II
INTRODUCTION. BOUNDARY LAYER THEORY

1. Vorticity and the development of fluid flows
1.1. Introduction

Tue object of this chapter is to describe qualitatively the position
and significance of boundary layers in fluid flows, as a background
to the more detailed and quantitative information given in later
chapters.

Prandtl (1904) introduced the boundary-layer theory in the first
instance to resolve, for flows in which the Reynolds number is large
(which were shown in Section I. 5.3 to include most flows of practical
importance), the difficulty referred to in Section I. 1 and at the end
of Section I. 5.5-—namely, that the ‘irrotational’ or ‘potential’ flow
solutions derived by neglecting viscosity (that is, putting B = o) do
not satisfy the boundary condition at a solid surface. Rather, they
require slip over the surface, which we have seen is impossible.

Prandtl’s suggestion was that one might resuscitate such irrotational
flows by postulating the existence, between them and the solid surface,
of a thin layer of fluid in which the velocity increased steeply from zero
at the wall to the theoretical surface value at the edge of the layer.
In such a ‘boundary layer’, where the velocity gradient is high, viscosity
would be important (or else, indeed, the layer would appear already
in the inviscid theory). Prandtl now asked the question: does the
mechanics of such a layer, when viscous effects arve included, permit a
development in which it remains thin all along the surface? Clearly, if
it does, then the irrotational-flow approximation will have considerable
value, and the drag coefficient will be small—that is, close to the value
0 given by that approximation. This is the case, as we shall see, for
many obstacles, of the kind usually described as ‘streamlined’. If,
alternatively, the mechanics of the layer indicates development up to
a catastrophe, in which fluid retarded by viscous forees hreaks right
away from the surface, disturbing large aveas of the flow field, then
clearly the original irrotational flow ceases to have value as an approxi
mation, and new considerations hecome necessary, "The How is deseribed
in this case ag ‘separaded’,
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Experimental work has supported the correctness of Prand ]’y
sumptions; methods to be described in Chapter X have shown, not only
that the boundary layer exists, but also that the velocity dist ribution
across it develops in accordance with the mechanies to be diseumed
below. They showed, too, under what conditions the steady ‘laminar
boundary layer develops instabilities and becomes ‘turbulent Y (Seelion
3), and Prandtl (1914, 1927) was again the discoverer ol the effecty ol
this transition on the mechanics of the layer- motably, in delaying
separation—and on the variation with Reynolds number (Section 1) ol
the flow patterns around bluff and streamlined bodies.

Now, the desired mechanics of a boundary layer can be very effee
tively discussed in terms of momentum changes due to conveolion,
viscous diffusion, and the action of pressure gradients. A qualitative
view of this theoretical approach, which throws valuable light on the
behaviour of a wide variety of particular flows, is given in Seetion 2.0
On the other hand, both to explain convinecingly the existenco ol
boundary layers, and, also, to show what consequences of llow sepiration
(including matters of such practical importance as the offect of trailing
vortex wakes) may be expected, arguments concerning vorticily o
needed. In addition, these alone explain (as in the classical invincid
theory) why the flow outside the boundary layer and wake should he
irrotational. |

We see, then, that, although momentum considerations suflice (o
explain the local behaviour in a boundary layer, vort icity considory
tions are needed to place the boundary layer correctly in the flow an
a whole. Tt will also be shown (surprisingly, perhaps) that they illumi
nate the detailed development of the boundary layer (see Sections 1
2.8) just as clearly as do momentum considerations (which ave hrielly
described in Section 2.9).

Aceordingly, this Section 1 is concerned mainly with vorticily and
with its relation to the development of fluid flows, in preparation for
the discussion of boundary-layer mechanies in Section 2. A wimphticd
treatment is used, to avoid the sometimes forbidding aspect of vorticity
theory. (One can of course regard some of these simplo argumentn nn
being fully justified only by the more mathematical deductionn ol
Chapter TLL; see also Lamb 1932, Traesdell 1964.)

1.2, Vorticily
The vorticity at any point in o (luid (low is proportional to the

instantancous angular momentum ol a spherical part iele of thaid centrod



48 AERODYNAMICAL BACKGROUND II.1

on the point. One can regard the motion of such a small sphere of fluid
as a combination (Fig. IT. 1) of three motions:

(i) Uniform translation with the velocity v of the centre. All the
momentum of the sphere’s motion is in this part.

(ii) Rotation, with the angular velocity and the direction of the axis
of rotation specified by the vector Jw, where w — curlv is the vorticity.
All the angular momentum of the sphere’s motion is in this part.

Fia. II. 1. Resolution of the motion of a small fluid sphere into
(i) translation, (ii) rotation, (iii) straining.

(iii) A symmetrical squeezing, or ‘straining’, which is changing the
sphere into an ellipsoid (thus elongating it in some directions and fore-
shortening it in others). This motion has no net linear or angular
momentum.

Note that the motion of a rigid sphere is composed simply of (i) and
(ii), a translation and a rotation. Fluid spheres, however, are in general

always changing shape. For a small sphere, the instantaneous rate of

change of shape consists always of a uniform elongation process in one
direction, a uniform foreshortening process in a second divection, at
right angles to the first, and a third process (which may bo either
elongation or foreshortening) in a thivd diveetion ab vight angles to {he
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first two. These three directions are the axes of the ellipsoid mentioned
under heading (iii), and are usually called the ‘principal axes ol rale
of-strain’ of the fluid particle.

If these axes were taken as the coordinate axes, then the rates ol
elongation in the three directions would be év,/éz, e, [0y, cv,/cz. I in
of course the solenoidality condition (Section I. 2.5) that cnsures,
because their sum is zero, that if one of these is positive then al leqnl
one other must be negative (indicating a foreshortening), and vico
versa.

v = (0,—A4z,0)

B
Vo= (0,0, Ay)
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Fre. IT. 2. Because the vector sum of the two shear flows shown iy o uniform

rotation with angular velocity 4, in which the angular momentim ol (he

sphere is 14, the angular momentum in one shear flow alono (for examplo, thal
with év,/éy — A)is L1A.

The expressions for the components of the vorticity,

ov, ov, ov, ov, v, W
w — curl v — 2 1(’ % “(lu,{iu» ov, | (1)
ay cz oo delode oy
are easily understood from Fig. II. 2, which shows, for example, (hil
the shear term ¢v,/dy produces an angular momentum 4/ ae /dy ahoul
the a-axis, where [ is the sphere’s moment of inertia, The gigng ol (hoe
terms in (1) reflect that a rotation about (say) the w-uxis v onllel
positive (in a rvight-handed gystem of axes) il it is in the divection ol
turning of a right-handed serew moving along the positive w-axin, and
negative il it ig in the opposite direction,

Fal 14
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Expressions (1) imply that w, like v, satisfies the solenoidality
condition

! ‘w ‘w ‘w.,
dive =24+ Y1 20, 2
ox T oy i oz 2)

jeometrically, this means (Section I. 2.5) that the magnitude of the
vorticity varies along any ‘elementary vortex tube’ (thin tube to which

Vortex lines

Streamlines
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Fic. IT. 3. Vortex lines in a whirlwind.

the wvorticily vector is everywhere tangential) inversely as the cross-
sectional area. To represent a vorticity field pictorially, one may
imagine it honeycombed with such vortex tubes, each of the same
‘strength’ (product of cross-sectional area and vorticity magnitude)—
the position of each tube being indicated by a ‘vortex line’ (curve to
which the vorticity vector is everywhere tangential) threaded centrally
down it. Wherever these vortex lines congregate densely, the associated
tubes have reduced eross-sectional arvea and the vorticity in correspond-
ingly great,
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Such vortex lines cannot end abruptly in the fluid, wheneo i w
sometimes stated that they either form closed ‘vortex loops™ or end on
a solid surface. It is worth noting, however, that the no-slip condition
makes the latter alternative impossible (except for isolated vortes lines,
similar to ‘dividing streamlines’ in velocity fields) at any solid surliee
at rest (or_in pure translational motion), where necessarily the novimul
component of vorticity is zero. Hence, in flows which do not contnim
rotating bodies, all vorticity appears in closed loops. It is unnnlly
instructive, in flows where the vortex lines appear to be predominantly
in one direction, to consider where they in fact turn round to forn elopel
loops—those in a whirlwind, for example, turning in the boundary lnyer
on the ground and proceeding nearly horizontally until they rench
anticyclonic regions where they can rise and join the vortex lines high
in the atmosphere which have been making a similar horizontal progres
above the region of high wind (Fig. II. 3).

1.3. Variation of vorticity in an inviscid fluid

(Consider next how the vorticity varies with time, in the firat place
with viscosity neglected. In this case, the rate of changoe ol anguli
momentum of the fluid sphere of Section 1.2 must be zero, sinee the
pressure forces at its boundary all act through the centre, and so doen
the force of gravity (and, indeed, it may be shown more gencrally it
the resultant over a homogeneous sphere of any conservalive ficld ol
external forces acts through its centre).

This vanishing of the rate of change of angular momentum docu nof
imply conservation of the angular velocity Jw of part (ii) of the nphoere’n
motion, since part (iii) in general is altering its moments of inertin
It means rather that, as the sphere becomes ellipsoidal, the component
of angular velocity about each of the principal axes of vate-of strain in
changing in fnwverse proportion to the moment of inertia about (hal
axis—which. implies variation in direet proportion to the length ol
that axis. Thus, vorticity components about axes that are heing
olongated are inereasing (just as any spinning body sping fastor if 1o
pirth is reduced by stretehing of the axis of rotation); while those nhout
axes that are being foreshortened are decreasing.,

T'o represent this vesult pictovially (I%g, 11 4), one may draw an
arrow in the divection of the vorticity veetor w, and proportional (o if
tn length, both for the initial spherical state of the particlo and alio an
tntant later (when it hags hecome ollipsoidal), T'he results, that the
clongation of A0 i inereasing the component of @ in Chin divection,
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D4

in proportion to the increased length of that axis, while the foreshorten-
ing of B’OB decreases the component of w in that direction in propor-
tion to the length B'OB, with a third similar result in the C'OC
direction (not shown on the figure), mean that the variation of w can
be obtained by applying these elongations and foreshortenings directly
to the arrow itself.

B

Fic. II. 4. Variation of the vorticity of a fluid particle due to straining.

In other words, the arrow may be thought of as a little arrow-shaped
element of fluid—subject, like the whole spherical particle, to precisely
these elongations and foreshortenings. The variation of vorticity with
time is exhibited both in magnitude and direction by the changes in
length, direction and position of this arrow-shaped element. The
changes in position arise from convectinn by the translational com-
ponent (i) of the motion of one small fluid sphere; these are essential
to the accuracy of representation, since ot course the changes of angular
momentum and vorticity discussed above were changes for the particle
as it moved about, and not changes at a fixed point of space. The arrow-
shaped element would, on the other hand, be unmoved by the rotational
component (ii), on whose axis it lies. (It appears paradoxical that the
arrow is turned round only by the part (iii) of the motion which is
‘without rotation’; but it must be remembered that only the fotal
angular momentum of the sphere is zero for this part of the mation,
and not that of individual asymmetvieally shaped hits)
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To sum up: if one imagines a fluid flow at any instant as including
millions of tiny arrow-shaped elements of fluid, each pointing in the
direction of the local vorticity, and of length proportional to its magni
tude, then, if viscosity can be neglected, these individual arrow-shapeil
elements will move so that at all subsequent times they give the samo
information with equal accuracy.

This is the result stated by Helmholtz in the form ‘vortex lines move
with the fluid’. Vortex lines, obtained by suitably joining up the arrown,
are curves (Section 1.2) to which the vorticity vector is everywhoero
tangential. Helmholtz’s statement by itself shows only how the diree
tion of w changes, but if one adds that the magnitude varies in pro
portion as the vortex line is locally strefched, the combined statement
becomes equivalent to that just given.

A particular case of the result is Lagrange’s theorem, that fluid which
at one instant has vanishing vorticity will also have vanishing vorlicity
at later instants, if viscosity can be neglected. Tor the fluid motion
cannot stretch any arrow by an nfinite factor, as clearly would ho
necegsary to convert zero vorticity into non-zero vorticity.

1.4. Variation of vorticity in a viscous fluid

In a real fluid, the angular momentum of the sphere discumsed in
Section 1.3 changes, as a result of tangential stresses proportionul (o
the viscosity. This leads to an additional term in the rate of chango ol
vorticity, which can be interpreted as due to diffusion with dilTusivity
For each term in the expression (1) for w is proportional to & momen
tum gradient, whose change due to viscosity must correspond to diflu
sion with this diffusivity, simply because this is so for the momentum
itself (Section 1. 3.4).

The inertial rate of change of w for a fluid particle, represented hy
the turning and stretching of the vortex lines, must accordingly e
supplemented by a diffusion term »V2w. The corresponding contrilin
tion of diffusion to the rate of change of the ‘total vorticity’ in any
volume of fluid (integral of vorticity over it) is equivalent 1o o (low,
ieross unit arvea of its surface, at a rate v times the gradient of w along
the outward normal,

This important idea of vorticity flow across a surface (so clopely
parallel to that of heat flow) cannot be viewed as diffusion of angul
momentum; vorticity is proportional to the angular momentum of
npherical particle about its mags contre, and when it ditfuses from one
particle to another the relevant angular momentum i about quite o
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different point. The corrvect view relates diffusion of vorticity to that
of momentum, through that of momentum gradient, as indicated above.

1.5. Solid boundaries as sowrces of vorticity

The last conclusion of Section 1.3, that a particle of Huid with zero
vorticity will continue to have zero vorticity, is false in a viscous fluid,
since diffusion of vorticity from nearby particles can occur. But diffusion
cannot create vorticity out of nothing, so that in external aerodynamics
one may reasonably ask: when a uniform stream flows past an obstacle,
how is vorticity imparted to the fluid, all of which lacks it initially ?

The answer is that the solid boundary is a distributed source of vorticity
(just as, in some flows, it may be a distributed source of heat). To
convince oneself of this, it suffices to examine any of the known exact
solutions of the equations of motion (Chapter I1I), and to observe that
at almost all points of the boundary the vorticity has a non-zero
gradient along the normal. This gradient, multiplied by (—v), repre-
sents (Section 1.4) the flow of ‘total vorticity’ out of the solid surface
per unit area per unit time, so that it is the local strength of the surface
distribution of vorticity sources. A physical explanation of the need
for vorticity creation at the boundary is postponed to Section 1.7.

The tangential-vorticity source strength has a simple relation to
pressure gradient, at least for flow over a stationary plane surface. If
the surface is taken as z = 0, the flow of a-vorticity out of it is

5 /7 — ,2“ =
=¥, ’8‘2)&; = = ‘c“ '(;?i::——'fi" = 1’2—17! — VVz’U = 1 E—"p; (3)
oz oz\dy o2 022 Y pey

since v,, v,, v, are zero on z = O (whence all their derivatives with
respect to @ and % vanish, and hence also &i,,/¢z = 0 by the solenoidality
condition), and because at a solid surface transfer of momentum by
convection is absent, so that transfer by diffusion must exactly balance
transfer by pressure gradient.

It follows from (3) that the tangential vorticity created is in the
direction of the surface isobars (the sense of rotation being that of a hall
rolling down the line of steepest pressure fall), and that the source
strength per unit area is of magnitude p~! times the pressure gradient.
(To sce this, take the a-direction first tangent, and then normal, to an
isobar.) It is significant that this expression does not vanish i’ the

viscosity is made to tend to zero. On curved surfaces the correspond-

ing result is not exaet, but, for high Reynolds number, we shall find
that it is still a good approximation. Also, normal-vorticity production
i then an effect of gmaller ovder, T vequired i general, to maintain
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the solenoidality condition (2) on w, which, indeed, velates the normal
vorticity source strength directly to the surface distribution of tangen
tial vorticity, by the equation
dw, dw,, | o

—pe 8o gl B (1)
az o Yy

In the next two sections it will be seen how the vorticily which in
produced at the surface, and carried away from it by diffusion nl
convection, determines the entire flow, whose development in turn
controls the production of vorticity.

1.6. The vorticity distribution as fixing the flow ficld
A special case of the unique determination of the flow field hy the
vorticity distribution is the theorem of classical hydrodynamics (Lnmbh
1932, chapter iii) that, if a body moves through unlimited (Tuid which
far from the body is at rest (which, as observed in Section 1. 1, produces
motions equivalent to those of external aerodynamics), then one wiil
only one flow, with zero vorticity everywhere, satisfics the houndiry
condition of zero normal relative velocity at the solid surfaee  nup
posed ‘without holes’ or, more precisely, such that the vegion ouluide
it is simply connected. Such an ‘irrotational’ motion in such o region
has necessarily a ‘velocity potential’ ¢, with
v = grad¢; thatis, v, = dp/ow,v, = dp/oy, v, — th/iz, (h)
"T'he solenoidality condition on v becomes Laplace’s equation,
Vi = 0; that is, %p/oa|-o%p/oy*-|-0*pjoz* 0, (0)
'I'he theorem stated then follows from the fact (Kellogg 1920, chaplor «i)
(hat (6), together with the condition grad¢ >0 at infinity, nd (he

houndary ¢ondition Aot -
(l/)lc( N = Y (1)

(where the gradient of ¢ along the normal to the surface, ¢d/cn, in Che
normal component of the fluid velocity, and @, is the normal veloeily
component of the solid surface itself), fix ¢ wniquely, excepl o within
an arbitrary constant whose value does not affeet the velocity com
ponents (5).

A particular case of the theorem gays that, at any instant when (ho
hody is nol moving, the (luid must be ab vest (il the othoer astplion,
nolably irrotationality, ave satisfied), Indeed, one proves Ll el (hy
applying the ‘divergence theorom® to the vector ¢v), and infern thid
fwo nolutions of the move goneral problom are necessnrily idention,
bocise by (7) their difforence musl satisly ob/en 0, which i (ho
vcondition nl n ntadionnry surfnee,
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In this chapter we need the still more general result (Lamb 1932,
chapter vii) that, for any given solenoidal distribution of vorticity «
outside the body surface (whose motion is again prescribed), one and
only one solenoidal velocity field exists, tending to zero at infinity and
with zero normal relative velocity at the solid surface. The proof of this
result is in two parts. First, we write down a velocity field v, which has
the given vorticity distribution and tends to zero at infinity. This is
given by the Biot—Savart law,

- [wXr

Vy = o av, (8)

where the integration is over the whole vorticity field and r is the posi-
tion vector relative to the volume element dV. The relationship (8) is
the same as for the magnetic field H produced by a steady current
distribution of density i (which in rationalized electromagnetic units
equals curl H). It means that the vorticity w in each volume element
dV induces a rotation of all the fluid at a distance ¢ from it with angular
velocity wdV/4mrs. ;

In general, v, does not satisfy the boundary condition for v. How-
ever, the difference v—v, must be irrotational (since curl v, = w), and
hence equal to grad ¢ for some potential ¢. On the body surface,

&
— = U,V = Vppy—? 9
on n On wh Ons ( )

which is fixed, and also grad ¢ — 0 at infinity. As we have seen, just one
¢ (except for an arbitrary additive constant) satisfies these conditions.

This addition grad¢ to the Biot-Savart velocity field is sometimes
described as the field of the image vorticity, since for simple shapes
of boundary (planes, circular cylinders, spheres) it can be easily related
by the same Biot-Savart formula to a distribution of ‘virtual’ or ‘image’
vorticity within the body (Lighthill 195656).

Two notable features of these theorems are the instantaneous response
of the flow to changes in the body’s movements, and the unique de-
termination of even a rotational flow by the boundary condition on the
normal velocity component alone. The first feature is not paradoxical,
because of the effective assumption of infinite velocity of the sound
waves with which irrotational disturbances are propagated, which is
implied by the conditions (I. 9) for solenoidality; the second will be
fully discussed in Section 1.7. We note also Kelvin's rvesult (Lamb
1932, p. 47), that the kinetic energy of one of these motions with vorticily
it necesdarily greater than that of the nrotational How satislying the
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same boundary conditions, by an amount equal to the kinelic cnerypy
of the flow which would be induced by the vorticity with the houndary
at rest. This means that it is the irrotational flow which least disfurhy
the fluid through which the body moves.

1.7. Flow development

We now ask the question: how does a body moving through ofhor
wise undisturbed fluid determine the development of the flow around
it? The answer may be considered given if we can describe how o com
puting machine of sufficiently large capacity could calculate to sufliciont
accuracy how the flow field changes, progressing by suitably small ulep
forward in time.

Until recently, such an account would have been of largely theoretical
ralue, as showing how the conditions (including boundary conditions)
derived in Chapter I determine uniquely the flows under disennsion
(This is not obvious, particularly since there is no information on (he
variation of pressure, except that the effect of pressure-gradient foroen
on the velocity field must constantly be such as to keep it solenaidal,)
Ilowever, the development of digital computers of really high npeod
and eapacious memory has given practical value to such considerationn;
already two important cases of flow development have been compulod
hy the method deseribed below (Payne 1956, 1958), and much Turthe
work is planned, while elosely analogous methods are being wned in
numerical weather forecasting. Alternative methods, attaching cardinnl
importance to the pressure or a stream function in place of vorticity,
nre inadequate both theovetically and practically, for reasons to he
mentioned at the end of this section.

The results of Section 1.6 show that it is suflicient 1o stndy the
dovelopment of the vorticity field around the body, beeause fora given
movement of the body this determines the whole flow-and, indeed,
‘overdletermines’ it, requiring only the boundary condition o (he
normal veloeity component at the surface to fix the flow unigquely, Thus,
(here inonly arestricted elass of vorticity distributions that corvenpond fo
venl Nows satislying also the no-slip condition on the tangentinl veloeity

For o step-by-step computation of vorticity development, wo need
w method of progressing from one vorticity distribution within Cli
pentricted el to the vorticity distribution a short time Tater, The
pontl e ol Secetions B3 and L show how this is to be achioved nway
Leean Che hody surefaee, The rate of change ol vorticity in that generadod
by e ow fedd o convoeting and wlrotehing the vortes Tines, oo
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discussed in Section 1.3, plus that produced by viscous diffusion
(Section 1.4). To complete our knowledge of the vorticity field at the
later instant, we must determine the rate of production of vorticity at
the boundary.

Relations between tangential-vorticity source strength and pressure
gradient (Section 1.5) are nof useful here, since the pressure has been
eliminated from the problem (rightly, as a variable whose rate of change
is unknown) by our concentration on vorticity. Equally, the expression
for vorticity source strength —véw/éz (where z = normal distance from
boundary) is valueless, for diffusion (which, of course, dominates over
convection near to the boundary) tends to spread the vorticity created
at any instant { = 7 according to a Gaussian distribution

e~ =T my (f— 7)), (10)

so that the contribution to the expression —véw/éz at time ¢ from a
source at any previous instant is zero, although the integrated effect
up to time ¢ may be shown to be equal to the source strength at time
¢. This means that the instantaneous source strength defermines the
normal gradient and nof vice versa. On the other hand, the normal-
vorticity source strength is expressible directly in terms of fangential
gradients of vorticity as in (4), which incidentally ensures that the
vorticity field remains solenoidal. Accordingly, it is only the values of
the tangential-vorticity source strengths that remain in doubt.

To find these, we first suppose them zero and proceed to the next
stage of our problem-—determining the velocity field at the later instant
from the vorticity field. This, as shown in Section 1.6, requires only
a knowledge of the normal velocity at the surface. The resulting tan-
gential velocity at the surface may not satisfy the no-slip condition.
In this case, we deduce that exactly enough tangential vorticity must
have been created at the surface, during the time interval in question,
so that the velocity field of that vorticity (which during such a short
interval has diffused only a very small distance from the surface)
combines with that previously determined to give zero slip.

For example, at a point where the slip-velocity component v, (the
z-direction being tangential to the wall) is calculated as X after the
interval 8¢, we deduce that, during the interval, ‘total’ y-vorticity X
per unit area has been generated. This forms a ‘vortex sheet’, corre-
sponding to a velocity field falling, from zero beyond a distance which
is small of order 4/(»3¢), to —X at the surface. Tts distribution, casily
derived by simple diffusion theory, is not needed in practical ealeula
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tions of vorticity and velocity at the mesh-points of a lattice, since (ho
time interval &t is always taken so small that this additional veloeity
field affects significantly the velocity only at mesh-points on the surfice
(reducing the slip to zero); accordingly, the expression for the totnl
tangential vorticity generated at the surface in time 8¢ is all thal in
needed to procebd to the next instant.

To sum up: any flow development is in principle compulable hy
studying the diffusion of vortex lines, and their convection and streteh
ing by the associated flow, while supposing normal and tangentinl
vorticity to appear at the surface continuously, in just such meanno
as is required to maintain, respectively, the solenoidality of the vorticity
ficld and the no-slip condition. For practical details of the computn
tion of particular unsteady flows by this method, see Payne (1000,
1958).

The method has many advantages over other approaches. Nofo that,
even for ‘two-dimensional’ flows, the employment of a ‘stream lune
tion’ s gains nothing, since the equation (III. 38) which governs il
pgives the rate of change not of ¢ but of V&), which is the vorticily
Alternatively, the problem might be approached by determining nl
cach stage what pressure field will maintain solenoidality of the velocily
ficld everywhere; this involves solving an equation of Poisson’s [y pe
for the pressure, before using the momentum equation to derive the
velocity field at the next instant. In a practical problem this introduces
(he (liliiurllty of operating in the whole infinite flow field, instead ol in
(he region of non-zero vorticity, which includes only those portionn of
(luid that have passed near the body surface. A second difficulty i
that the (luid veloeities respond by large sudden changes to any sudden
alteration in the velocity or angular velocity of the solid surface, while
pressures have enormous peaks (the so-called ‘Simpulsive predsiren’)
during such changes; on the other hand, the vorticity distribalion
varies smoothly, and the method deseribed above operates unaliered
during such changes,

Advantages of thinking in terms of vorticity, the only low quantity
whose values are not propagated at the enormous speed of sound, hecomo
particularly elear from examples in Section 2, but wo may concludoe
Heetion 1 by an even simpler example, When one hlows out ncnndle
pome distance away, the aivflow during the pull congists ol an ireatn
Conal ‘pouree’ How in addition to the vorticity-induced flow, o
cvor, aneh irvotational Qows fall off vapidly with dintance, Accordingly,
(he cnndte does not respond until later, when the lip peneraded “vorles
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ring’, each portion of which induces a forward motion in the others,
has reached the candle. It would be hard to explain this motion by
direct consideration of pressure-velocity interactions.

2. Boundary layers and separation
2.1. The development of & laminar boundary layer

In Section 2, the study of flow development, including development
to a possible steady flow, is pursued, without any discussion of the
stability of the motions under the small disturbances which are always
present. Some (though not all) of the conclusions will have to be modi-
fied in the light of the evidence on flow instability and the effects of
turbulence which is presented in Section 3. However, the latter material
is understood more easily after a full discussion of the mechanics of
‘laminar’ flow, that is, of flow in which no such amplification of the
effects of small disturbances is supposed to have occurred.

The boundary-layer concept can appropriately be introduced by
discussing a flow started up from rest when a stationary body begins
suddenly to move through fluid with uniform velocity .. In our
discussion of this flow, all velocities will be specified relative to the
body, so that we think of the flow of a uniform stream past a body,
starting instantaneously at time ¢ = 0.

At this instant, no vorticity has been created, and hence the flow
around the body is the irrotational one. Immediately, however, as
Section 1.7 shows, this creates tangential vorticity at the boundary—
concentrated in the form of a ‘vortex sheet’, which just permits the
irrotationally flowing fluid to slip over the fluid at rest in contact with
the boundary. All this vorticity then diffuses out from the boundary,
in proportion to (mvt)—* exp(—=2/4vt) (see (10)), the speed of this diffusion
in its very earliest stages being much greater than any convection speed,
which can therefore be neglected in comparison. The body is then
surrounded by a vortex layer ‘of uniform thickness’. To speak thus of
the ‘thickness’ of the layer is not absurd, since the exponential falls to
zero extremely fast when 2 increases above about 3,/(1f); but, to get
a precise measure of thickness, one may, for example, consider the
distance of vortex elements from the surface and evaluate their average
d; (which for reasons to appear will be called the ‘displacement thick-
ness’ of the layer) as :

8y ~ 2/(wt[m) for small ¢, (11)

In this carly stage no normal vorticity is ereated; expression (1) may

be shown to vanish owing to the irrotationality of the externnl flow,
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Further, the influence of the vortex layer is felt almost entirely insido
itself, producing a velocity variation across it, from the surface valuo
zero to the non-zero ‘surface’ value predicted by irrotational-flow
theory. Such change as does occur in the irrotational flow outside the
vortex layer may be estimated by replacing the layer, to a first appro X
mation, by a concentrated vortex sheet at the mean distance 4, ol
vorticity from the surface (Lighthill 1958). This replacement reducen
to rest the flow inside the sheet, while the flow outside it is irrotational
and slips freely over it; therefore, by the uniqueness theorem, the [t tcr
flow is that around a modified body, with surface displaced outwardn
into the fluid by the ‘displacement thickness’ ;. Thus, the vortes
layer, when thin enough for this approximation to be good, alters (he
irrotational flow into one around a thickened body.

The simplicity of such a ‘boundary layer’ of vorticity dominafed
entirely by diffusion persists for only a very short time. As soon ns
the body has moved through even a small percentage of its longlh,
convection begins to redistribute the vorticity which has been crented
The vortex lines, which may be shown to lie initially along the surfinee
equipotentials of the irrotational flow, are carried around the hody,
leading to a distribution of vorticity that no longer corresponds to zevo
slip at the surface. By Section 1.7 this requires the genceration ol new
tangential vorticity, which may be in a quite different (or indeed
opposite) direction from that originally created (see Section 2.8 holow)
This in turn is convected downstream, a redistribution which leadn (o
still further vorticity production at the surface.

We may now ask: will these processes yield ultimately a sleady
(low field, and, if so, how and of what kind? Even if the matter ol
stability be disregarded, we cannot yet give these questions their pro
cise answers, whose immense complication (at least!) is embarrasdingly
clear from Chapters IV to VIII. However, some essential parts ol (he
answers follow plainly from the above discussion.

22, Boundary layers and wakes in steady flow

[tivst, it is possible for eonvection to prevent the ‘houndary layer’,
(hat is, the region of vorticity near the surface, from growing heyond
w thickness of order (/(u1/17,), which is muach smaller than the pealo £ ol
the body provided that £ - U, [/v is large. or the vorticity i the
auter parts of the boundary layer is convected downstream nl n npeed
which in celose to that of the irrotational low outside the layer, wnd

therefore of ovder £ honee, the time sginee il generadion renng il
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most of order I/U,, during which it can have diffused a distance at
most of order \;" (/U,,) away from the surface. Here, it is assumed that
convection has not greatly altered its distance from the surface, in other
words, that the streamlines near the surface are closely parallel to it;
this rule is generally correct, but has important exceptions which will
shortly be discussed.

It is, indeed, clear that convection must in time carry some vorticity
right away from, or at least right past, the surface. We shall use the
word ‘wake’ to denote the region of vorticity which is not close to the
surface. Of this vorticity, the outlying portions are convected down-
stream at a speed close to U; hence, the wake has a continually in-
creasing length, which prevents the flow as a whole from ever becoming
steady. Nevertheless, after a time interval of order 10l/U,, the further
lengthening of the wake, far downstream, has a negligible influence on
the flow pattern near the body, which becomes steady as far as changes
from this cause are concerned; it is then effectively as if the wake were
infinitely long, as in the completely steady flow which we shall prineipally
discuss.

These considerations regarding the two regions of vorticity—boundary
layer and wake—indicate the possible existence of a particularly im-
portant class of fluid flows. They are what may be called ‘thin-wake’
flows, in which the boundary-layer thickness remains small, of order
N0/ U,), over the whole surface, and the vorticity leaves the surface
in a wake of the same order of thickness. Such flows are important
largely because, with a thin wake, a body leaves less energy behind in
the fluid than with a thick one, and hence its resistance is lower.
A second valuable property is that they car be approximately calenlated,
in three stages (of which just the first two, or even the first alone, may
often be regarded as sufficient):

(i) determine the irrotational flow outside the boundary layer and
wake, by ignoring the former and replacing the latter by a ‘vortex
sheet’, its mathematical limit as the thickness tends to zero, the total
vorticity per unit area remaining unchanged;

(ii) from a knowledge of this external flow, determine the detailed
vorticity distribution within the boundary layer, by methods to be
described below;

(iii) find the modifications to the irrotational flow due to the caleu-
lated ‘displacement thickness’ of the boundary layer (an efleet already
explained in a simple special case in Section 2.1),

Although caleulations of type (i) are not studied in this hoolk, hut
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rather in the companion volume Tucompressible Aderodynamicn, wo mny
here mention some of the prineipal kinds, In steady ‘Cwo dimensionnl”
[low (that is, flow around eylinders, with the same veloeity feld in each
plane perpendicular to the generators), the total vorticity per nnil aren
ol wake can be shown to vanish, which leaves for ealeulation a shmple
irrotational flow without concentrated vorticity., By contrast, in (hreo
dimensional flows, and also in unsteady flows, the solulion requiren in
general the presence of a vortex sheet, like that behind the trailing
odge of a straight wing, or that stretehing from Che leading edge ol o
‘narrow delta’ wing. The appropriate distribution of total vortivity in
nuch cases follows from the condition of ‘smooth How’ al the edge, 1o
he explained in Section 2.5.

Actually, diffusion must thicken the vortex wake far hehind the hody,
nnd other complications, including its ‘rolling up’ into disereto vortivo,
are often negleeted in the theory, but, as alveady remarked, the detailed
distribution of vorticity far behind the body has little effect on (he
(low near it, and henee on the aerodynamie forees, These may fo good
approximation be divided into those present in the irrotationnl tlow
cnlenlation (i) (these include ‘lift" and ‘induced drag’, and wre closely
related to the distribution of total vorticity in the wake), nnd those
due to the boundary layer, namely, skin-fviction forees deducible from
caleulation (i), and extra pressure forces, whose calenlation in prineipl
roquires (iii) as well as (i), but whose resultant can be inferred from (i)
nlonoe,

Wo must now ask: under what cireumstances do such Chin wile
(lows oceur? This leads to the general question of how boundary lnyers
noparate from solid surfaces, and, through it (as we shall see) (o the
ulill more general question of how vorticity distributes itsell i utendy
nminar boundary layers. All these questions are now diseussed il
i the simple particular cage of ‘two-dimensional” How, and then o (he

poneral ease,

2.8, Two-dimensional flows; allachment and separalion

Thoe greatest simplifying feature ol two-dimensional flow aboul an
infinito eylinder of arbitrary croms seetion in that all vortes lines e
praradlel to the generatorsof the eylindoer ab all timen; heeaase, phyaeally,
ainy spin must be about this divection, or, mathematically, choosing th
yonsin paradlel to the generators, we have v, 0,0 and » independont
ol y, nned heneo, by (‘l ), 0 and m, indopendent ol y, Conye

fion of the vortes mes connol thevelore ptretel or rotate them, so Ghid
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values of w (where for brevity the suffix y is henceforth dropped) are
convected without alteration except that due to diffusion-—just like
values of (say) temperature.

It must be admitted that this and other simplifying features have
tempted theoretical hydrodynamicists into an unwarrantable concen-
tration on two-dimensional flows, leading experimentalists to similar
restrictions for the sake of comparison with theory. Actually, repro-
duction of these flows is not easy, as in a real flow the ‘straight parallel
vortex lines’ must form parts of closed loops (Section 1.2) by turning
at their ends—either on the side walls of a wind-tunnel, where they can
generate complicated ‘secondary flows’, or else as trailing vorticity
(behind finite cylinders), with power to change the whole velocity field.
In the meantime, the huge class of motions that depend crucially on
the stretching and rotation of vortex lines have been inadequately
studied; accordingly, we must hasten to resume three-dimensional
theory after the following preliminary discussion of the two-dimensional
case. .

The most important question is whether the boundary-layer thickness
remains small, of order \/(1/U,,), or whether this diffusion distance is
far exceeded by the effect of convection in separating vorticity from
the surface. We must ask, therefore: how parallel to the surface are
the neighbouring streamlines? The answer can be given in terms of
w,,, the vorticity at the surface. It is easy to see that, at a very small
distance z from the surface, the velocity has components w, z parallel
to the surface (in a clockwise direction, if w, the vorticity, is measured
clockwise) and —Jw!,22 normal to it (where the prime signifies differen-
tiation along the surface, also in the clockwise direction). Accordingly,
the direction of streamlines very close to the surface (that is, where z
is very small) is almost parallel to it, unless w,, = 0. Indeed, along any
-such streamline,

w,, 2% = ¢, (12)

L&

the constant € being the volume flow per unit span between the stream-
line and the surface. Hence, the distance z from the surface varies like
wyt, which implies only a moderate variation except where o, ap-
proaches zero.

Points on the surface where w, = 0 and w), << 0 (giving a positive
velocity component —4w,,2? normal to the surface) are called points
of separation; conversely, points where w,, == 0 and w,, = 0 are called
points of attachment. That at such points streamlines come vight away
from the surface is indieated, by the flow diveetion failing to becomae
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tangential as z — 0, as well as by equation (12). However, thig equilion

los racy seri 7 ]
es accuracy seriously as w,, — 0, and needs to be supplemented with

L. ;
the 23 term in the expansion of the volume flow in powers of z, giving
g (]

]- 3 r’
Loy 222
FW,, 2 —|—(—)(:’ wa)za =g, (1)

where p,, is the pressure at the surface and « its curvature. Solution

of equation (13) for z remain small, and close to V(2¢/w,,), exeepl nem

7. 7

TITTITITTT 7 F e o o

I, TI. 5. Streamlines near a point of separation. (For those ne
attachment, reverse all arrows.)

ar a poml of
,‘u.i.lum ol attachment or separation, where they cease to be small, "o
limil as ¢ > 0 of these solutions is a ‘dividing streamline’, which f
c;.vwh. such. point leaves the surface, at an angle (measured cloclkw i
from it) of tan—Y(3pw . /p,.), the flow thereon being towards {he Hlll‘h);'v
il o point of attachment and away from it at o
(Mg, 11, 5).

Around the cross-section of the cylinder there must he an even
number of points where w,, = 0, which are alternately points of atinel
mont and of separation. If several points of af tachment, oxinl, ol monl
ono of the streamlines dividing at them can come from far |‘|,1:il||';|||l
(Hince, if' two did, then the separation streamline which must lie hotweon
them would involve back flow far upstream, which
Apart from this “first’ point of attachment, (ol a

pomt ol geparation

i illl'm:wl‘:lu)
: atroamline from [
upntream), the others are points of attachment of uf reamline

that hiyve
lelt the surlhoee o

Wipoints of separation, enclogsing ‘bubhles’ of
lorma (neo g, 11, 6

R U

N ; VIO
v mowhich points of altachment wl Hopralion e
"
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marked 4 and S respectively). These flows are not thin-wake flows,
as vorticity is convected and diffused throughout the bubble in each
case. Note that a thin boundary layer exists only between the first
attachment point and the two nearest separation points, which accord-
ingly are the points of ‘boundary-layer separation’.

8 "

Trc. IT. 6. Tlustrating different forms of separation bubble.

Tf, however, there is only one attachment point, and hence only one
separation point, then the boundary layer covers the whole surface,
the final separation

id is small, yielding a thin
wake. (At the same time, since ‘thin’ is a relative term, we musb
o if, say, two separation points

from which vorticity is convected away only ab
point, where the volume flow of rotational flu

admit that a thin wake is possible als

and a second attachment point are extremely closely clustered togel her

at the rear of the cylinder.) At the end of the next section we study
houndary-layer separation, wheneo

the conditions tending to produce
can be inforred those for thin-wako lows to oxinl,

II. 2 ‘ N
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(w(f‘xle:tz ::; 1sfth(zl velg)rci,ty* component normal to the surface and /3 i o
- Vor(;ie(;é_ (;I; :fhz/loutThls 11}?10“’ can exactl.y balance the specd ol
g ooty er parts 0? the' layer diffuses outwards (which
» on through distance z is of order v/z), for a value of » ol
order 4/(v/8). Thus, the boundary-layer thickne'ss ’.is of m-(l.(;r { ,-/ 7 )
l";;:::.l.?:jit?e ﬁrs}f point of attachment; it may grow wiih (’lie{l:m;\lv:- “‘“‘“’;
i f;,t Ic.lh ;LS t (.ztvalwla_e of —31/0/32. outside the boundary layer falli off,
. nge its order of magnitude. (On the other hand, il attach
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relationship between vorticity and velocity in the boundary layer.:
This relationship, which is equivalent to the ‘boundary-layer approxi-
mation’ introduced by Prandtl, is
' (15)
where v is the velocity component parallel to the surface (in a clpckwise
direction). In Cartesian coordinates z, z, equation (15) neglects the
additional term —éw/éx in w, but this is permissible since w is much
smaller thai « near the surface, and, also, gradients in the z-direction
(normal to the surface) are much steeper than those in the x-direction
(tangential to it). Actually, the definition of z as distance from the,
in general, curved surface makes the coordinate system curvilinear,
although it is still orthogonal if the 2-coordinate of a point P is defined
as the distance along the surface between the nearest point on the
surface to P and (say) the first point of attachment. The curvilinear
character of the system adds a term xu to w, but this also is small
compared with (15) provided that the radius of curvature «~* of the
surface is large compared with the boundary-layer thickness.

Now U, defined as the total vorticity per unit area of boundary layer
at a given point of the surface, can be written as

w = ou/oz

3
U= [wd, (16)
I

if 5 is a value of z at the outer edge of the boundary layer. Hence,

on the approximation (15), U is the velocity at z = 8; for this reason, -

it may be called the ‘external flow’ velocity.
To the same approximation, the rate of convection of total vorticity,
per unit span, past a given point of the surface is

8 5 _
j uw dz = J u(eu/oz)de = U* (17)
0 1]

(which shows that the mean velocity of convection is +U). The varia-
tion of this vorticity-flow rate with ¢ can in steady flow be due only
to new vorticity, whose rate of creation at the surface is therefore
d(3U0%/dx = UU' (18)
per unit area. This agrees with the formula —p/p for a flat surface
which follows from Section 1.5, since Bernoulli’s equation gives approxi-
mately p-+3pU2 = constant for the external flow, and the pressure
varies negligibly across the layer (see Section 2.9). The reason w hy the
finite radius of curvature of the surface makes negligible difference is
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that it has been supposed large compared with the houndary lnyos
thickness. i
Now, as the external flow velocity U rises from its value 0 af (he
flirst point of attachment to the maximum positive value which it {alox
_on the surface, the vorticity source strength (18) remains pouilive
Since only positive vorticity is being created, it follows that, whuleyve
convection and diffusion occur, w must be positive throughout (his

Ia 1L 7. Tw<).-dimonsionnl boundary-layer separation. Tho vortioiy o
pusitive {elockwise) throughout the layer in the region of positive vertivify
poureo strongth, but, after the strength becomes negativo {(at A, whoro i
vxtornnl (low veloeity is a maximum), abstraction of vorticity at tho porfoen
rapidly zeduces the surface value wg,, which hecomes zoro al Sy, nipgnily i
separation.,
il ol the layer, where therefore separation (which requives )
. » o) e e
i impossible; in fact, w,, must exceed the values of @ away from (he
arrlinee, wovesult which we shall need to remember in Secbion 31
Hoyvand the maximum of {7, however, (18) is negative, so that vorticily
i nhatrneted at the surface (Ifig. 11, 7). This does not at oneo hring o
i [o zoro, since reduetion of w,, below the values of e in Cthe middlo
al e lnyer is combated by diffusion in towards the surlaee, Nevorthe
con, bhe paetvee sink of vorticity sueceeds in veducing o, to zoro whien
£ B fdlen to around 95 per cent, of its maximun, so that sepavation
Polloown fnaely b on the attainment of the maximum externnl velooity
COlpter VL the figure quoted s Tor o by pieal ease, whoere the nepalive
coadient ot mcerenses continuously beyoned the point M values nronnd
U0 g cond, wee popsiblo i the gradiont s nearly anilorm, as Chin given
s dhitTomnon more chanee),
Whieno ( O the divergence ol gtrenmlines in the houndney oy
aprpdeimenb Ao e produeing Chiekening,  Jdust hefore pepiradion

il | A i il - {
ke becomes porboadoely moeked (Heetion @0, and 1
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boundary-layer approximations then become inadequate; nevertheless,
they have led to reasonable agreement with experiment in predictions
of the point of separation.

2.5. Two-dimensional thin-wake flows

When the two boundary layers stretching out on either side of the
first point of attachment separate at points not very close together,
there must be a thick wake. The distribution of the external flow velo-
city U is then strongly influenced by the distribution of vorticity in the
wake, and cannot be calculated in advance (even approximately) from
irrotational-flow theory.
~ This would make boundary-layer theory, in which U, as we have
seen, is supposed known, of little value, if it were not that the main
practical requirements from it are a condition for the existence of thin-
wake flows and a technique for calculating them. Now, if thin-wake
flow is possible, the external flow velocity U is approximately that for
irrotational flow around the cylinder. Hence the requirement, that (at
least ‘till the last moment’) separation does not occur, exacts that the
surface velocity in that irrotational flow fall only a few per cent. below
its maximum.

Conversely, if the irrotational dlstubu‘mon of external flow velocity
satisfies this condition for the absence of premature separation, then
it is impossible, when the motion is started from rest, that any flow
but the thin-wake flow be set up. For, if separation cannot occur in
the steady state, then also it cannot earlier, when it is more effectively
combated by inward diffusion because the boundary layer is thinner.

Now, the stated condition on the surface velocity distribution in the
irrotational flow around the cylinder can be exactly satisfied only if
the cylinder ends in a cusped ‘trailing edge’, where such a flow com-
monly departs from the surface at a velocity only a little below that
of the undisturbed stream (whereas dividing streamlines can leave
smooth surfaces only at stagnation points). However, this trailing-edge
velocity is sufficiently near to the maximum of U only if the dimensions
of the eylinder at right angles to the stream are much less than those
parallel to it. This indicates the importance of ‘aerofoil’ sections—thin
shapes with cuspidal trailing edges. Even with these, extreme slender-
ness would be required to satisfy the condition of no premature separa-
tion of a laminar boundary layer (for example, the thickness-chord
ratio of a ‘Joukowsky’ aerofoil, even in symmetrical flow, would need
to be 5 per cent. or less),  Fortunately, the trangition to turbulence,
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which we shall see oceurs in all practical acrofoil flown, deluys ropurn
tion sufficiently so that this requirement on slenderness in mado con
siderably less extreme.

A cusped edge is inacceptable in a p-‘u-(i(-ul stracture, bul w thin
wake flow is still attainable with various ‘near-cusped’ '1l|x||u~ 1, wineh oy
that obtained by rounding off the tip of the cusp. A sharpanglod
trailing edge is also acceptable; although irrotational-flow soparation

o

-

/’
Fia. I1. 8. Irrotational flow ahout an acroloil,

from it does require it to be a stagnation point, the velocity on that
(heory falls to zero only very abruptly and ‘at the last moment” (like
(the «f/(27—a)th power of the distance from the edgo, whero w iw itn
angle); this may well produce separation only close to the edpo, nnl,
in any case, the true variation of the external flow is made less extrome
by the displacement effect of the boundary layer.

(learly, thin-wake flow can occur only if the acrofoil has an nppro
printe attitude to the oncoming stream. Indeed, ivrotational-flow theory
(elly ug that, except in one particular attitude, the dividing streamline
(loes not leave the surface at the trailing edge, hut at o stagnation poind
just ahead of the edge, the velocity at the edgo itsoll hoing ‘infinite’
(Iig, L1, 8). Tt is clear that, of the two boundary Tayers appronching
(ho stagnation point in this case, the one approaching it from hehind
munl separate at a higher value of the external flow speed ¢/, and henoe
wlio of the vorticity flow rate (17). Therefore, in the caso illuntrated
[ho figure, negative (that is, anticlockwise) vorticity in ‘eanl off" into
the wake.

Now, the presence of such negative vorticity behind the ne swolodl nlbers
tho flow about it in such a way as to bring the slagnation poinl nenre
the tradling edge. This congideration leads to the Kulta Joulownly
ly pothesin, that such vorticity will continue to be east ofl until the
flow nhout the aerofoil in the presence of the walke vorticity leaves the
siifnee ‘wmoothly” alb the trailing edgo, "Tho snecens of the two dimen
st aerofoil theory for unsteady lows (o.g, with oseillnting neroloils),
whero one supposes the vorticity in the wale concenteated into n plne
vorbos sheot, ndjusting iteell with zoro delay G fo tho vequirement
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of smooth flow at the trailing edge, indicates that such adjustment is
in fact very rapid.

In steadily maintained flow, the total cast-off yorticity tends in due
course to a limit, say, —K, and all this vorticity departs far down-
stream. Near the body we have, then, a steady flow with no net wake
vorticity but total boundary-layer vorticity +-K (because, in two-
dimensional flow, convection and diffusion cannot alter the total vorti-
city of the fluid). Outside the boundary layer this flow is approximately
the irrotational one around the aerofoil ‘with circulation K, whence
‘K may be determined by the condition of smooth flow at the trailing
edge; more accurately, this condition (with ‘smooth flow’ interpreted
to mdan equal external-flow velocity on both sides of the aerofoil,
yielding zero total vorticity discharge into the wake) should be applied
to the external flow as modified by the boundary-layer displacement
thickness. The ‘lift’ on the aerofoil per unit span is then close to pU, K,
attainable values of the lift being limited by the requirement that the
flow with circulation K must be such that premature separation is
avoided.

These matters are discussed further in the companion’volume Incom-
pressible Aerodynamics, while there will be some further discussion of
two-dimensional flows in general in Section 4.

2.6. Attachment and separation in three-dimensional flows

We return now, in the generdl three-dimensional case, to the question,
‘does the boundary-layer thickness remain small, of order /(1/U,)?’,
which, as we have seen, involves the question, ‘how parallel to the sur-
face are the neighbouring streamlines ?” Strong indications of the answer
are again given by the distribution of w,, the vorticity at the surface
(which in general is a vector, tangential to the surface, not as in Sec-
tion 2.3, where w stood for the single non-zero component w,).

At a very small distance z from the surface, the velocity is approxi-
maiely V=€, (19)
where €y = wwxn = Tyl (20)

is the vector w,, turned through 90° (in the negative sense, about the
outward normal n from the surface), and pe,, == 7, is the viscous force
on the surface per unit area, or ‘skin friction’. Expression (19) for the
velocity, neglecting terms in 2% is tangential to the surlfaeo, hub from
it one can deduce a fivst approximation, ol ovder 2% to {he normal
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component of velocity w. For, by solenoidality, éw/éz must be minus
the two-dimensional divergence of €,z for very small z. Hence,

w = —1Az2 (21)

“‘f‘here A is dive,, with €, regarded as a two-dimensional vector ficld,
A is also related directly to w,, being the surface value of the normal
component of curl w.

We see from (19) and (21) that the direction of streamlines as 2z - 0
becomes parallel to the surface, except where €, = 0, or, what is (ho
same thing, w,, = 0. This condition, that both tangential componenis
of vorticity vanish simultaneously, is satisfied in general only at isolaled
points of the surface, which we call ‘points of separation’ if A - 0 (10
that the normal velocity (21) is positive) and ‘points of attachment’
if A > 0 (Legendre 1956). It is only in quite exceptional circumstances,
usually owing to some kind of symmetry, that w,, = 0 all along a line;
these include, however, the case of ideal two-dimensional flow (nofe (hal
when such flow is thought of as ‘in two dimensions’, we refer to potnts
of attachment, etc., but that, when it is seen as a three-dimensional
low around an infinite cylinder, such a ‘point’ becomes a whole gencrato
of the cylinder, that is, a line of attachment at right angles to (he
stream). Again, in axisymmetrical flow about a body of revolution,
symmetry produces whole lines of separation or attachment, in (hiy
case circles coaxial with the body. However, any slight change o cither
ol these situations, such as cropping the cylinder or yawing the hody,
rofrieves the general case, in which w,, = 0 only at isolated poinls.

In this general case, the character of the flow near the surface can,
lo o large extent, be inferred from the surface pattern of ‘skin-(viction
lines’ (curves to which e, is everywhere tangential, so that the wlin
[riction vector T, = ue,, also is) and of vortex lines. Both these syulemy
ol lines cover the surface completely, crossing each other cverywhero
il right angles. The pattern of skin-friction lines can often be approxi
mntely determined by an experimental technique, deseribed in Chapte
A\, in which the surface is covered with an oily substance, which leaves
permanently visibie streaks behind it when the skin-{viction force conmen
il Lo [low along those lines.

nireamlines very near to the surface lie closely along the skin-friction
linen, as (19) indicates (for this reason they are sometimes called ‘s lnee
strepmlines’ or ‘limiting streamlines’); however, their distance @ [yom
o surlaee varvies, not as ! (see equation (12)), bul as (w,h) 1 where
B the distonee between bwo ad jacent akin-feiction lines, "T'hisin heeat
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in a streamtube of rectangular section, whose base is the portion of
surface between the two skin-friction lines and whose (variable) height
is 2, we have Yo, % =, ] (22)
where ¢ is the volume flow along the streamtube, and w,, is the magni-
tude of w,, (and of €,). It follows that streamlines can increase greatly
their distance from. the surface, not only where w,, becomes very small,
but also where & does, that is, where skin-friction lines run very close
together. These alternative mechanisms of separation need to be borne
continuously in mind.

There is just one skin-friction line and one vortex line through each
point of the surface, except a point of attachment or separation (where
€, = W, = 0). These last are ‘singular points’ of the differential equa-
tions of both systems of curves (namely, the equations dre,, and dr|jw,,»
respectively, where dr is the relative position of two adjacent points
on a curve). Such singular points are classified by mathematicians into
two main types (see, for example, Kaplan 1958, chapter 11), depending
on the sign of the ‘Jacobian’,

—-;—”:QT*__.—~—~‘—‘4~‘—,—7“: (23)
éx oy oy ox éx 0y oy ox

where the suffices denote components of w,, and €, in the 2- and y-

directions, and =z, y, 2z are Cartesian coordinates with origin O at the

singular point and Oz normal to the surface.

A singular point where J < 0 is a ‘saddle point’ (of attachment or
separation according as A > 0 or A < 0). Near a saddle point the
pattern of skin-friction and vortex lines is as in Fig. II. 9, where the
arrows indicate the direction of €,, and hence also of streamlines very
close to the surface.

A singular point where J > 0, however, is a ‘nodal point’. Fig. IT. 10
indicates a number of possible surface patterns near nodal points of
attachment, with arrows meaning the same as before. The inequalities
under the patterns give, in terms of J and of

5 2 2
. de,  0Oe ‘w, Ow
A=dive, =24 -—¥=_¥_._2,
) ox (fy ) C“Q} Cy
)
: ‘w,.  Ow,
Q=divew, = —24—¥ (24)

Ea) o ?
cx ay

the condition for each type to oceur; cases of equality, however, are
not exhibited, exeept for the cage £ = 0, which woe ghall gee s of ppecial

smo fangent, or else spirally. Spirt
whon either the surface or the extern
i flows studied in Section LT, 20,

e pame ag in Fig. 1110, hut with all the
separation, however,

Wingn, when oil s sometimes geen to

wonnd (meo Carner andd Bryer 1960 and g, 11,
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1fnportance, since it oceurs at any nodal point of attachment of a stre:
line from far upstream. From each typ

number of skin-friction lines emerge, eith

v
o of nodal point an infinito

er having all (except one) {ho

e L1 9. Typical pattern of skin-friction lines (

full) and vortex linea (hrolion)
near o saddlo poing,
al attachment oceny principully
al flow iy rotaling, as, lor examplo,
n
I'he possi al patterns ot i ?

possible loeal patterns at a nodal point ol soparation are oxaolly
arrown rovorsed,  Hpivad
can ocenr even in ordinary flows ovor awepthiel
accumulato ab o point and Hpin

1 helow),
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0 < 02 < J < jA?
(N.B. The case with 0 < }A* <2 J < }Q?
is the same with the full and
broken lines interchanged)

AR

0<J<3A% J <102 < J < J

Fia. IT. 10. Different types of pattern of skin-frietion lines (full) and vortex
lines (broken) near a nodal point of attachment (J > 0, A > 0).

2.7. Topography of skin-friction lines and vortex lines

Thearange of possible overall patterns of skin-friction and vortex lines
on a smooth surface is subject to a topological law, that the number
of nodal points must exceed the number of saddle points by 2 (see for
example Kaplan 1958, p. 444, or Coddington and Levinson 1955,
chapter 16).

Mo get o physical “feel” for this law (whose mathematical proof, from
propertics of the Jacobian (23), is not extremely recherehd, bul would
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be out of place here), one may argue that the infinity of skin-friction
lines on the surface must begin and end somewhere, which indiciten
that there is at least one nodal point of attachment and one nodal point
of separation. If there are fwo nodal points of attachment, tho ukin
friction lines from each must somewhere run into one another, and 1o
have to divide at a saddle point. Fig. IT. 11 shows that this comhing

"¢, I1. 11. A combination of two nodal points of attachment and ono suilillo
point.

lion, of two nodal points of attachment and a saddle point (whether
ol nltachment or separation), is similar to a single nodal point of atleh
ment in being a simple ‘source’ of skin-riction lines; the samae in (rue
ol » nodal points of attachment and (n-—1) saddle points, Similorly,
m nodal points of separation and (m-—1) saddle points behave Tike w
ink’, into which skin-friction lines issuing from the ‘source’ can
dinnppear, giving a possible arrangement of such Tines with me | 2 nodal
potnta and w2 saddle points. Actually, the most genceral nrvango
menl g ol the form just deservibed, excopt when A - 0 ol somoe nodal
points, whose total number, even then, must exceed by 2 that of (he
ndddle points,

\ fenture of three-dimensional flow is that there can be any niumbe
ul nodal pointa of attachment of wleeamlines from G upatrenm, s
e oven for ideal irvotational fow, in which w hody with (my) fwo
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protuberances in front has normally a stagnation point on each; these
are nodal points of attachment of irrotational-flow streamlines, and
somewhere between them is a third stagnation point, which is a saddle
point of attachment (such as may occur in practide on a wing leading
edge between two engine nacelles). The real flows about bodies of this
kind have points of attachment close to those given by irfotational-
flow theory, any differences being due mainly to wake-induced flow.
Fig. IT. 11 shows a typical surface pattern over the front; note that, as
no vortex line attaches itself to the surface at these points of attach-
ment of streamlines from far upstream, the surface vortex lines in their
neighbourhood are closed (compa,re.Fig. I1. 10 for the case with Q = 0).

At any nodal point of attachment of fluid which has not previously
acquired vorticity, the boundary-layer thickness is determined, as in
Section 2.4, by a balance between diffusion of vorticity out from the
surface and convection inward; the external flow normal to the surface
being (as before) of the form w = —fz, or w = —p(z—38,) if the dis-
placement-thickness effect is taken into account. This argument again
suggests a thickness of order ,/(v/8), and calculation has shown that §;
is between. 0-65,/(v/B) and 0-804/(v/B) for all such nodal points (Howarth
1951¢). Calculations have not been made for the full range of saddle
points of attachment, but the same arguments apply, however sur-
prising this may seem in view of the far greater stretch of surface which
has been traversed by some of the fluid near a saddle point. The reason
is that, even if this fluid was formerly in a much thicker boundary layer,
it has recently formed part of a layer with ¢w/éz = —f outside it, for
long enough to bring the thickness down to order 4/(v/B).

Departure from the surface of the vorticity in a boundary layer,
which has originated as just described from one or more points of attach-
ment, occurs commonly at a ‘line of separation’. This is defined as a
skin-friction line which issues from both sides of a saddle point of
separation and, after embracing the body, disappears into a nodal point
of separation. A line of separation partitions the surface; only the skin-
friction lines ahead of it have originated at the forward points of attach-
ment, while those behind have issued from a nodal point (or points) of
attachment at the rear. Note that it may or may not be ‘wake fluid’
(with previously acquired vorticity) that becomes attached at such a
rear point, but that, if it is, then a wider range of surface patterns is
possible there than at the nodal points of attachment just mentioned.

The twofold mechanism of separation, referved to in Seetion 2.6, is
clearly exhibited at lines of separation. Streamlines depart from the
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surface, not only becausé w,, falls to zero as either point of separalion
is approached, but also because the surface topography near a saddlo
point is such as to make streamlines come close together along thoe line
of separation, whence the % of equation (22) falls greatly as (hoy
approach it. The apparently rather extreme case of this running togelher
exhibited in Fig. II. 9 is by no means atypical of surface patterny
inferred from oilflow photographs, which have led some writers (o spoeal

Fr1c. IT. 12. Possible pattern of skin-friction lines on a smooth surfico (ol which

the full and broken lines are on the near and far sides, respectively), N and

signify nodal and saddle points, and subseripts @ and s attachment and sopara

tion. The dotted lines suggest what happens to fluid separating at tho primanry
and secondary lines of separation,

of skin-friction lines as ‘Tunning tangentially into’, or ‘having cusps on’
o line of separation (Maskell 1955). These statements have often very
considerable approximate validity, although to go on and call the line
ol separation an ‘envelope’ of skin-friction lines is confusingly i
nceurate.

The main ingredients of skin-friction-line topography on & smoolh
mirface have now been described. Tig. II. 12 illugtrates o furether
combination of them, in which the backflow towards the line of soparn
Lion of the boundary layer suffers a ‘secondary separation’ before rencl
ing it. Note that the law regarding numbers of nodal and saddle points
1 Habisfied.

On surfaces with sharp edges or pointed tips, the topography cun ho
nomewhat diffevent. To be sure, the edge or tip is in practice rounded,
o that the general theory is corvect provided that the detniled pattorn
in Lhe rounded portion of the surface is ineluded; bub such o nidero
peopic view is inconveniont, and one prefers usually to speale ol what
i lolt whoen that small portion of surluee is ignoved,

Tho Hifting wing with cusped teailing edgo is an examplo whone b

portanes in obyious from Seetion 2.0 and from practical considerationg
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With small enough thickness-chord ratio and angle of incidence, the
boundary layer on such a wing may avoid separation altogether, leaving
the trailing edge smoothly to form a thin vortex wake. To relate this
to the general theory, note that, with a rounded “trailing edge, there
would be a line of separation around its shoulder, issuing from a saddle
point of separation on the lower surface, travelling out to thé wing tip,

Plane
of
symmetry|_

Fre. II. 13. Surface pattern near a rounded trailing edge in thin-wake flow
about a lifting wing. (View upstream from behind the trailing edge, with the
vertical scalo very greatly enlarged.)

and returning along tHe upper surface to disappear into a nodal point
of separation. This contrary motion generates the trailing vorticity,
and indeed Fig. II. 13 shows how the surface vortex lines would turn
into the downstream direction just before separation.

With other wings or angles of incidence, separation occurs ahead of
the trailing edge, and the flow pattern on this smooth part of the surface
can show all the features already discussed. Attachment may occur
at the trailing edge if there is a-line of separation ahead of it. Such
attachment would conform to the general theory (taking place at o
nodal point, ete.) only if the edge were rounded; if it is cusped, skin-
friction lines can become attached all along it.

The line of separation on a stalled wing may lie right along the
upper surface of the leading edge, but when only the tips are gialled
it issues from a saddle point. ol separation in o part-span position,
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whence one branch travels to the tip while the other travels bacl (o
the trailing edge, or sometimes to a spiral point of separation, in hoth
cases shedding a ‘part-span vortex sheet’ (Fig. IT. 14).

The needs of supersonic aircraft have given prominence to the slonde
‘conical” wing shape, in the general sense of a surface generated hy iy
set of straight lines stretching back from an apex. In certain attitudes,

f

It

/’/‘
t =
//:

s

Frc. IT. 14. Types of surface pattern for a wing with the tip stallod (straipzhl
wing on the left, sweptback wing on the right).

(he sharp apex is simply a nodal point of attachment, and the general
theory applies; but, at higher angles of incidence, the surface paltform
i that generated by two nodal points of attachment and a saddle point
ol separation which have coalesced at the apex (but would be disting
il the apex were rounded). Such a surface pattern is illustrated in 1%y,
[1. 15. The line of separation S is well marked in oilllow photography
TI'he almost straight skin-friction line A through the second nodal poind
ol attachment, although less closely defined, hag been called o ‘line ol
altachment’. In many such flows the boundary luyer is thin enouph,
oxcept near N, for a thin-wake theory, in which the twivled conienl
vortex wake which leaves the surlfaee therve is suitably approxinnted,
while the flow is regarded ag ireotational outside it, to have reachod
rensonable agreement with experiment (Mangler and Smith 1950), Moo
oxamples of flow patterng of practical interest ave given in Seclon 206,
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in Chapter VIII, and in the companion volume Incompressible Aero-
dynamics. ; '

%\ =

AIARINAN

Fic. I1. 15. [*pf;er-surf&ce pattern for flow about a ‘conical’ wing .shapa at
incidence, with apex rounded to show how this splits the singularity there
. into three.

2.8. Three-dimensional boundary-layer theory

The boundary layer in éxisynnnetrical fow about bodies of revolu-
tion has been much investigated. The results are extremely similar to
those for two-dimensional flow, This is principally because the vorticity
source strength per unit area is the same; modifications to the argu-
ments leading to (18) cancel ‘out, since the additional flow of total

vorticity, called for by the additional area (normal to the direction ol

motion) oceupied by vortex elements when they streteh on moving
farthor from the axis of symmetry, is provided exactly by the dynamicnl
offect of that stretehing, Thus, vorticity production and diffugion aro
analtered, which, o particular, leaven the condition Tor popnration
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almost the same as in two-dimensional flow; the quantitative changen
in boundary-layer development, due to modified convective procesmen,
are not great, as is shown in Chapter VIII, Part II, which treats aluo
the case when the body rotates about its axis. Axisymmetrieal flow
has some attractions if precise comparisons with experiment are voupht,
as being more accurately realizable than two-dimensional flow
equally amenable to calculation.

By contrast, the quantitative theory of general three-dimennionnl
flow in boundary layers is pitifully undeveloped (Chapter VIII, oyl
IIT). Accordingly, we are able here to give only a crude qualitative
picture of the factors influencing the vorticity distribution, both through
the layer and over the surface, of which the latter has heen shown
(Sections 2.6 and 2.7) to regulate separation. We shall see that, althongh
the stretching of vortex lines has just been found to be relatively im
material, their rofation is of the first importance.

As discussed in connexion with equations (15) and (16), vorticity
components are to a good approximation gradients normal to the wirlaee
of tangential velocity components, and the total vorticity per unit nien
of boundary layer, namely

l wdz=nxU, (h)

cun be regarded as the external flow velocity, say U, turned (hrovgh
0" (in the positive sense, about the outward normal n from the s liee)
I'hug, the mean vortex lines (averaged across the layer) are perpendicu
lne (o the surface streamlines of the external flow, and hence lie nlong
[he surface equipotentials of that irrotational motion, as vortex I
wore noted in Seetion 2.1 to do exactly in the initial stage of the motion,
hofore conveetion begins to operate.

C'onveetion tends to alter this distribution of menn or total vorticity,
hoth in magnitude and in direction. 'T'o redress the balance, new varti
vily in produced at the surface, not only in the divection of the e
potentinlg, at the rate UU’ (the prime signilying gradient along the
shvenmlines), which hag already been disenssed in special casen, bt alio
(i general) in the divection at right angles, that of the externnd wlren
new, ad the vate e, U%, where e, is the curvature of those sltronmlines
i plane tangential to the surlace.

The wimplest physical picture of the generation of thin gosentlod
alrepmwine vorticiby comoen from the idea (Socetion 2.0) that the ‘nvernge

veloeity of convection® of vorticity in J 0 T e of Cis would ndyiiion
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the vortex lines by LU 8t, which is directly proportional to U; but to
lie on an adjacent equipotential, on which the velocity potential is
greater by 8¢, they should have advanced by U/~!8¢, which is tnversely
proportional to U. Hence, convection makes vortex lines ‘lag’ most,
relative to equipotentials, - wherever U is smallest. Fig. IL. 16 (which
should be read from the bottom upwards) shows this geometrically,

Position of vortex line near surface,
..~ required to make new mean vortex
o lines coincide with equipotential

Neighbouring equipotential

__ Position of mean vortex line
? after convection during time 3¢
LY

»

Equipotential, which is
a mean vortex line

External-flow
streamlines

v
Tre. TI. 16. Mechanism of generation of streamwise vorticity. We have
Uyhy = Uyhg, g = by{l4se), by = $UL 8 hy = 40, 8, and so the angle

R P Lo G E S L LR e

i ¢

' ¢

indicating that, after a time 8¢, a vortex line initially along an equi-
potential arrives at an angle Ui, with the local equipotential; it
follows that cbnvection produces total streamwise vorticity U2, per

~ unit area per unit time. - This is distributed throughout the layer, while,
to balance it, equal and opposite streamwise vorticity is created at the
qurface. This means that the vortex lines near the surface turn still
more rapidly than the equipotentials (as the dotted line in Fig. II. 16
indicates). Note that the distribution of streamwise vorticity through
the boundary layer is associated with velocity components perpendicular
to the external streamlines and towards their centre of curvature.

A more precise account of vorticity balance gives the same result,
that cross-stream vorticity is created at the rate UVU’ and streamwiso
vorticity at the rate U%¢. This can also be directly related (Seetion
2.9) to the result concerning pressure gradient derived in Seetion 1.5,

These considerations give one some physical feel for how vorticity
distribtites itself in boundary layers, explaining why the skin-frietion

lines tend to curve more exaggeratedly than the external streamlines,
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and why the surface vortex lines tend to slew round into a streamwine
direction, as near the saddle point of separation in Fig. 11. 9. Poinfy
of separation themselves tend to be on streamlines that have nol curyedl
much on the average (since both components of vorticity must viniah
at such points).

We consider now in the general case the effect of the boundury
layer on the external flow, which can again be expressed in (ormn of
a displacement thickness 8,. By redistributing the total cross siream
vorticity U in a vortex sheet at the mean distance 3, of cross-slroam
vorticity from the surface, namely

8 8
| Heujezydz | (U—u)dz,
8 — 0 ] ol
¢ 3 = 7 3 (20)
| (eu/oz)dz
0

where u is the velocity component parallel to the external streamlines,
we see that the effect of this vorticity on the irrotational (low oulnide
the boundary layer is to change it into the flow around a surface din
placed into the fluid through a distance 3,. However, the effecl of (he
ntreamwise vorticity on the external flow is not negligible. Becanne
the total streamwise vorticity across the layer is zero, this vorticily ciamn
be thought of as a set of little vortex rings whose axes are equipoten iy
But, according to potential theory, a vortex ring is cquivalent (o u
doublet perpendicular to the plane of the ring. It follows that (ho
nlreamwise vorticity has the same effect as a doublet of strengih (76,

b
with axis along an equipotential, where U8, = | v dz and v i the cron
0
iream velocity in the boundary layer. It may be shown (Lighthill
10068) that these doublets alter the effective displacement thickunenn
lrom 8, to )
(,)

8 =8, —=— | 8,d¢, (27)
ae

/,

Pa
where the integral with respeet to the external velocity potentinl b i
ilong an external streamiine from its point of attachment to the mliens
(namely ¢ == ), and where /e signifies differentiation with respeot
Lo digtance along an equipotential,

Weo conelude this seetion by remarking that it is nol in overy s
votvenient to resolve the vorticity into the crossstremm and slren
wine divections, Forexample, in the yawed Qow past ancintinite ey linder,
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which is often a valuable idealization of some aspects of the flow over
sweptback wings, it is more convenient to work with the ‘spanwise’
and ‘chordwise’ components. This is especially so because in this flow
the motion of one of the ‘arrow-shaped elements of fluid’ of Section 1.3
cannot stretch or rotate its spanwise component. (Also, the chiordwise
component is merely stretched, not rotated.) It follows that the span-
wise vorticity distribution, and so also the chordwise velocity distri-
bution, in the boundary layer are the same as in two-dimensional flow,
which greatly simplifies the calculation of these flows (Section VIIL. 22).

2.9. Pressure in boundary layers

The key to understanding complete flows, as we have tried to show,
is vorticity theory, which eliminates the pressure as a variable that
needs to be considered. However, some knowledge of its distribution
is obviously necessary, and may be obtained as follows.

In irrotational flow, the force component in any direction on a fluid
element is minus the gradient of the dynamic pressure p,; (Section I. 2.4)
per unit volume. This force component equals the mass, p per unit
volume, multiplied by the component of acceleration in that direction,
which may be shown to be the gradient of &¢/ét-+fv2. Hence, the

gradient of Patpled/et-1v?) (28)

in any direction is zero throughout an irrotational flow, so that (28)
must have the same value throughout the flow (famb 1932, p. 19).
Since the value may vary with time, it is usually written #(¢); but for
a body moving through otherwise undisturbed fluid we can always
take ¢ — 0 at infinity, in which case (since p; — 0 there also) the value
of (28) is zero at infinity and so zero everywhere.

Again, in steady flow, with velocity U, at infinity, the uniform value
of (28) (where now é¢/é¢ = 0) must clearly be $U%, giving

P = 3p(U%—1%). (29)
Bernoulli’s equation (29) encourages the view of p,; in steady flow as
a potential energy per unit volume which on addition of the kinetie
energy 1pv?, is conserved if the flow is irrotational (when the non-
conservative viscous forces vanish). Constant use of (29) must not,
however, seduce one into applying it in unsteady flow without adding
the ‘transient pressure’ —pé¢/éf, which can be large (Section I. 2.6).
Again, in boundary layers and wakes the flow is not irrotational and
(29) cannot be applied, the energy argument suggesting in fact a lowoer

value of p,-4pr? than JpU?% | owing to viscous digsipation,

I1. 2 AERODYNAMICAL BACKGROUND Wt

To the ‘boundary-layer approximation’ (Section 2.4), the presme
is constant across the layer. This is simply because the layer in (thin,
and the gradient of dynamie pressure across it only moderate approxi
mately «pu?, which is the gradient required to make fluid with velocity
u follow a body contour with curvature «. It follows that the dynanie
pressure change across the thickness 8 is small compared with the value
(29) if 16 is small (as was assumed already in Section 2.4), and therefore,
at any point in the boundary layer,

pa = $p(U%—UY, (80)

where U is the external flow velocity.

In particular, equation (30) gives the pressure at the surlface ituelf,
a result which one might hope to use in ‘thin-wake’ flows, where the
whole surface is covered by boundary layer, to calculato the force an
the body. However, the approximation is not good enough for (hin
purpose. Errors, due to neglecting either the pressure gradient neromm
the layer, or the displacement-thickness effect on U, produce o vesultunt
pressure force (‘form drag’) comparable with the whole viseoun foren
on the body (‘skin-friction drag’). Accordingly, such errors cannol he
neglected, as often no drag is present from other causes, the prowsure
[orees in pure irrotational flow having zero resultant., Aguain, in wing
nerodynamies, although at high lift the induced drag associaled with
(railing vorticity may be much greater than the drag duo (o (hoe
houndary layer, it is imperative to know also the drag at zevo lilt, whon
Lhis latter component predominates. To get round these difficullicn,
ono does not in practice attempt to caleulate surfaco pressure more
procisely, but uses a combination of arguments (Chapter X) in which
dreag ig inferred, from conservation of momentum for large mapmen ol
[luid, in terms of the state of the boundary layer at the trailing edgoe

We conclude the discussion of pressure in boundary layers with some
nimple physical arguments for which approximation (30) in adequntoe
These arguments tell us nothing that has not already heen derived
more vigorously by vorticity arguments, but they are included heomunn
il i ugelul to be able to view a subject from more than one angle

I'rom (30), the dynamie pressure gradient parallel to the oxternal
utrenmlines is —pl"C7 at all points of & boundary luyer, Thin gradiont
(which, according to Sections 1,5, 2.4 and 2.8, v asgocinted with
poneration ol eross-gbream vortieity ab the rate U0 tends Lo noeelerlo
the fhaid in the boundary layer (which, however, in aeled on alio by

vinconn loreen) when 0, nned to votard 16 whoen (/7 0, In tho
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latter case, the fluid near the wall (which already is moving only
sluggishly) will. tend to be brought to rest, leading to separation of the
fluid behind it, and the results quoted in Section 2.4 show that this
tendency can be withstood by viscous forces to only a restricted extent.
This view of pressure forces as tending to produce the (usually un-
wished-for) separation has led to the phrase ‘adverse’ pressure gradient
being used to denote a rise of pressure (which goes with a fall of
velocity) along the external streamlines.

Again, the dynamic pressure gradient perpendicular to the external
streamlines is x;pU? away from their centre of curvature (this ‘curva-
ture’, and its magnitude «,, being curvature in a tangent plane, as in
Section 2.8). This result follows directly from (30) and the irrota-
tionality of the external flow, or more simply from considering the
centrifugal acceleration of the fluid just outside the boundary layer,
and by Sections 1.5 and 2.8 it is associated with generation of stream-
wise vorticity at the rate «, U2 Now, the centrifugal acceleration of the
much more slowly moving fluid near the surface fails to balance this
normal pressure gradient, whence this fluid tends to acguire a velocity
component towards the centre of curvature. This is the cross-stream
flow, associated with streamwise vorticity, which has been discussed
already in Section 2.8.

3. Instability and turbulence
3.1. Hydrodynamic instability

We must now refer to the commonplace observation that the flow
.around a body does not normally develop in a smooth, orderly fashion
to a perfectly steady state, as might be expected from Sections 2.1 and
2.2, but that more or less violent, irregular fluctuations appear, especially
in the wake. These are ascribed to ‘instability’ of the flow, that is,
the tendency for small disturbances (due to noise, mechanical vibra-
tion, surface roughness, non-uniformity of the oncoming stream, ete.)
to be amplified into substantial fluctuations. As a result, the final,
‘turbulent’, motion is at most ‘statistically steady’, in the sense that
the fluid velocity at each point varies about a constant mean value,

The instability can be viewed ag an instability of the vorticity distri-
bution, as this fixes the flow field (Section 1.6). We must supposo,

therefore, that a very slight displacement of some vorticity, or the-

creation at the surface of a very little extra vorticity, may induco
slight changes in the veloeities of conveetion of existing vortex lines,
such that resulting changes in the vorticity pattern o short time lator
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induce alterations in the velocities of convection of that vorticity pal
tern, such that, ete., ete.,..., the whole altered process of conveclion,
production and diffusion of vorticity tending more and more to depir
from what it would have been without the original disturbance. "'
supposition would explain why the greatest unsteadiness is found in
the wake, the boundary layer, and irrotational-flow regions close enougph
to these to partake strongly of the motions which are induced hy then
vorticity fluctuations. In fact, although turbulence is observed monl
frequently in wakes, it was found soon after the discovery ol (he
boundary layer (Prandtl 1914) that parts of it (at least) are turhulend
in a wide range of flows.

In this Section 3, the properties of the initial flow instability, ol ho
ultimately resulting turbulent motion, and of the transition hetween
them, are sketched as briefly as will allow us in Section 4 to give n
general picture of the variation of flow patterns with Reynolds number
This material is needed in a work on laminar boundary layers, hoth o
show when and how they fit into flows in general (other parts of which
may be turbulent), and to relate the theory of their stability (Chapter
[X) to the characteristics of observed motions.

Since diffusion by itself is a stable process, the vorticity distribution
is necessarily stable when it dominates sufficiently over convection
By comparing a diffusion rate of order vw,/8, where w, is a typicnl
vorticity and § the thickness of a layer across which @ varies [rom 0
Lo wy, with a conveetion rate of order Uw, (both per unit area), wo neo
(hat stability may be expected if

Ry — Udlv (1)

in small enough. This gives already a reason why the wake in olfen
observed to be unstable when the boundary layer, or, perhapn, (hoe
(hinner part of the layer (say, the region of accelerating external (low)
in not. However, two effects conspire here; not only is the value of o
legg in the region of accelerating external flow, but also, as we rhall
nee, the stability of this part of the layer persists up to conuidornhly
higher values of 1 itself. Meanwhile, we note that the order of magni
(ude of 8 in a boundary layer (Section 2.2) shows thal Iy i ol orde
() R, and, also, that experiment has confivmed the stability
ol all Kinds of flow at sufficiently low Reynolds numbor,

The stability theory is o mathematical construetion of great com
plesity and heanty, due principally (o Tollmien (1029, 1985), although
detailn that help to complete the picture have been contributed by
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very many workers, In it, one considers small gine-wave disturbances
to a simple vortex layer of uniform thickness, and investigates their
distribution across the layer, their phase velocity ¢,, and their rate of
amplification (positive, negative or zero) with time. Note that, as wave
theory tells us, even a localized disturbance can be considered as a
combination of such sine waves, although the part of the disturbance
with wavelength around the value A will travel along, not at the speed
¢, of its individual crests, but at its ‘group velocity’ ¢,—Adc,/dA.

The most important results are as follows:

(i) If, as a first approximation, diffusion and the production of new
vorticity are neglected (as in inviscid flow theory), then the waves can
have positive rate of amplification only if the undisturbed vorticity
distribution has a maximum in the midst of the layer (Tollmien 1935;
see also Gortler 1940a). On this simplified theory, boundary layers in
an accelerating external flow are stable, because in them the maximum
vorticity is always at the wall (Section 2.4). On the other hand,
boundary layers in retarded flow are unstable, and so are wakes (in
which the vorticity must have maxima since it vanishes at the centre);
in both these, the rate of amplification is positive for a large band of
wavelengths.

(if) This simplified theory, although making an important distinction,
is not accurate enough; in particular, for boundary layers in accelerating
flow, the actual predicted wave system (with zero amplification rate)
has some seriously unrealistic features, due to the total neglect of the
production and diffusion of vorticity. Furthermore, when these are
reintroduced, with Rj finite but still large (slight diffusion), they do
not for all wavelengths reduge the amplification rate to negative values;
there is, rather, a small band of waves (whose length is a rather large
multiple of the layer thickness) the modifications to which cause the
amplification rate to become positive (Tollmien 1929, Lin 1945). Accord-
ingly, such a boundary layer is unstable to disturbances of frequencies
equal to those of these waves.

(iii) At lower values of Ry the main effect of diffusion is stabilizing
or smoothing, as expected. However, a stronger diffusive effect is
necessary to remove the instability (see (i)) of layers with vorticity
maxima, which is large and almost independent of g, than to remove
the weaker instability (see (ii)) of layers with monotonic vorticity.,
Accordingly, the ‘critical’ Ry (separating values of Ry at which waves
of some lengths are unstable from those at which none are) is lowesl
for layers with pronounced vorticity maxima; il inereases e the
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vorticity maximum approaches the wall, to take considerably higher
values for layers with monotonic vorticity, and continues to rise as tho
vorticity gradient becomes more precipitous (Schlichting 1940, 1900,
Pretsch 19415; Lin 1955).

(iv) Although the above theory is for two-dimensional vortex layorn,
it can be applied to three-dimensional boundary layers if one considery
separately the stability of the ‘cross-stream’ and ‘streamwise’ vorticily
distributions (Section 2.8). Now, since the total streamwise vorlicily
(integrated across the layer) is zero, it must have a maximum some
where. It may happen, therefore, if the external flow is accelerating,
that Rs has a value for which the cross-stream vorticity is stable hut
the streamwise vorticity unstable, leading to concentration ol the latter
vorticity in ‘streaks’ which may be visible on oilflow photographn
(Gregory, Stuart, and Walker 1955).

The implications of these four results in the problem of tranuition
to turbulence are discussed in Section 3.2. Meanwhile, some explanatory
remarks which help to throw light on the essential facts (i) and (ii) are
offered, although any attempt at a complete explanation that omiln
the mathematical theory is out of the question.

The comparison in Fig. IT. 17 of a boundary layer in accclorafod
flow (@) and one in retarded flow (b) is at first sight relevant to (i), In
(@), the slight additional vorticity at P (to whose effect must be added
that of its image P’) produces ‘downwash’ ahead, whose conveclive
offect on the undisturbed vorticity distribution (which decreases up
wards) is to reduce the vorticity in that region, whither the vortox i
moving. This fact appears to give the process positive stiffness; the
pame is true in (b) of a vortex at . However, the downwash ahend
ol the vortex at R conveets increased vorticity into the region whilthor
il is moving, since the undisturbed vorticity inereases upwards, 'I'hiy
might be taken to signify negative stiffness, and consequent amplificn
tion of disturbaneces, in (b) but not in (a).

However, such a conclusion would prove too mueh, indicating in
ntability also for flows in which the vorticity inereases upwards, not
(o & maximum in the layer, but monotonically until & second wall in
reached, Furthermore, any simple mathematical model of o convection
process of the kind just deseribed, il it takes into account the fact thal
the conveetive inerease of vorticity ahead of the vortex is balanced by an
oqual and opposite deereagse behind it, shows that the veanlt in merely (o
nngment tho effective velocity of conveetion of the disturbance A (while
veducing those of 22 and ), without introducing any amplification
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Fie. II. 17. Convective effect of additional vorticity on the undisturbed
vorticity distribution, for layers with (@) monotonic vortieity, (b) a vorticity
maximum in the midst of the layer,
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Fra. TI. 18. Schematie representation of disturbance to which a layer with
a vorticity maximum is unstablo.

A mechanism of instability eloser to the true one indicated by the
mathematical theory is illustrated in g, 11, 18, where two disturbances
are shown,, the one above the vorticity maximum having a phase lead
over the one helow, The possibility of somo wave of this general form

3
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receiving amplification as it travels along is strongly indicated hy (wo
facts: first, that every vortex shown produces such vertical conveetion
of the undisturbed vorticity distribution as tends to augment (ho
disturbances at both adjacent vortices; and, secondly, that the ahove
mentioned increase in the velocity of convection for the lower vortices,
and decrease for the upper ones, helps to ‘keep them in step’. Together,
these facts amount to a physical explanation of the destabilizing ollvot
of the vorticity maximum.

Fra. IL. 19. Illustrating how vorticity near the wall causes tho gonoration of
vorticity of opposite sign at the wall,

Passing to (ii), all authorities are agreed (see, for example, Lin 1140
p. 291, Taylor 1915, and Lin 1954b) that the destabilizing cffeol ol
vigeosity for certain wavelengths operates in the region very clone (o
the wall. In other words, it results from the difTusion, away Irom (he
wall, of vorticity produced there in accordance with the mechanism ol
Seetion 1.7. Indeed, Fig. II. 19 shows that additional vorticily ol
positive sign near the wall causes vorticity of negative sign o ho
generated at the wall, which for waves of appropriate length munl
cliffuse out as far as the original vortex in time to reinforee the negalive
phase of the wave when it arrives.

However, the total effect of even a very small amount ol diltanion
is certainly more complicated than this, The inviscid disturbance theory
[or boundary layers in accelerating flow is exceptional, in that general
disturbances do not show normal longitudinal dispersion inta wave
packets, each with its own phase velocity and group velocity: ralher,
o wave system tends to get set up, in which disturbances al ovory
distance from the wall have a phase velocily equal o the Toenl nn
disturbed velocity, (This pogsibility corresponds in the mathenmaticnl
(heory to the pole of the vorticity at the ‘evitical” speed.) Clenrly, the
vesulting interference ol waves will ho greatly veduced by even (i
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smallest amount of diffusion. These considerations contribute to the
complication of the theory from which the result (ii) is finally derived.
All the theories are more fully discussed in Chapter IX, together with
material on the stability of internal flows, ete.; see also Schlichting
(1955) and Lin (1955).

3.2. Transition to turbulence

Despite the advance of stability theory, and parallel advances in
theoretical and observational knowledge of turbulent flows, the inter-
vening topic, namely the transition between slightly disturbed laminar
flow and fully turbulent flow, remains one of the least understood parts
of aerodynamies.

Two opposing factors combine to make the value of Rg at which
a vortex layer becomes fully turbulent different from the ‘critical’ Ry
(Section 3.1) at which instability first appears. The first is that a layer
which is stable to small disturbances can be unstable to larger ones.
This is well attested for all types of flow, internal and external; the
value of g for onset of turbulence can normally be reduced by a factor
of 5 or more by deliberate introduction of disturbances, such as involve
velocity fluctuations around, say, 3 per cent. of the mean. The main
physical feature in the growth of such large disturbances, that is
absent from the theory for small disturbances, is self-convection of
the disturbance-vorticity distribution (as distinet from its convection
by the undisturbed flow, or the convection of undisturbed vorticity
by the disturbance). A possible way in which self-convection may help
a fluctuating vorticity distribution to grow is by changing the mean
vorticity distribution so as to make it more unstable (perhaps intro-
ducing a maximum in the midst of the layer); other possibilities are
discussed in Chapter 1X.

‘The second factor is that Ry, at least in external aerodynamics, in-
creases with distance in the direction of motion. Now, under ‘smooth”
conditions (of low mainstream turbulence, vibration, roughness, ete.),
disturbances may be expected to follow the stability theory at least
initially, and this has been verified experimentally in certain cases
(Schubauer and Skramstad 1947). In particular, they have a certain
rate of amplification with time, but also are convected downstream
(more precisely, they travel at the appropriate group velocity, with o
a certain degree of dispersion, which causes a localized disturbance to
grow in size). As they hecome amplified, the effeet of self-conveetion
may inercasoe the amplification vate, ol least ab fivaty hat disturbanees
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must have reached regions where Rg is substantially greater than ity
critical value before they attain the ‘equilibrium’ turbulence level
(Section 3.3).

There is then some further delay before different localized disturbancen
have grown to fill the whole flow. This occurs in a ‘transition region’,
which in the much studied boundary layer with uniform external (low
is from a quarter to a half as long as the distance of its front from the
leading edge. It is filled with a random collection of ‘turbulent spotu,
which grow as they move downstream until spots all over the surlice
have merged into one turbulent boundary layer (Emmons 1951, Sehu
bauer and Klebanoff 1955, Hama, Long, and Hegarty 1957, Dhiawan
and Narasimha 1958). The velocity variation at a point is found, hy
hot-wire measurements (Chapter X), to be almost steady at its luminm
flow value, except during intermittent ‘bursts’ of large, turbulent
fluctuations, during which all characteristics of the record, including
mean velocity, are as in a fully turbulent boundary layer. An intoredl
ing feature of the spots or bursts is their ‘sharp front’. Like the simpler
self-convection processes which can give a sharp front (the ‘shock wive’)
to high-frequency acoustic pulses, the self-convection of turbulent vorti
city shows a tendency (only partially understood) to steepen the vorticity
gradient at the edge of a patch of turbulence; this tendency prevonts
its weakening by diffusion, and is responsible also for the sharpness ol
image of bullet wakes in spark photographs, such as Fig. I1. 20 (P'lato)
As the fraction of time occupied by these bursts increases from 0 (o |
through the transition region, all averaged properties (inelnding sl
friction, see Section 3.3) adjust proportionately, from laminar-layer (o
turbulent-layer values.

Under ‘smooth’ conditions, it has been found that transition does
not normally begin before a point, at which small disturbances, ol nl
least some frequencies, should have been amplified by a factor of order
104, according to calculations (Smith 1956a) which allow for the viwin
tion of amplification rate as the disturbance passes through parta ol
the boundary layer with different undisturbed-vorticity distributions,
but ignore its dependence on amplitude. On the other hand, a much
gmaller factor would suffice in rough conditions,

Ifor example, in a layer with uniform external flow, the ervitical /1
(hased on displacement thickness) is 420, which gives 610 Tor I,
(haged on the distance @ from the point of attachment). Butl the valne
of Ry, at the heginning of transition is around 3,000 under pmoolh
conditions (giving £, 3109 and it flls away as the degroe ol
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disturbance increases, to a minimum around.Rs, == 500 (giving R, =
8¢ 10%); in this very ‘rough’ flow, the ‘two factors’ which were discussed
above almost cancel. -

If, however, the boundary layer passes into a region of retarded flow,
the critical g, quickly falls (say, to around 100), while §, rapidly in-
creases (Section 2.4); this may jerk a laminar boundary layer into
turbulence, well before it would have separated, and thus help it, as
we shall see, to avoid separation altogether. On the other hand, in the
region of accelerating flow near the front stagnation point, the critical
Rs, is around 10%, while the layer is thin, and transition occurs in this
region only at values of R, exceeding 108, Then, as the external-flow
gradient U’ falls, so does the critical Ry, while 5, increases, and transi-
tion becomes steadily more likely.

Although the above remarks about this difficult subject are based
largely on data for two-dimensional boundary layers, they are believed
to have substantial general value, except in that, for three-dimensional
flows, the instability of the streamwise vorticity distribution (Section
3.1) is an important additional source of transition.

a

3.3. The turbulent boundary layer

We pass now to a subject where enormous volumes of quantitative
information exist, but of which a brief qualitative survey will suffice
for the purposes of this volume.

Although the rate of amplification of disturbances to a boundary
layer may be initially positive, and even increasing with amplitude, it
becomes zero by the time the layer is ‘fully turbulent’, when the ratio
of the root-mean-square fluctuation of velocity to the external flow
velocity has a maximum of around 10 per cent. (attained, as we shall
see, very close to the wall) and shows no further tendency to increase.

‘One reason for this change is that turbulence redistributes the vorticity

in such a way that viscous diffusion becomes more effective in counter-

ing the amplification of the disturbances. Especially, it concentrates
most of the vorticity much closer to the wall than before, although at
the same time allowing some straggling vorticity to wander away
from it farther. Fig. II. 21 (derived principally from Schubauer and
Klebanoff 1955) shows the vorticity distribution in a two-dimensional

laminar layer with uniform external flow, where transition heging, at

R, = 2:3x 105, and also the distribution of the mean vorticity @, and
of the root-mean-square fluctuation of vorticity ofm} = {{m —@)*!, in
the fully turbulent layer at the vear ol the transition vegion, where

e, I1. 20, Spark photograph of the wake of a hulloet,
(Ballistics Research Laboratory, Aberdeen Proving
Ground, 1958)
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R, = 3-3X10% During transition some 95 per cent. of the vorlicily
has moved cloger to the wall, much of it very close indeed; the mcean
vorticity at the wall, &, (which is 7,./u, where 7, is the skin friction),
has risen to 8 times the laminar value, and & now falls precipitounly
away from this maximum. However, the other 5 per cent. of tho meun
vorticity has moved out much farther than it would have in the normal
development of the laminar layer.

103772,

1031.'}"?,"

Fig. II. 21. Distribution of mean vorticity in a boundary luyer with unilorm
external flow; (i) at beginning, (ii) at end, of transition. Curve (iii) gives rough
values of the root-mean-square fluctuation o(w) at the end of transition,

Downstream, the turbulent boundary layer grows principally by ox
tension of this “tail” of the vorticity distribution (a typical angle betweon
the edge of the boundary layer and the surface being 1°). By contrasf,
the mechanism concentrating vorticity close to the wall (which in
discussed below) permits that concentration to fall ofl only very
gradually indeed—much more gradually than the boundary-layor thiclk
ness increases. Nevertheless, small quantities of vorticity do continunlly
break loose from the region of concentration; and the fluctuations in w
(velocity component normal to the surface) which they themselven in
duce have a statistical tendency to spread that vorticity over o greator
and greater area. At any one instant the region of vorticily has wn
irregular edge, like that of the wake photograph 1ig, 11, 20 (Plale)
The turbulence is measurably intermittent in the outer hall” ol the

6718.49 1"
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boundary layer (Dhawan and Narasimha 1958), because the induced
velocity fluctuations in the irrdtational-flow regions between protruding
tongues of vorticity are relatively mild. By contrast, the ‘busy’ motion
ab the edges of those tongues (visible clearly in, say, a smoke, jet) is
continually forming convolutions which ‘entrain’ irrotational fluid into
the region of vorticity, where diffusion quickly makes it rotational.

This mechanism for spreading out the vorticity in, say, the outer
four-fifths of a boundary layer (or in the whole of a ‘free’ turbulent
layer, such as a wake) is analogous to the statistical mechanism of
diffusion (Section I. 3), except that the random motion is of lumps ‘of
vorticity instead of individual molecules. It is commonly referred to
as ‘turbulent diffusion’, and it has been shown that the resulting distri-
butions of mean vorticity and mean velocity in the regions in question
behave as if the diffusivity » (of vorticity or momentum) were increased
by the presence of turbulent diffusion to a much higher value vy
(Townsend 1956). For the turbulent layer of Fig. II. 21, vy/» is about
40, but it increases with the Reynolds number Rj based on layer thick-
ness. For a wake far behind a cylinder of drag D per unit length, vy is
about 0-02 D/pU,,. There is evidence in both cases that the effective v,
falls off in the region of markedly intermittent turbulence.

This statistically uniform churning-up of the outer four-fifths of a
boundary layer, by vorticity which has escaped from the region of
concentration, is both regulated as regards intensity, and also prevented
from acting unchanged in the inner fifth, by a mechanism depending
crucially on the presence of the solid surface, although assisted in its
operation by the outer vorticity fluctuations.

The main effect of a solid surface on turbulent vorticity close to it
is to correlate inflow towards the surface with lateral stretching. Note that
only the stretching of vortex lines can explain how during transition
the mean wall vorticity increases as illustrated in Fig. IT. 21; and only
a tendency, for vortex lines to stretch as they approach the surface and
relax as they move away from it, can explain how the gradient of mean
vorticity illustrated in Fig. IL. 21 is maintained in spite of viscous
diffusion down it—to say nothing of any possible ‘turbulent diffusion’
down it, which the old ‘“vorticity transfer’ theory supposed should occur.
It is relevant to both these points that Fig. IL. 21 relates to uniform
external flow, which implies zero mean rate of production ol vorticity
at the surface; but, even in an accelerating (low, the rate of production
U7 4 too small to explain either,

A simiplified illuatration of how inflow towardn o wall tends to go
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with lateral stretching, and outflow with lateral compression, in givon
in Fig. II. 22. Doubtless some longitudinal deformation is usually nlio
present, which reduces the need for lateral deformation ( |w|'hu‘|lm m
the average, by half). However, there is evidence (from attenipln o
l'ela’g-e different types of theoretical model of a turbulent houndary luyes
to observations by hot-wire techniques; see, for example, Townend

R, AN AR, S

7 7 7

Fre. IT. 22. Cm:relation of inflow with lateral stretching, and out(low willi
lateral compression, of vortex lines (the mean flow is normal (o the plano of
the paper).

1956) that the larger-scale motions (which push out the ‘tongnes’ ol
rotational fluid discussed above) are elongated in the stream direction,
an il their vortex lines had been stretched longitudinally by tho mean
shear; in such motions, the correlation between inflow and latoral
nlretehing illustrated in Fig. II. 22 would be particularly strong, Wao
miy think of them as constantly bringing the major part of the vorticity
i the layer close to the wall, while intensifying it by stretching, nnd,
doubtless, generating new vorticity at the surface; meanwhile, (hey
relax the vortex lines which they permit to wander into the outer layer
Hialler-scale movements take over from these to bring vorticity uhill
clopor to the wall, and so on. Thus, the ‘cascade process’, which in freo
lirbulence (see, for example, Batchelor 1953) continually passes (he
pnerpy of fluetuations down to modes of shorter and shorter longih
sonle beeause at high Reynolds numbers motions in a wholo range
ol nenles may be unstable, which implies that motions of smaller nenle
cian extract energy from them-—this easeade process hag the additionnl
clieol in o turbulent boundary layer of bringing the {luetuations into
cloner and eloser contact with, the wall, while their vortox lines aro more
wnel more stretehed.,

Ullimately, they reach a region where gradients have hecome no
koo Chat viscous diffusion counteracts the effect ol Turther slreteh
e A measure, g, of the thickness of the ‘viscous sub-loyer', whore
s o diffusion the mean vorticity has veached o unilorm vl
Eotieh i ), s obtained by balancing rates ol difTusion, ol order o, 1y,
Al ol conveotion, of order (6, 4)d,,, to give

Ui (/i ) vy, /p) . (45

Eopenimentally, uniformity ol o extends to ahoud by (Townuend
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1956; but this is nof a ‘laminar’ sub-layer, as supposed in the early
literature; the root-mean-square fluctuation of w is about 30 per cent.
of the mean). On the other hand, viscous diffusion ceases to be im-
portant compared with. convection effects for z > 307, We should note
the extremely small value of 5, as appears from the order of magnitude,
30, of the Reynolds number Uxy/v.
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Fra. I1. 23. The law of the wall (mean values). A plot of &/@y, (2/1)(@/dy),
and @/@y,n against z/y in the equilibrium layer near a solid surface (Laufer
1954).

Experiments on a wide range of turbulent flows (including flow in
pipes) have shown that a.layer adjacent to the solid surface, of thick-
ness far greater than », and nearer to a tenth of the thickness of the
whole region of vorticity, is approximately identical in structure (statis-
tically speaking) in all su¢h flows, differing only in intensity, as measured,
say, by @,,. The violent agitations of such an inner layer maintain its

+ ‘equilibrium’ of structure, although the fluid in it may have come from
a region where &,, was different, because the downstream convection
process is slow by comparison. It follows by dimensional analysis
(Section I. 5) that any quantity in this region, when multiplied by a
combination of @&,, and the constants p and p to make it non-dimensional,
is a function of z/n alone (the ‘law of the wall’). This functional rela-
tionship, for various means and standard deviations of observed quanti-
ties, is'given in Figs. IT. 28 and 24. The simplifications for z/y = 30 may
be ascribed to the unimportance of viscous diffusion in this region,
where the transport of momentum towards the surface, al o ralo 7,
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per unit area, to make up for the momentum removed there by ulin
friction, takes place solely by turbulent convection. In this region, «,
for example, depends on 7, p, and z alone, giving
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wall. Because of the mechanism, which continually concentrates vorti-
city at the wall, a much more extensive region of negative vorticity-
source strength /U at the surface is required to reduce &, to zero
than for the laminar layer, a typical required reduction in U being not
5 per cent. but 30 per cent. This is why transition to turbulence may
so greatly delay, or even prevent, separation.
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Fic. II. 25. The local skin-friction coefficient C; plotted against 2, for boundary
layers on smooth surfaces with uniform external flow and different values of B,
at transition. *

We illustrate also, in Fig. II. 25, the variation of the skin-friction
coefficient, | O U T, (35)
for uniform external flow over a smooth surface with various values of
R, at transition (Dhawan and Narasimha 1958). These graphs have
general illustrative utility, since for the reasons just given 7, depends
less strongly on the distribution of U with # than in a laminar layer.
For rough surfaces, the gradual change in C;, as R, increases, flattens
out to a constant value where the Reynolds number of the flow over
a typical roughness element becomes large enough for it to shed a
turbulent wake; in ‘the case of a very rough surface, a rather abrupt
rise, to a value as high as 0-01, ‘may precede this flattening (Goldstein
1938, p. 380).

4. Variation of flow patterns with Reynolds number
4.1. Flow around bluff bodies

To illustrate how knowledge of the properties of vorticity, houn-
dary layers, and turbulenee is applied, we end this chapter with some
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remarks on the variation of the flow pattern with Reynolds numbor,

B = pU,lfu = U,lp, (106)
for the steady flow about a stationary body of length-scale /, and given
shape and attitude, under conditions when p and p can be vegarvded ny
constant; such flow patterns were shown in Section I. 5.1 to depend
on R alone. Tirst, we consider ‘bluff bodies’, which inelude most shingion
not specifically ‘streamlined’ for good aerodynamic performance, wnd
which may be defined as those for which ‘thin-wake’ flow is impousiblo,
however far forward the boundary layer may increase its registance (o
separation by transition to turbulence.

When R is very small indeed (say, R << 1) a type of llow very
different from those discussed earlier in this chapter occurs (sco Chaplor
IV). This is because convection of vorticity is slow, compared oven
with, diffusion over distances of order /. It follows thaf, in the oufo
regions of vorticity, convection proceeds at almost the uniform speed
(7., which, balanced against a speed of order v/s for diffusion (hrough
distance s, gives v/U, as a measure of the upstream penctration ol
vorlicity, instead of the \/(v/U,) for large R which. follows from (he
wie of (14). Actually, diffusion makes the vorticity fill an enormons
paraboloid of revolution, with focus in the body and vertex a dintance
of 2 or 3 times v/U,, upstream of it.

Near the body, on the other hand, the scale of the vorticity varin
(onu is ¢, and henee diffusive flow is large compared with conveolive
flow, Accordingly, the separation mechanism, whereby (Scetion 2.0)
conveetion continually alters the vorticity distribution so ag to eall Tor
peneration, over parts of the surface, of vorticity in the opposite nenne,
(il to operate; on the contrary, as vorticity diffuses nway from (he
by, its effeet in maintaining the no-slip condition al the swlhee i
woenliened, requiring the generation of more vorticity in the swme sonpe
Therelore, separation does not oceur, or, morve precisely, in deliyed
anlil o tinal ‘nodal point” at the rear of the hody.

i this type of low, which is treated in detail in Chapler TV, viscons
slressen near the hody arve of ovder g, /1, as also ave dynamie preganres,
sien Che nsuad tormy of order pt% needed to malio dynamic presine
poadicntn balancee changes of momentum, are small compared with
e ol order 0 needed to malke them balanee geadionts ol vineong

b L0 ollows that the deag is ol order w07 8 Tor very nmall B no

fhat e cootbieient ¢, (Section 1, 6.2) sadindion

'y /R an B0, (1)
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where A is a constant, which is 24 for a sphere of diameter 7 if its
projected area 1ml? is used in the definition of ), equation (I. 44).

Similar arguments hold for two-dimensional flow about an infinite
cylinder, but the functional dependence of €, on R as R — 0 is slightly
different, because diffusion at a steady rate from an infinite cylinder
makes that which diffuses grow logarithmically with distance from the
cylinder, instead of becoming constant; it follows that a distribution
of vortieity diffusing to a distance of order »/U,,, and producing a total
change U, in velocity, must involve changes of order U log(v/U,1) -
over distances of order /. This alters the previous argument, introducing
a log(R-1) factor in the denominator of (', as in the formula

Cp ~ 8n/Rlog(7-4R-') as R0

for a circular cylinder of diameter I.

In the region between R = 1 and R = 10, convection of vorticity
near the body begins to assume the role described in Section 2, leading
to the formation of a separation line, which moves forward from the
rear as R increases above a value R, in this range. The flow then has
a separation bubble and a steady laminar wake, provided that R re- -
maing below the value R, at which the wake becomes unstable. Fig. II.
26 (Plate) illustrates three flows of this kind for the circular cylinder,
with R = 3-9 (which is near R,), B = 18-6, and R == 33:5. The last
value is large enough for the arguments of boundary-layer theory to
have real value; thus, the displacement thickness at the first point of
attachment is only 0-11 radii.

It is still not known for certain what determines the length of the
separation. bubble, or whether this would continue to grow with in-
creasing R if the flow did not become unstable above R = R,, which
is about 40 for the circular cylinder. Batchelor (1956) argues that 7,7
(where , is the length of the separation bubble) would tend to a constant
with increasing R, while C}, would tend to zero; but Imai (1957¢) argues
that I/l would increase in proportion to R, while (;; would tend to the
value given by the Helmholtz—Kirchhoff discontinuous flow theory.

The mode of redistribution of -vorticity which builds up to large
amplitude in the wakes of cylinders at Reynolds numbers just above
R, is of the general type illustrated in Fig. II. 18, leading to tho
staggered parallel rows of vortices known as Kdrmdn’s vortex street, -
Behind a circular cylinder, a regular street like that illustrated in 1fig,
1T. 28 (Plate) oceurs for Reynolds numbers between £, - 40 and around
200. Fig, TI. 27 (Plate) shows its build-up for five Reynolds numbers
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in this range, the lowest (B = 54-8) being near to the (somewhal in
creased) value of R, appropriate to the tunncl width that was wned
As R increases still more, other modes become capable of amplificulion,
which, together with the ‘cascade process’ (Section 3.3), namely (he
break-up of larger eddies by instability into smaller ones, produces n
more and more irregularly turbulent wake. When the vorticily clono
to the cylinder is fluctuating between large positive and negative values,
there is a substantial fluctuating lift on the cylinder (compare Section
2.5), and the equal and opposite reaction on the air gencrates the sound
known as Aeolian tones (Phillips 1956).

There is less information on three-dimensional bluff bodics, sueh oy
spheres, in this range of Reynolds numbers, but values of £t appenr (o
be higher, about 500 for spheres (Schmiedel 1928, Maller 1938), hecnti
no mode of vorticity redistribution in their wakes has the very marked
instability of rows of staggered parallel vortices. The dominant modo
is often a spiral vortex. Similarly, B, is greater (around 17) for sphores
(Jenson 1959).

The configuration of mean streamlines (curves to which the menn ol
he velocity vector is everywhere tangential) in the turbulent vegion
immediately behind any bluff body is often similar to what it would
be in laminar flow with » inecreased to a greater value, the ‘eddy
viscosity” vy (compare Section 3.3). The ‘effective Reynolds number
' d[vy, based on eddy viscosity, is commonly between 40 and H0 [0
cylinders (Imai 1957¢). Accordingly, the part of ¢/, due to surfnee
presgures, which depends largely on this mean-streamline pattorn, o
muning approximately constant from R = R, up to the valuo i/
(ol order 10%) at which boundary-layer transition beging (o afleel tho
poparabion point. At the same time, the part of €', due to skin friction
[ully in proportion to R-%, sinee the viscous stresses which produco i
wro ol order pU, /3, which in turn is of order pU? ' hecaune the
houndary-layer thickness 8 is of ovder (vf/U. )t Iig, L1 20 illusteaton
these effects for a cireular eylinder. Tor a sphere, the two parts of
v not been separately measured, but the varintion ol €', with #
(1M, 11, 30) is eongistent with a pressure contribution of wround O il
u b friction contribution of around 721 (compare 1O and 4401 (o
the viroudar eylinder),

o hoth shapes there ds aostriking fall in ) when B8 passen theongeh
e oritienl valne £2, (defined conventionally for the sphoere s the v
i which €'~ 08), AL 1R 1, teansition in the boundary Lyes

Lo Lo |um‘|-(|u :‘ulmr.uliun, e Lhoerelore to postpone il (Hectton )
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The fall in Cp, due to the resulting narrowing of the wake region of
fluid disturbed by the body, is not quite abrupt because of the inter-
mittent character of trangition (Section 3.2).

The fact that R, depends, not only on body shape, but also on less
obvious features, such as roughness and the level of turbulence in the
wind-tunnel, an increase in either of which tends to reduce R, (Section

151 \\
\ ———— Ixperimental results for £ > 8
kS (i) Relf (1914)
\ (ii) Prandtl ef al. (1923)
L Theoretical form Cp, ~ 8x/Rlog(7-4R-1)
10 for low R
= -rm-emeeeeeeoo- Clonjectural interpolation
]
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Fia. II. 20. Drag coefficient ('} as a function of R for flow about a ecircular
eylinder, with the separato eontributions (obtained by Thom 1928) Cp,, (due to
normal pressure) and Cp; (due to skin friction).

3.2), means that, near R = 10°, such non-dimensional coefficients as
C,, are not unique functions of R for a given shape (Figs. IL. 29 and
30). This illustrates well (compare Section I. 5.5) the dangers of too
simple-minded an approach to dimensional analysis; one might assume
from the smallness of non-dimensional parameters formed from the
roughness height ¢, or the root-mean-square velocity fluctuation u” of
the undisturbed stream, that these would not affect the flow pattern,
but the experimental failure of the resulting similarity law near £ - 10°
tells us that in this region such factors do play a part.

Suberitical and supercritical distributions of pressure around a sphere
are plotted in Fig. IL. 31. The supercritical distribution is close to the
theoretical distribution for irrotational flow up to the separation poind
(0~ 1407); the slight inflexion in the enrve is due to the sudden drop
in displacement thickness on trangition, g vorticily moves in towirdn
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the wall (Section 3.2); while, beyond the separation point, we havo
locally almost hydrostatic conditions. By contrast, the earlicy sepurn
tion in suberitical flow raises the pressurc even upstream of it. An K
increases beyond E, the extent of the turbulent boundary layer in
creases, and there is some resulting rise in €, (Figs. IT. 29 and 31 N,

3-0r
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— 10
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l"n:v. [1. 30. Drag coefficient (', as a function of £2 for flow aboul n uphere
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exprossion Oy == 24/ for small 2. 10or the dash-dotbed line, voprosonting Opeon '
theovotical valuo €' = (24/R)(1-|- i 12), soo Chaptor 1V,

Prandtl’s photographs (Fig. 11, 32 (Plate)) of two (lows pagl o sphore,
Al Reynolds number which the “trip wire’, present only in the necond
cane, mnllices to make supereritical, show the delay in separation il
reduction in breadth of wake that houndary-luyoer trangition prodiees
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ball difficult to hit. A cunning bowler can achieve this condition late in
the ball’s flight; for example, A. V. Stephens found in unpublished work
that, with the seam at 20° incidence, the lift became far less at slightly
higher speeds, when turbulent separation occurred on both sides.
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Tra. II. 81. Pressure coefficient C), = py/(3pU'%), as function of angular
distance @ from front stagnation point, on a sphere in uniform flow: (i) sub-

theory. - (Fage 1936a.)

Popular opinion, that the effect operates best at high relative humidity,
could conceivably have foundation in fact if condensation on to areas
of high concave curvature (Section I, 3.2) acets to smooth out roughnessen
capable of preventing laminar flow,

Bodiea with palient edgos offen have the line of sopaeation fixed nl
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Fia. IL. 33. Flow up a step.

(Farren 1938)
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is accelerating, but flow around it would involve retardations (hal
would separate any boundary layer. For such bodies and aftitudon
there is no critical Reynolds number; thus, for a long flat strip normal
to the stream, Oy (based on the area of the strip) is constant al 2:0 for
R > 1,000.

On the other hand, separation occurs already ahead of any corner
which is concave to the surface, since this would be a stagnation poinl
of an irrotational external flow. Fig. IT. 33 (Plate) illustrates the sopari
tion bubble produced in the corner for ‘flow up a step’, with laminar
separation; a turbulent boundary layer, on the other hand, yicldn
shorter bubble because it can support a greater retardation hefore
separating.

4.2. Flow over streamlined bodies

Bodies ‘streamlined’ to achieve thin-wake flow, with the objecl of
reducing €}, to values small compared with 1, will now be discussed
at values of R other than those very low ones at which, because separn
tion is not expected in any case, their behaviour differs insigniflicantly
from that of bluff bodies.

As noted in Section 2.5, it is only extremely slender bodies that can
avoid separation of a completely laminar layer. One such is o Jou
kowsky aerofoil of 5 per cent. thickness-chord ratio, which in wym
metrical flow has a laminar, unseparated boundary layer up (o o
Reynolds number R, (based on the chord ¢) of around 510" with
Cp around 3-6R-* (Fage, Falkner, and Walker 1929; this exceodn tho
value 2:7R~* for a flat plate parallel to the stream because of the more
rapid thickening of the aerofoil boundary layer in the region of returded
flow). Again, on a suitably designed body of revolution in axinym
metrical flow, an unseparated laminar layer can be achieved above i
‘fineness ratio’ (length to maximum cross-sectional diameter) of avonnd
7, and the drag is once more slightly above that of a flat plate of the
same surface area (Millikan 1932).

As R increases beyond the value at which transition (ivsl appenry
near the trailing edge, the point of transition moves bacle, bul the drag
coefficient varies little, because the increase due to the spread of (ho
turbulent layer, and the decrease (like 22-%) in the contribution of thoe
laminar layer (together with. a much more gradual decreage in that ol
the turbulent luyer), almogst cancel out. Finally, when /s so great thnd
practically the whole layer is turbulent, the drag is almost the pme
o on o lal plate of the samo surfaes wren, sinco non-uniform oxternnl
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flow affects turbulent layers only slightly; in partimﬂar, it decreases
gradually with increasing R (Fig. I1. 25).

Surface roughness and mainstream turbulence cause transition to
begin at a lower value of B, in which case the level of ('}, remains higher
during transition. In the fully turbulent régime, roughness also causes
the fall in (, to be arrested at a certain value of R, and C, then levels
out to a constant value, sometimes after a preliminary rise (Section 3.8).

Between these results for extremely slender bodies and those discussed
in Section 4.1 for bluff bodies (with €, a function mainly of the position
of separation), there is a fine gradation of intermediate cases; in these,
there is some postponement of separation as B passes through a critical
interval and transition begins to precede it, but with moderately slender
bodies the associated drag reduction may be much smaller than in
Section 4.1—say, of the same order as the changes associated with
dependence of skin friction on Reynolds number in the interval. In
such a case the critical value of B may be not at all obvious from the
vagaries of the (Cp, R) curve.

For aerofoils at small angles of incidence « to the oncoming stream,
cast-off vorticity leads to a flow ‘with circulation’ (Section 2.5), in
which the external flow velocity takes higher values on the upper
surface (so that the pressure is lower there and the aerofoil experiences
lift). The boundary layer on this surface is then more prone to separa-
tion than that on the lower surface (since the velocity on each must
fall to the same value at the trailing edge); but, also, it will become
turbulent at a lower Reynolds number R, based on distance x from
the leading edge (and so be helped to resist separation). These two
facts lead to complicated variations in the lift coefficient (', as well
as in Cp, as « and B, vary (see, for example, Thwaites 1960).

The most important moral to be drawn from all these considerations
is that already noted at the end of Section I. 5.5, that there is no
cessation of dependence on R when E reaches large values—marked
variations in non-dimensional quantities being still prominent for R
around 105, Before this wag fully realized, much. wind-tunnel work, in
which models were tested at Reynolds numbers from 10° to 10° in the
hope of getting information on full-scale flows at Reynolds numbers of
about 107 or more, was practically useless.

Later, it became accepted that, since at the Reynolds numbers’

relevant in full-scale aeronautics (Section I. 5.3) almost the whole
boundary layer is turbulent, the main aim in model testing should ho
to ensure this, by combining as. high o Reynolds number ag could con

II. 4 AERODYNAMICAL BACKGROUND Il

veniently be achieved with a sufficiently high level of tunnel turbulence
or with suitable trip wires or roughness elements on the model (Punk

hurst and Holder 1952). By these means the major features of the llow
pattern can be correctly reproduced—although, to be suve, the delailed
turbulent-boundary-layer characteristics are not identical, and certiin
features at high angles of incidence (see below), depending on (he
detailed state of the boundary layer very near the leading edge, nre
not reproduced well.

At a still later date, the possibility of large increases in the area of
laminar flow being achieved, even at the high Reynolds numberi ol
full-scale flight, which would lead to very important reductions in (',
began to be extensively studied (Goldstein 1948a). In contrast (o the
work just described, this requires the use of wind-tunnels of exiremely
low turbulence (Chapter X). The aerofoil must also be very wmootl,
and often is specially designed to have accelerated external Hlow over
as large a fraction (say 0-5) of its surface as is compatible with other
requirements. In addition, transition may be delayed by ‘boundury
lyer suction’, boundary-layer fluid being sucked away through a st
able porous surface; this helps to stabilize the boundary luyer hy
reducing Rs, as well as by changing the distribution of vorticity (o one
of o more stable type, and the power required for such, suction in much
losss than the power saving due to the reduction of (. Dillicultics wrine,
however, because the tendency of any roughness clements (wny, ol
height €) to promote transition is increased by the reduction ol o nnd
consequent increase of ¢/8; in addition, operational diflicultios associntodl
with the practical use of porous or specially smooth surlaces have no
{ie prevented their adoption in aeronautics.

A more widespread form of ‘boundary-layer control’ uses a variely ol
dovices to prevent local separations. These include the sueking awiny
of (he entive boundary layer at a ‘slot’, on the downstreanm shoulider
ol which a completely new boundary layer becomes attached, 'The
noroloil shape near the slot can be designed so that tho oxtornal low
downstream of the slot is mueh, slower than that upstream, and in thin
wiy v laege retardation is achieved without separation (Goldubein 1hHe),

\ernatively, separation can be avoided by deviees such an "vortes
ponerntors’, which are tiny vanes whose action inereages [he misxing in
the turbulent boundary layer above its equilibrivm lovel, and wo pro
mialen The transport of vorticity towards the wall,

A the angle of incidence o of an aerofoil in inceveased, Che oxtornnd
How veloeity develops o higher and higher peake ab the leading edgo,
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which depends on the fact that velocities in irrotational flow must be
greatest on the inside of a bend, and builds up most rapidly if the
leading-edge radius of curvature is low. Sooner or later, the retardation
following this peak produces separation close to the leading edge, fol-
lowed by an extensive wake region including the whole upper surface
of the aerofoil; there is loss of lift, and a very large increase in drag,
and the aerofoil is said to be stalled.

Before the stall is reached, there can be a local separation of a laminar
layer at the leading edge, followed so closely by transition in the
separated layer that reattachment is made possible; this ‘short bubble’
condition is dangerous, as further increase of « may lead with unpleasant
suddenness to complete stalling (Owen and Klanfer 1955). On the other
hand, at lower Reynolds numbers (but still greater than 10°) one may
find instead a ‘long bubble’ extending with increase of incidence to give
a gradual, and therefore safer, stall. There are many other complica-
tions of stalling behaviour; these sometimes include oscillations of large
amplitude in the separation position and wake shape; ‘hysteresis’ is also
common, with the stall ceasing, as « is gradually decreased, at a lower
value than that at which it appeared when « was increased (Farren
1935).

Three-dimensional wing aerodynamics will not be discussed here, as
the general account of the thin-wake theory and of the varieties of
possible surface topography in separated flow (Sections 2.2 and 2.7;
note especially the discussion of ‘tip stalling’) are equally applicable
when the boundary layer is wholly or partly turbulent.

On the other hand, we may note the useful comparison that has been
made (Allen and Perkins 1951) between flow over slender bodies of
revolution at high angle of incidence and the development in time of
the flow around a circular cylinder which suddenly begins to move
through a field. The basis of this comparison is that, as a large lump
of fluid sails past the yawed body, it is confronted with an obstacle of
circular cross-section whose position relative to the lump changes at
the rate U, sin «. This may cause the lump of fluid to develop a boundary
layer of axial vorticity, growing as deseribed in Section 2.1 and then
separating, first at the rear and then farther forward, as deseribed in
Section 2.2, Next, the wake, left behind the ‘eylinder’ in its motion
relative to the lump, grows to its steady size, becomes ungtable and
begins to cast off vorticity of alternating sign (Section 4.1). Interpreting
this development in time as a development with distance along (hoe
body ag the lump moves downatream from Che nose, we are led to
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possible picture of the flow, Fig. TT. 34, which experimental studics hayo
confirmed. Such flow has the practical advantage of a substantinl il
force centred reasonably far back from the nose, but may have (he
disadvantage of a fluctuating side force (normal to the planc in which
the axis of the body is yawed), due to the first cast-ofl vortex leaving
at some times from one side and at others from the other.

Fra. I1. 34. Flow around a yawed body of revolulion,

This very brief survey of a variety of complete flows in Section 4l
shown in part how knowledge of boundary layers can be used (o illumi
nate whole flow patterns. To go farther, one must combine this know
ledge with a study of the properties of possible external flows, 1I'hin in
the aim of the companion volume, Incompressible Aerodynamics,



