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FIG. 1. Panels !a"–!c" show the vorticity field for the simulation at high-Re !resolution 40962) at times t!3, 7, 11. Panels !d"–!f" show the vorticity field for
the simulation at moderate Re !resolution 5122) at the same times, starting from the same random initial conditions. Note the different number of vortices in
the two cases.
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flows when the dynamics is controlled by strongly peaked
vortices with small radius. In this case, the properties of the
velocity field are determined by the characteristics and the
shape of the vortices, not only in regions close to the vortices
but everywhere. As in point-vortex systems, the velocity dis-
tribution of 2D turbulent flows is dominated by the far-field
velocity component induced by the coherent vortices. In the
presence of small strong vortices, the far-field velocity com-
ponent generated by the vortices is non-Gaussian.

IV. TEMPORAL SCALING BEHAVIOR OF THE VORTEX
POPULATION

In the present work, coherent vortices are identified by
the vortex census algorithm discussed by McWilliams.4 Lo-
cal vorticity concentrations are selected and tested; only con-
nected domains of high vorticity that are monotonically de-
creasing from a central extremum with an approximately
axisymmetric shape are recognized as vortices.

Figure 6!a" shows the time evolution of the total number
of vortices N(t) for the two values of the Reynolds number
considered. The integration for the higher Re value reaches
the !nondimensional" time t!11, while the solution at lower
Re proceeds until time t!20.

Two facts emerge from this figure. First, the total num-
ber of vortices is not the same in the two simulations, with a
much larger number of vortices in the case at high Re. When
filtering the high-resolution simulation once vortices have
formed !at, say, t!5), and reducing it to the same resolution
used in the low-Re case, the number of vortices does not
change much, indicating that most of these high-Re vortices,
once formed, are large enough to survive also at lower reso-
lution. We have also evolved a low-Re case until vortex
formation was over !again, t!5), and then ‘‘upgraded’’ it to
resolution 40962 and correspondingly higher Re, evolving it
further. The population of vortices remained that of the
low-Re case, and the filaments emitted during strong vortex

interactions did not roll up into new small-scale vortices.
Taken together, these results indicate that the vortex genera-
tion process is sensitive to the value of the Reynolds number,
with a larger number of vortices formed at high Re, even
starting from the same initial conditions. From the inspection
of the time evolution of the vorticity field, we have noted
that in the initial incoherent phase enstrophy is rapidly trans-
ferred to the smaller scales, down to the dissipative range,
where vortex generation starts to occur. With the initial con-
ditions employed here, vortices are born at the smallest
scales where advection dominates over dissipation, subse-
quently growing by merging events. In the evolution from a
random Gaussian initial field to a vortex-dominated system,
the dissipation thus sets the lower limit to the size and the
amplitude of the vortices that are generated. The larger the
Reynolds number, the more numerous, smaller, and more

FIG. 3. Energy spectra for the solution at high Re for times t!1,2,...,11.
Solid line shows the k"3 classical prediction.

FIG. 4. Panel !a" shows the vorticity distribution for the high-Re solution at
times t!0, t!2 !dashed line", t!5 !dashed-dotted line", t!8 !dotted line",
and t!11 !solid line". Panel !b" shows the vorticity distribution for the
low-Re solution at the same times.
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intense are the vortices generated during this initial stage.
Presumably, this is because in the time interval preceeding
vortex generation the vorticity peaks that will evolve into
coherent vortices are dissipated much less in the high-Re
case, surviving until they become part of a coherent vortex.
As a consequence, this initial stage is definitely sensitive to
the value of the Reynolds number.

After the vortices have been generated and the system
has become dominated by vortex dynamics, the situation
changes. The intermediate regime, for which the scaling
theory of Carnevale et al. has been proposed, is the focus of
the present study. In Fig. 6!a" we show the number of vorti-
ces as a function of time for the two simulations considered,
together with the power-law decay with the exponent #!0.72
proposed by Weiss and McWilliams.15 A least-square-fit es-
timate of the vortex decay rate at high Reynolds number
gives #!0.76"0.03, where the indicated uncertainties are
the 63.8% confidence limits. We also compute the minimum
and maximum estimates to the decay exponent as given by a
‘‘jackknife’’ approach, consisting in making estimates of the
decay exponent by dropping one point at random in the set of
values to be least-square-fitted. These give respectively #min
!0.73"0.02 and #max!0.77"0.02.

In Fig. 6!b" we show the time evolution of the average
vortex circulation $a , the average vortex radius ra , and the
average modulus of the vorticity peak %a inside vortex cores,
for the solution at higher Re. The predictions of the scaling
theory, corresponding to #!0.72, are shown as solid lines.
Table I reports the least-square fits to the scaling exponents
together with the 63.8% confidence limits and the minimum
and maximum jackknife estimates.

The least-square-fit values reported in Table I for the
vortex radius and circulation reveal an interesting discrep-
ancy with the scaling theory of Carnevale et al. A possible
explanation of this discrepancy is suggested by careful in-
spection of Fig. 6!a". Here, some deviations from scaling

behavior are observed at times t!4, 5, where the decay is
slightly faster than predicted. This deviation is associated
with the presence of a population of small, weaker vorticity
patches that are dissipated faster than the stronger vortices,
and can be considered a transient phase that is still influ-
enced by the vortex generation processes.

Figure 7 shows the modulus of the vorticity amplitude of
each coherent vortex versus its radius, for two different times
in the evolution, for the high Re solution. Two different
populations of vortices emerge from these plots. These con-
sist of a population of small vortices with amplitude weaker

FIG. 5. Velocity distribution at time t!11 for the solution at large Reynolds
number.

FIG. 6. Panel !a" shows the time evolution of the vortex number at high-Re
!circles" and low-Re !triangles". The prediction of the scaling theory with
#!0.72 is shown as a solid line. Panel !b" shows the time evolution of the
vortex number !crosses", the average vorticity peak magnitude %a !dots", the
average vortex radius ra !pentagons", and the average vortex circulation
magnitude $a !triangles" for the simulation at large Reynolds number. Solid
lines show the slopes predicted by the scaling theory with #!0.72.
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FIG. 1. Scatter plot of the streamfunction J, versus the vorticity’o at time 
f = 374. The curve drawn through the plotted points is c’ ’ sinh( I/? 1 Jt) . 
(For a “selectively decayed” state, there is a simple proportionality be- 
tween tl, and OJ.) 
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FIG. 2. Evolving spatially averaged cross-correlations between o and 
sinh( lpj.$) and 4 (upper and lower curves), computed as a function of 
time. C = 1 would indicate a pointwise proportionality between its argu- 
ments. (The lower curve is C for the “selective decay” hypothesis, which 
can be considered the best existing alternative theory.) 
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FIG. 3. Three-dimensional perspective plot of the computed vorticity versus x and y at four different times. (For clarity, the origin of coordinates has 
been consistently translated so that both the large vortices in the final state will lie entirely within the basic periodic box.) 
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Coherent vortices
The decay of two-dimensional turbulence has the fascinating property of organizing into coherent structures
from a disordered background. This feature has been observed in laboratory experiments [22] as well as in
numerical simulations [23,24]. In a first stage the system self-organizes into a set of coherent vortices
containing most of the flow vorticity, surrounded by an incoherent sea of small scale vorticity. The vortices
mutually advect each other and their dynamics is well represented by the Hamiltonian point-vortex model.
When two vortices of the same sign come close to each other they can merge in a bigger one, and the total
number of vortices decay algebraically [25,26] as . In the final state remains only a survivor

dipole, which decay diffusively.

Figure 1.6: The formation of coherent
structures in decaying two-dimensional

turbulence.
The interest for this process is clearly motivated by its relation with the formation of large vortices in
atmosphere, which play a fundamental role in our weather and our climate. As I will show, the presence of
friction or polymers strongly modifies the classical picture of decaying turbulence, and may completely
suppress the self-organization into large scale vortices.
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7 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Figure 4. Top: the stirring protocol of a drop of ink deposed at the surface of
pure glycerol using a small rod. The sequence displays the initial state, half, and a
completed stirring cycle. Bottom: the mixture’s state after 21

2 completed stirring
cycles.

is, by contrast, also expected that the dependence of n on time will be different. We illustrate
this difference by a simple experiment of stirring a blob of dye with a rod in a thin layer of a
very viscous fluid, by a two-dimensional quasi-periodic protocol which mimics the motion of a
straw in a milk shake. The diluting fluid is pure glycerol and the drop is made of the same fluid
coloured with indian ink. A number of parallel cuts is made in one direction, and then the same
number at right angle, this operation defining one cycle (figure 4).

In this low Reynolds number flow (the typical Reynolds number of the motion of the rod is
Re = us0/ν = 10−1), the fluid is deformed by the passage of the rod on a scale which is given
by its own size s0. The length of material lines is equal to the distance travelled by the rod in
the medium, and it is actually observed that the net contour length of the deformed scalar drop
increases in proportion to the number of cycles (figure 5). Since L/L0 = 1 + γt ≈ 1 + 17.5 × p,
the mixing time, or, alternatively, the number of cycles p needed to start mixing the drop in the
surrounding medium is thus given by γts ≈ 17.5ps ∼ (γs2

0/D)1/3 = (Re Sc)1/3 with γ ≈ u/s0 the
typical elongation rate, u ≈ 4.6 cm s−1 the rod velocity, giving, with s0 ≈ 2 mm and Sc ≈ 106,
a mixing cycle ps of the order of 2.5 (see figure 5).

The maximal rate of stretch is obtained for fluid particles close to the rod trajectory, while
the protocol leaves nearly unstretched fluid parcels, which therefore keep a concentration close
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FIGURE 2. Successive snapshots of the vorticity field (6 = 0.215, Re = 1500). The contour 
interval is 0.3 for t = 0 to 20, and 0.2 for t = 60 and 180. 
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3 2 1 

-* 
FIQURE 9 (u,  b). For caption see facing page. 

accurate a t  Re = 2000.) By contrast, the fluctuations are virtually absent for Re 
below 1500. This appears to  be a very accurate test of the computation, probably 
because it probes locally the regions with high excitation. We can conclude that 
computations with Re < 1500 are quite reliable for a precise study of vorticity 
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3 2 1 -+ 
FIGURE 9. Scatterplot of log ( w / a - o ) )  versus stream function 1/. at different times in the 
equilibrium regime for 8 = 0.215: (a) t = 60, the fitted parameters are p = 1.2 x and C = 5.96; 
( b )  t = 100, fitting p = 3.7 x and C = 2.35. (To 
reduce the size of the figures, we have removed the points with a stream function between 0 and 
- 1 ,  where the vorticity is virtually zero.) 

and C = 5.0; (c) t = 180, fitting ,u = 19.9 x 

structures. This test is used to find the optimal Reynolds number for the other initial 
conditions. 

The mixing process is classically characterized by the evolution of the momentum 
thickness, defined in our case by 

+L 

h = q, (1  - ( u ) )  (1 + ( u ) )  dy, 

which indicates the width of the region where the x-averaged velocity ( u ) ( y )  
significantly departs from the values 1 or - 1  in the far distance. Notice that the 
kinetic energy of the x-averaged velocity is equal to  i-2h. The momentum thickness 
(figure 7) increases owing to the growth of the shear instability and merging, then 
undergoes a series of damped oscillations until the steady regime with slow viscous 
diffusion is reached. The damping time of the oscillations depends on the initial 
condition as shown on the two examples of figure 7. It is important to notice that the 
damping and the relaxation to an equilibrium state are controlled by inertial effects, 
not by viscosity: indeed the rate of damping seems very similar a t  Re = 750 and 
Re = 2000 (for 6 = 0.2150). However, a precise characterization of this damping is 
not easy since several periods of oscillation coexist. 

3.4. The final state of a single shear layer 
We study the final state by representing each point of the computation grid on a 
scatterplot with abscissa @ and ordinate w .  For a steady solution of the Euler 
equation, all these points must collapse on a curve, or a set of curves. In  our case, we 



Final equilibrium state of a two-dimensional shear layer 679 

0 

log(w/a) - 1  

3 , 2  1 0 -* 
FIGURE 8. Scatterplot of vorticity versus stream function, with different representations (at t = 
100) : curve 1, 6 = 0.1075; 2, 8 = 0.215; 3, S = 0.43. (a) Linear coordinates w l a  and $, (a) log wla 
versus $. 
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