"TL(r)!s!t . Since the correla-
tion time of the strain is %"1, for TL(r)#1/% we might
expect that $ and TL(r) be statistically independent. This
condition can be translated in terms of the finite-time
Lyapunov exponent as r$L exp("&/%) and thus at suffi-
ciently small scales it is reasonable to consider ! as a pas-
sive field. We remark that, if the velocity field was non-
smooth, the exit times would be independent of r in the limit
r�0 and the above argument would not be relevant. There-
fore, the smoothness of the velocity field plays a central role
in the equivalence of vorticity and passive scalar statistics for
this system.

To directly check whether small-scale vorticity can be
considered as passively advected by velocity, we also solved
the equation of transport of the passive scalar "Fig. 5# with a
finite lifetime '3,9–11(,

)*

)t %v•“*&+,2*"%*% f * , "3#

where the velocity field results from the parallel integration
of Eq. "1#. The parameters appearing in Eqs. "1# and "3# are
the same, yet the forcings f! and f * are independent pro-
cesses with the same statistics. According to the picture
drawn above, we expect to observe the same small-scale sta-
tistics for -r! and -r*&*(x%r,t)"*(x,t).
In Fig. 6 we show the power spectra of vorticity Z(k) and

of the passive scalar E*(k). The estimate of the range of
wave numbers at which the statistics of vorticity and passive
scalar are expected to be coincident is k#k*!k f exp(./%).
With the actual values k f&8, %&0.15, and .&0.16 "see
inset of Fig. 8# we have k*!23. The two curves in Fig. 6 are
indeed parallel at large k (k#k*), in agreement with the
expectation /2

!&/2
* . At smaller wave numbers we observe a

big bump in Z(k) around k&k f , which has no correspondent
in E*(k). This deviation is most likely associated to the pres-
ence of an inverse energy flux in the Navier-Stokes equation,
a phenomenon that has no equivalent in the passive scalar
case. Due to this effect, the scaling quality of Sp

!(r) is poorer
than the Sp

*(r) one, and a direct comparison of scaling expo-
nents in physical space is even more difficult. However, we
observe in Fig. 7 that the probability density functions of
vorticity and passive scalar increments, once rescaled by
their root-mean-square fluctuation, collapse remarkably well

FIG. 6. Power spectra of passive scalar (') and vorticity (%).
Here %&0.15. In the inset we show the ratio Z(k)/E*(k), which
approaches a constant for large k.

FIG. 7. Probability density
functions of vorticity differences
"solid line# and of passive scalar
ones "dashed line#, normalized by
their respective standard deviation
at different scales r within the
scaling range.
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onto each other. That is sufficient to state, along with the
result !2

"!!2
# obtained from Fig. 6, the equality of the scal-

ing exponents of the vorticity and passive scalar at any order:
!p

"!!p
# . The actual values can be directly extracted from the

statistics of the passive scalar, which is not spoiled by large-
scale objects. In Fig. 8 we plot the exponents !p

# as obtained
by looking at the local slopes of the structure functions
Sp

#(r). The numerical values for !p
# are validated by the al-

most perfect agreement with the Lagrangian exit-time statis-
tics.
In conclusion, we have shown that in the two-dimensional

Ekman-Navier-Stokes turbulence, the small-scale vorticity
fluctuations are intermittent. Intermittency is the conse-
quence of the competition between the exponential separa-
tion of Lagrangian trajectories and the exponential decay of
fluctuations due to friction. Small-scale vorticity fluctuations
behave statistically as a passive scalar, as it has been con-
firmed by a direct comparison. The smoothness of the veloc-
ity field appears to be a crucial ingredient for the equality of
active and passive scalar statistics.

This work was supported by the EU under Contract Nos.
HPRN-CT-2000-00162 and FMRX-CT-98-0175, and by the
MIUR-Cofin2001, Contract No. 2001023848. Numerical
simulations were performed at IDRIS $Project Nos. 011226
and 011411% and at CINECA $INFM Progetto Calcolo Paral-
lelo%.

&1' R. Salmon, Geophysical Fluid Dynamics $Oxford University
Press, New York, 1998%; other well known examples are the
Rayleigh friction in stratified fluids, the Hartmann friction in
magneto-hydrodynamics &J. Sommeria, J. Fluid Mech. 170,
139 $1986%', and the friction induced by surrounding air in
soap films &M. Rivera and X.L. Wu, Phys. Rev. Lett. 85, 976
$2000%'.

&2' The numerical integration of Eq. $1% starting from a zero field
is performed by a fully dealiased pseudospectral code with a
second-order Runge-Kutta scheme, on a doubly periodic
square domain of size L!2( at different resolutions: N2
!5122,10242,20482 grid points. A small viscosity $depending
on the resolution: )!5"10#5 for N!512, )!1.5"10#5 for
N!1024, and )!5"10#6 for N!2048) is used to remove
the remnant enstrophy flux at small scales. The large-scale
forcing f " is Gaussian, * correlated in time, and limited to a
shell of wave numbers around k f!2(/L (k f!2 for N
!512,2048, and k f!8 for N!1024). Forcing amplitude is
chosen to provide an enstrophy injection rate F!0.16. At vari-

ance with other choices for f " commonly used $e.g., large-
scale shear%, this kind of forcing ensures the statistical isotropy
and homogeneity of the vorticity field.

&3' K. Nam, E. Ott, T.M. Antonsen, and P.N. Guzdar, Phys. Rev.
Lett. 84, 5134 $2000%.

&4' M. Chertkov, Phys. Fluids 10, 3017 $1998%.
&5' D. Bernard, Europhys. Lett. 50, 333 $2000%.
&6' E. Ott, Chaos in Dynamical Systems $Cambridge University

Press, Cambridge, England, 1993%.
&7' T. Bohr, M. H. Jensen, G. Paladin, and A. Vulpiani, Dynamical

Systems Approach to Turbulence $Cambridge University Press,
Cambridge, England, 1998%.

&8' M. Chertkov, Phys. Fluids 11, 2257 $1999%.
&9' S. Corrsin, J. Fluid Mech. 11, 407 $1961%.

&10' K. Nam, T.M. Antonsen, P.N. Guzdar, and E. Ott, Phys. Rev.
Lett. 83, 3426 $1999%.

&11' Z. Neufeld, C. Lopez, E. Hernandez-Garcia, and T. Tel, Phys.
Rev. E 61, 3857 $2000%.

FIG. 8. The scaling exponents of the passive scalar !p
# ($). We

also show the exponents obtained from the exit-times statistics (!)
according to +exp&#,pTL(r)'-.r!p

#
, with an average over about

2"105 couples of Lagrangian particles. The error bars are esti-
mated by the rms fluctuation of the local slope. In the inset we plot
the Cramer function G(/) computed from finite-time Lyapunov
exponents $symbols% and exit-time statistics $line%.

BOFFETTA, CELANI, MUSACCHIO, AND VERGASSOLA PHYSICAL REVIEW E 66, 026304 $2002%

026304-4






