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Abstract

Weshow thatsymmetry, representedby agraph'sautomorphismgroup,canbeusedto greatlyreduce
thecomputationalwork for thesubstitutionmethod.This allows applicationof thesubstitutionmethod
over larger regionsof theproblemlattices,resultingin tighterboundson thepercolationthresholdpc.
We demonstratethesymmetryreductiontechniqueusingbondpercolationon the(3; 122) lattice,where
we improvetheboundsonpc from (0:738598; 0:744900)to (0:739399; 0:741757), a reductionof more
than62%in width, from 0.006302to 0.002358.

1 Intr oduction

Percolationprocesseswereintroducedin 1957by BroadbentandHammersley [3] asmodelsfor the�o w
of �uid througha randommedium. A Bernoulli bondpercolation modelis comprisedof an in�nite
lattice graphG, with eachbond (that is, edge)independentlydesignatedas openwith probability p,
0 < p < 1, andclosedotherwise.The openclustercontaininga speci�c vertex v 2 G, denotedCv ,
is the setof all verticesthat canbe reachedfrom v througha pathof openbonds. Let P G

p denotethe
probabilitymeasurecorrespondingto probabilityp. An importantquantityis thepercolationprobability
� G

v (p) = P G
p (jCv j = 1 ). Thecritical probability, alsocalledthepercolationthreshold, of thelatticeis

thende�ned by pc(G) = inf f p : � G
v (p) > 0g, which is independentof thevertex v if G is connected.

One goal of percolationtheory is to understandthe dependenceof the critical probability on the
propertiesof a latticegraph,andto �nd accurateapproximationformulasbasedon theseproperties.To
developsuchapproximationswe�rst needto know thecritical probabilitiesfor avarietyof lattices.This
hasprovento bea dif�cult problem.After almost40yearsof effort, exactcritical probabilityvaluesare
known for only a handfulof lattices,andthepublishedapproximationsfor otherlatticesareeitherloose
boundsor not rigorouslyobtained(for example,from simulations).

The substitutionmethodwasintroducedby Wierman[15] asa techniquefor rigorouslydetermin-
ing boundson pc(G) for many two-dimensionalbondandsitepercolationmodels.Wiermandescribes
severalrecentresultsobtainedusingthesubstitutionmethodin [16], [17], and[18] .

Unfortunately, thereare computationaldif�culties when applying the methodover large portions
of the lattice, so the boundsobtainedare often not tight enoughto either reject or strongly support
conjecturedcritical probabilityvalues,or to becompetitivewith simulationestimates.In this paperwe
introduceacomputationaltechniquethatallowsusto applythesubstitutionmethodto a largersubgraph
of the lattice, thusobtainingtighter boundson the critical probability. The basisof the improvement
lies in exploiting symmetryof the �nite subgraphG usedasthesubstitutionregion. This symmetryis
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encapsulatedin theautomorphismgroupof G. Whenwe apply theautomorphismgroupactionto the
partiallyorderedset(poset)thatdescribestheconnectivity of thesubgraph,wereducetheoriginalposet
to amuchsmallerposet.Thesubstitutionmethodcallsfor �nding theextremalsolutionsfor polynomial
equationsderivedfrom up-setsof theoriginal, large,partially orderedset.We will show thatwe obtain
the samesolutionsby searchingthe symmetryreducedposet. This makesthe algorithmtractablefor
largerregionsof theunsolvedlattice,sothatwecanobtaintighterboundsonpc.

The improvementdue to the resultsof this paperis beyond that achievable by improvementsin
computingpower alone. In the illustrative exampleof Section5, thereis six-fold symmetry, which
reducesthesizeof theposetfrom 203to 37 elements.Thenumberof up-setsis reducedfrom greater
than1027 to 95,708. Thus the reductionof the sizeof the posetby a factorof around6 reducesthe
numberof up-setsby roughlythesixth root.

Note that symmetrywasusedin a lesssystematicfashionin Wierman[17] and [19]. Due to the
resultsof this paper, thedetailedjusti�cations in Section4 of [17] andSection4 of [19] areno longer
necessary.

This paperis organizedasfollows. In Section2 we review thesubstitutionmethod,its theoretical
foundation,andthede�nitions andnotationusedthroughoutthis paper. In Section3 we show how the
automorphismgroupof the substitutionregion subgraphcanbe usedto reducethe partition lattice to
the muchsmallerclasslattice. Section4 containsour main theoreticalresult,wherewe show that the
extremalup-setequationsolutionsontheclasslatticeequaltheextremalsolutionsonthepartitionlattice.
Dueto thereducedsizeof thelatticethesesolutionscanbefoundwith muchlesswork.

In Section5 we usethe improvedalgorithmto calculateboundson pc for the (3; 122) lattice. Our
calculationtightensthe rigorouslyobtainedbounds(seeWierman[18]) from (0:738598; 0:744900)to
(0:739399; 0:741757). Thereis a longstandingconjectureby Tsallis [13] that the exact percolation
thresholdfor this lattice is :739830: : :. While our rigorousboundsdo not reject this value,the trend
of lower boundssuggeststhatTsallis's conjectureis too low andmaybedisprovedwhenwe apply the
substitutionmethodto asuf�ciently largeregion.

Work by otherresearchersalsocastsdoubtonTsallis'sconjecture.Tsallisusedthesametechniqueto
calculateconjecturedthresholdsfor boththe(3; 122) andKagoḿelattices(:739830: : : and0:522372: : :,
respectively). Using the hull-gradientmethod,Zif f andSuding[20] �nd a pc valueof 0:5244053�
0:0000003for the Kagoḿe lattice. Jensenet. al. [4] provide further evidence(not proof) that the
valueconjecturedby Tsallisis too low for theKagoḿe lattice.Thusthereis accumulatingevidencethat
Tsallis's techniqueproducespc valuesthataretoo low.

Finally, in anappendixwe show how to calculatethenumberof elementsin thesymmetryreduced
poset.Thiscalculationis neededto verify resultsin thecomputerprogram,aswell asbeinganinteresting
problemin its own right.

2 The Substitution Method

The substitutionmethodwasintroducedby Wierman[15] to �nd boundsfor the critical probabilities
of bondpercolationmodelsin two dimensions.It allows oneto derive informationby comparingthe
percolativebehavior of two differentlatticesatdifferentparametervalues.Typically theunsolvedlattice
is comparedto a referencelattice with exactly known critical probability, in orderto gain information
abouttheunsolvedcase.

Consideran in�nite lattice G that may be decomposedinto a union of isomorphic,edge-disjoint,
�nite, connectedsubgraphsin sucha way thateveryedgeis in a subgraphandeveryvertex is in at least
onesubgraph.Verticesthatarein morethanonesubgrapharecalledboundaryvertices. A pathon the
latticemayenteror leave thesubgraphin thedecompositiononly throughits boundaryvertices.

Now considera�x edsubgraphG in thisdecomposition.DenoteitsboundaryverticesbyA; B ; C; : : :.
Any designationof edgesasopenor closedon G determinesa partition of the boundaryverticesinto
clustersof verticesthatareconnectedby openedges.Eachsuchboundarypartition, or simplypartition,
maybedenotedby a sequenceof verticesseparatedby verticalbars,whereverticesarein distinctopen
clustersif andonly if they areseparatedby averticalbar. For example,if theboundaryvertex setconsists
of A; B , andC thenAjB C indicatesthatB andC arein thesameopencluster, but A is in a different
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cluster.
Given the boundaryvertices,we useB to representthe setof all partitionsof the setA; B ; C; : : :.

A partitionof A; B ; C; : : : is in B regardlessof whetheror not thereis a collectionof openandclosed
edgesin G thatgiverisethatpartition.

A partition� is a re�nementof partition� , denoted� � � , if everyclusterof � is containedentirely
in a clusterof � . Thesetof boundarypartitionswith re�nementform a partially orderedset,calledthe
partition lattice P. (It is a latticebecauseall pairsof elementshave a leastupperboundanda greatest
lower bound). � is saidto cover � if � < � andthereis no element� 2 P satisfying� < � < � . We
write Pn to indicatethepartitionlatticewith n boundaryvertices.

We will usesomestandardterminologyfrom the literatureon partially orderedsets(seeStanley
[9]). Themaximalelement,̂1, is thepartitionwith all boundaryverticesconnected,while theminimal
element,̂0, haseachboundaryvertex in a distinctcluster. A chain is a subposetof P in which any two
elementsarecomparable.In contrast,an antichain is a subposetof P in which any two elementsare
incomparable.Thelengthof a chain`(C) is de�ned `(C) = jCj � 1. Therankof Pn is themaximum
lengthof a chainin Pn , which is easilyseento be n � 1. Every maximallengthchainof Pn hasthe
samelength,so Pn is said to be gradedof rank n � 1. In this casethereis a uniquerank function
� : P ! f 0; 1; : : : ; n � 1g suchthat� (x) = 0 if x is theminimalelementof Pn , and� (y) = � (x) + 1 if
y coversx in Pn . If � (x) = i thenwe sayx hasranki. For thepartitionlatticePn anelementof ranki
hasn � i clustersof boundaryvertices.Two posetsP andQ aresaidto beisomorphicif thereexistsan
order-preservingbijectionf : P ! Q whoseinverseis order-preserving,thatis:

x � y in P , f (x) � f (y) in Q:

TheBernoullibondpercolationmodelonGwith parameterp assignsprobabilityto eachassignment
of openor closededgesof G, which is calleda bondcon�guration. The bondcon�guration canbe
identi�ed with a subgraphof G by deletingedgesthat areclosedin the con�guration. If � represents
a bondcon�guration, thenV (� ) = V (G) andE(� ) � E (G), whereV (G) andE(G) arethestandard
notationfor thevertex setandedgesetof an undirectedgraph. We write 2E (G) for thesetof all bond
con�gurationsonG.

For theBernoulli bondpercolationmodeltheprobabilitypolynomialfor bondcon�guration� is

PG
� (p) = pjE ( � ) j (1 � p) jE (G) j�j E ( � ) j :

Probabilitymeasuresof individualbondcon�gurationsareat too �ne a level of detailto beuseful.More
oftenwe areinterestedin theprobabilityof setsof bondcon�gurations. Sincebondcon�gurationsare
mutuallyexclusiveevents,theprobabilitypolynomialfor asetS � 2E (G) is thesumof theprobabilities
of thebondcon�gurationsin S. Thuswe de�ne

PG
S (p) =

X

� 2 S

PG
� (p) =

X

� 2 S

pjE ( � ) j (1 � p) jE (G) j�j E ( � ) j

to representtheprobabilitypolynomialfor S.
An importantsetprobabilitypolynomialis theboundarypartition probability polynomial. Let � :

2E (G) ! B be the mappingfrom a bondcon�guration to its boundarypartition. Thenthe boundary
partitionprobabilitypolynomial,or moresimply thepartition polynomial, for theboundarypartition�
is

PG
� (p) =

X

� :�( � )= �

PG
� (p):

We oftenwrite � -polynomialto referto a genericboundarypartitionprobabilitypolynomial.
SupposethatanotherlatticeH maybedecomposedinto subgraphswith thesamenumberof bound-

ary vertices,correspondingto the substitutionof a subgraphfor eachsubgraphin the decomposition
of G. Considerthe subgraphH in H substitutedfor G in G, andidentify the boundaryverticeswith
A; B ; C; : : :. As above,aprobabilitymeasureP H

� (q) on thepartitionlatticeof partitionsof A; B ; C; : : :
is determinedfrom thepercolationmodelonH with parameterq.

In applyingthesubstitutionmethodto percolationmodels,therelevantcomparisonof two probability
measuresP G

� (p) and P H
� (q) on the partition lattice is stochastic ordering. An up-setof a partially
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orderedsetP = (S; � ) is asubsetU � S suchthatif g � f andf 2 U theng 2 U (notethattheempty
setis anup-set).If P andQ aretwo probabilitymeasureson P thenwe sayP is stochasticallysmaller
thanQ, denotedP � s Q, if P[U] � Q[U] for everyup-setU.

Thekey fact is that for probabilitymeasureson a �nite partially orderedset,stochasticorderingis
equivalent to the existenceof a coupling. This is a consequenceof Strassen's Theorem[11] (or see
Lindvall [5]). This meansthat if P G

� (p) � s PH
� (q), thereexist jointly distributedrandompartitions

X andY suchthat X is a re�nement of Y with probability one,X hasmarginal distribution P G (p)
andY hasmarginal distribution P H (q). Note thatX representsa realizationof thepercolationmodel
on G with parameterp andY representsa realizationof thepercolationmodelon H with parameterq
suchthatany pair of boundaryverticesthatareconnectedby anopenpathin G accordingto X arealso
connectedby anopenpathin H accordingto Y .

Combiningsuchcouplingsfor all copiesof G in thein�nite graphGwe obtaincoupledrealizations
of thebondpercolationmodelsonGandH suchthatany pairof boundaryverticesthatareconnectedby
anopenpathin G arealsoconnectedby anopenpathin H . Thusthepercolationprobabilityvaluesare
ordered:� G(p) � � H (q). If H is areferencelattice,andq0 = pc(H ), wemaydetermineupperandlower
boundsfor pc(G) by �nding pu = minf p : P G (p) � s PH (q0)g andpl = maxf p : P G (p) � s PH (q0)g,
respectively.

This characterizationof pu andpl maybereinterpretedasfollows. We de�ne theup-setprobability
polynomialfor G (andsimilarly for H ), by

PG
U (p) =

X

� 2 U

PG
� (p) =

X

� 2 U

X

f � :�( � )= � g

PG
� (p);

whereU is anup-set.An equivalentmeansof obtainingpl andpu is to solve for theextremalsolutions
in p to theup-setequationsP G

U (p) = P H
U (q0), overall up-setsU. NotethatP G

U (p) is a polynomialand
PH

U (q0) is a realnumber, sotheproblemreducesto �nding rootsof univariatepolynomials.

2.1 Propertiesof the Probability Polynomials

We establishsomepropertiesof theprobabilitypolynomialsthatwill beneededin this paper.
PG

� (p) is the (possiblyempty)sumof termsof the form pk (1 � p)n � k . If for any p 2 (0; 1) one
of thesetermsis greaterthanzero, then it is greaterthanzero for all p 2 (0; 1), andso is the sum.
Therefore:

Fact 1. For anypartition � , P G
� (p) is eitheridentically0 or P G

� (p) > 0 for all p 2 (0; 1).

Up-setpolynomialsareformedby summingthe� -polynomialsof anup-set.Let P G
U (p) beanup-set

polynomial. Exceptfor theup-setpolynomialfor theup-setgeneratedby the 0̂ partition,P G
U (0) = 0,

PG
U (1) = 1, andP G

U (p) � 0 8p 2 [0; 1]. For theup-setgeneratedby the 0̂ partitionP G
U (p) = 1 8p 2

[0; 1].
A standardcouplingargumentshows that P G

U (p) is a nondecreasingfunction of p, but we needa
slightly strongerresult. P G

U (p) is a polynomialonto [0; 1]. Fromthe IntermediateValueTheorem,we
infer thata solutionto theup-setequationexists,but neednot beunique.Let usassumethat thereare
two solutionsto theup-setequation,a andb, suchthata < bandP G

U (a) = P G
U (b) = y. SinceP G

U (p) is
nondecreasing,it mustbeconstantfor p 2 [a; b]. Theonly polynomialconstantonaninterval is constant
everywhere.But anup-setpolynomialis onto[0; 1], soit is notaconstant.Thuswe seethat

Fact 2. Exceptfor theemptyup-setandtheup-setgeneratedby thedisconnectedpartition, thesolution
to theup-setequationP G

U (p) = y for y 2 [0; 1] existsandis unique.

3 Group Actions

Thein�nite latticesanalyzedusingthesubstitutionmethodareusuallyderivedfrom tilings of theplane
by polygons.In suchcasesthesubgraphemployed in thesubstitutionmethodusuallyexhibits consid-
erablesymmetry. In this sectionwe exploit this symmetry, in theform of thesubgraph'sautomorphism
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groupAut (G), to reducethepartitionlatticeto amuchsmallerpartiallyorderedsetthatwecall theclass
poset(or moreprecisely, theclasslattice).

3.1 The Automorphism Group

An automorphismof a graphG is a permutationof theverticesf : V (G) ! V (G) with theproperty
thatf u; vg is anedgeof G if andonly if f f (u); f (v)g is anedgeof G. In otherwords,if verticesu and
v areadjacentbeforeapplyingf , thentheir imagesareadjacentafterapplyingf .

A well known fact is that thesetof automorphismswith compositionform a group(seeBiggs[2]).
Thuseverypermutationf 2 Aut (G) hasaninverse,andAut (G) is closedundercomposition.Aut (G)
is non-emptysincetheidentity permutationsatis�esthede�nition for all graphs.

We establishtwo factsthat will be usedin laterdevelopment.Applying f to a bondcon�guration
� relabelsthe vertices,which doesn't changethe numberof openand closedbonds. Thereforethe
probabilitypolynomialmustremainunchanged.Statingthis formally:

Fact 3. If � and f (� ) are two bondcon�gurations,with f 2 Aut (G), thenP G
� (p) = P G

f ( � ) (p); 8p 2
[0; 1].

An automorphismf also relatesboundarypartitions. f appliedto a bond con�guration � 1 is a
permutationof theverticesof thegraph,resultingin a bondcon�guration � 2. Similarly, applyingf to
thevertex labelsin theboundarypartitionderivedfrom � 1 (that is, � 1) resultsin theboundarypartition
for � 2 (thatis, � 2). Thus:

Fact 4. Givenbondcon�gurations� 1 and� 2 such that � 2 = f (� 1), with f 2 Aut (G). Let � 1 = �( � 1)
and� 2 = �( � 2) bethecorrespondingboundarypartitions.Then� 2 = f (� 1).

Whenwe applygroupactionsaspartof thesubstitutionmethod,we maynotbeableto useAut (G)
itself. The groupwe usemustsatisfy two constraints.First, sincewe arecomparingpercolationon
two graphs,the unsolvedgraphG andthe referencegraphH , thegroupelementsmustbe valid auto-
morphismsfor bothgraphs.More precisely, thegroupwe usemustbea subgroupof bothAut (G) and
Aut (H ). Thegreatestcomputationalbene�t is obtainedif we canuseAut (G) \ Aut (H ). Thesecond
constraintis that theautomorphismgroupmapboundaryvertices,andonly boundaryvertices,to other
boundaryvertices.For thepurposesof thesubstitutionmethodour interestlies in connectedclustersof
boundaryvertices,sowe needto excludegroupactionsthatmoveaninternalvertex to theboundary(or
viceversa).

3.2 EquivalenceClassesof Boundary Partitions

Figure1: A Subgraphof theKagoḿe Lattice

Our resultsarebasedon thefactthattheactionsof a groupG (we usea bold typefaceto distinguish
betweengroupsandgraphs)on G induceanequivalencerelationon thesetof bondcon�gurations,and
then,by a simpleextension,on boundarypartitions.ThegroupG will alwaysbeAut (G) or oneof its
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Figure2: Bondcon�gurations(boldedges)relatedby re�ection throughtheAD axis

subgroups.In mostapplicationsof the substitutionmethod,G is planarwith rotationalandre�ective
symmetry. ThusG typically is a subgroupof a dihedralgroup.

Example 1. A portionof the in�nite Kagoḿe lattice is shown in Figure1. Thesubstitutionmethodis
appliedto asubgraphof thelattice,whichweshow with boldedges.Bondcon�gurationsaresubsetsof
theedgesof thesubgraph,two instancesof whichareshown in Figure2. Theautomorphismgroupfor the
subgraphis easilyseento beisomorphicto thedihedralgroupD 6, whichis generatedby rotationsof � =3
radiansandre�ections throughanaxisconnectingoppositevertices.Thusthetwo bondcon�gurations
in Figure2 aremembersof thesameequivalenceclass.

Equivalentgraphsundergroupaction aresaid to be G-equivalent. G-equivalentclassesare well
known to satisfytheconditionsof anequivalencerelation(for example,seeStanley [10]).

However, our realinterestis in formingequivalenceclassesof boundarypartitions,notbondcon�g-
urations.Weusethemappingfrom abondcon�gurationto aboundarypartitionto extendG-equivalence
to boundarypartitions:

De�nition 1. Boundarypartitions � 1 and � 2 are G-equivalent, denoted� 1 � � 2, if there exist bond
con�gurations� 1 and� 2 andf 2 G, with �( � 1) = � 1, �( � 2) = � 2, such that � 1 = f (� 2).

We establishsomebasicpropertiesfollowing from De�nition 1.

Lemma 1. Given� 1 � � 2, let K 1 = f � : �( � ) = � 1g, K 2 = f � : �( � ) = � 2g. There is a oneto one
correspondencebetweenK 1 andK 2.

Proof. Since� 1 � � 2 thereis somef 2 G suchthat � 2 = f (� 1). Selectany � 1 2 K 1. According
to Fact 4, � 1 mapsto the uniqueelement� 2 = f (� 1) in K 2. Moreover, from the groupcancellation
property, � 2 mapsinto theuniqueelement� 1 = f � 1(� 2) in K 1. Thusthereis a bijectionbetweenK 1

to K 2.

Thefollowing lemmais a majorreasonfor theusefulnessof theseequivalenceclasses:

Lemma 2. If � 1 � � 2 thenP G
� 1

(p) = P G
� 2

(p).

Proof. By de�nition
PG

� 1
(p) =

X

� 2 K 1

pjE ( � ) j (1 � p) jE (G) j�j E ( � ) j

and
PG

� 2
(p) =

X

� 2 K 2

pjE ( � ) j (1 � p) jE (G) j�j E ( � ) j :

FromLemma1 thereis a oneto onecorrespondencebetweenthesetsK 1 andK 2. Thecorresponding
elementsof the two setsare relatedby automorphisms,so by Fact 3 they have the sameprobability
polynomial.Thereforethetwo sumsareequal.

Anotherusefulfactis that:
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Fact 5. If � 1 � � 2, then� 1 and� 2 havethesamenumberof clusters.

Proof. Thenumberof connectedclustersis unchangedby anautomorphismaction.

Thefollowing is aspecialcaseof awell known result.Theproof is straightforward;for example,see
Liu' s [6] Theorem5-1.

Lemma 3. TheG-equivalencerelationon thesetof boundarypartitionsis anequivalencerelation.

3.3 The ClassLattice

Thesetsof G-equivalentboundarypartitionsarethemajorfocusof this paper, sowegive themaname:

De�nition 2. A boundarypartitionclass, or simplya class, is a maximalsetof G-equivalentboundary
partitions.

If � 0 is a representativememberof classC, thenC= f � 2 B : � � � 0g.
Wewill constructapartiallyorderedsetof classes,soweneedade�nition of re�nementthatapplies

to classes:

De�nition 3. Let C1 andC2 be equivalenceclassesof partitions, thenclassC1 is a re�nementof C2,
denotedC1 � C2, if for some� 1 2 C1 thereexists� 2 2 C2 such that � 1 � � 2.

The classlattice, denotedP=G, is the partially orderedsetobtainedfrom the partition lattice by
lumpingG-equivalentpartitionsinto equivalenceclasses.We alsocall P=G thesymmetryreducedlat-
tice. We verify that:

Lemma 4. P=G with re�nementis a partially orderedset.

Proof. We show thethreeposetconditionsaremet for P=G. Let C1; C2; andC3 beboundarypartition
classes.

� Re�exive (C � C): � � � for all � 2 C, soC � Cfor all C 2 P=G.

� Antisymmetric(C1 � C2 andC2 � C1 imply C1 = C2): Assumethat� 1 � � 2 and� 2 � � 0
1, where

� 1 and� 0
1 2 C1, � 2 2 C2. FromFact5, partitions� 1 and� 0

1 have thesamenumberof clusters.
Furthermore� 2 musthave thesamenumberof clustersas� 1 and� 0

1. But � 1 � � 2 whereboth
have thesamenumberof clusterscanoccuronly if � 1 = � 2.

� Transitive (C1 � C2 andC2 � C3 imply C1 � C3): By de�nition, for some� 1 2 C1 thereexists
� 2 2 C2 suchthat � 1 � � 2. Likewise,for some� 0

2 2 C2 thereexists � 0
3 2 C3 suchthat � 0

2 � � 0
3.

Since� 2 and� 0
2 arein C2 they areG-equivalent,so thereexistsanautomorphismf where� 2 =

f (� 0
2). Thenthereexists an element� 3 = f (� 0

3) in C3, with the propertythat � 2 � � 3. From
transitivity of � for boundarypartitions,� 1 � � 3. Thus� 1 2 C1 is a re�nementof � 3 2 C3,
showing C1 � C3.

Additionally, theclassposetis a lattice. Theclasslatticeis graded,of thesamerankasthepartition
latticefrom which it derives.

4 Finding the Extr emalUp-setEquation Solutions

We have introducedsymmetryreductionbecause,aswe now show, it allowsusto performthesubstitu-
tion methodcalculationonaposetthatis muchsmallerthanPn . Recallthatthesubstitutionmethodcalls
for �nding theextremalsolutionsto theup-setequationson thepartition lattice. We show in Theorem
1 that theseextremalsolutionsarethesameasthosefoundon thesymmetryreducedlatticeP=G. The
computationalsavings dueto searchingthesmallerposetcanbe considerable,oftenmakingfeasiblea
calculationthatwaspreviouslyoutof reach.
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We begin by introducingsomenotationandterminologyto simplify exposition. In this sectionG
andH are�nite graphswith equalnumbersof boundaryvertices,P G

� (p) andP H
� (p) aretheassociated

probabilitypolynomialson theposetP of partitionsof boundaryvertices,andG is thelargestsubgroup
of bothAut (G) andAut (H ) satisfyingtheconstraintspreviouslydescribed.Wewritep�

U for thesolution
to theup-setequationfor U, that is, P G

U (p�
U ) = PH

U (pc), wherepc is theknown critical probabilityfor
thelatticeH .

A classCis saidto becompletein up-setU if C � U, incompleteif Cis notcompleteandC\ U 6= ; .
A setof partitionsS � B is said to be possibleif thereis somep 2 (0; 1) suchthat P G

S (p) > 0 or
PH

S (p) > 0. If S is not possiblethenit is impossible. Notethatby Fact1, if S is possiblefor any value
of p, thenit is possiblefor all p 2 (0; 1). Only possiblesetsof partitionsaffect thesolutionto theup-set
equations.If P G

U (p) = P H
U (pc), andS is impossible,thenP G

U [ S (p) = P H
U [ S (pc).

Thefollowing lemmademonstratesthatunderthecertainconditionsa monotonicityresultholdsfor
a relatedsetof up-setequationsolutions.This resultis crucialto proving Theorem1.

Lemma 5. LetU bea non-trivial up-setof P, andS a subsetof U such thatU � S is alsoanup-set.Let
S0betheimageof S undera groupaction,that is, thereexistsf 2 G such thatS0 = f x : x = f (y); y 2
Sg, such thatU [ S0 is anup-set,andU \ S0 = ; .

Theneither

p�
U [ S0 < p�

U < p�
U � S

p�
U [ S0 = p�

U = p�
U � S

or

p�
U [ S0 > p�

U > p�
U � S

Proof. Notethatwe considera non-trivial up-setto beany non-emptyup-set,exceptthatgeneratedby
the0̂ partition. Sincetheup-setgeneratedby the 0̂ partitioncontainsall posetelements,its probability
polynomialis identicallyequalto 1, andtheup-setequationhasnouniquesolution.

Theelementsof S andS0 arein oneto onecorrespondence,andcorrespondingpartitionsaremem-
bersof thesameclass.Weconcludefrom Lemma2 thatS andS0havethesameprobabilitypolynomials,
whichwedenoteP G

S (p) andP H
S (p) (respectively P G

S0(p) andP H
S0(p)). Theup-setequationsfor U [ S0,

U, andU � S, respectively, arethen

PG
U (p) + P G

S (p) = P H
U (pc) + PH

S (pc)

PG
U (p) = P H

U (pc)

PG
U (p) � P G

S (p) = P H
U (pc) � PH

S (pc):

By subtractionwede�ne

g1(p) = P G
U (p) + P G

S (p) � P H
U (pc) � PH

S (pc);

g2(p) = P G
U (p) � P H

U (pc);

g3(p) = P G
U (p) � P G

S (p) � P H
U (pc) + PH

S (pc);

and
k(p) = P G

S (p) � P H
S (pc);

thenrewrite theup-setequationsas

g1(p) = g2(p) + k(p) = 0 (1)

g2(p) = 0 (2)

g3(p) = g2(p) � k(p) = 0: (3)

Sinceeachpolynomialgj (p) is anup-setpolynomialplusaconstant,it is still non-decreasing.Weknow
from Fact 2 that eachup-setequationhasa uniquesolutionin [0; 1]. Let p�

1, p�
2, andp�

3 representthe
solutionsto Equations1 – 3, respectively. To prove theLemmawe needto show thateitherp�

3 < p�
2 <

p�
1, p�

3 = p�
2 = p�

1, or p�
3 > p�

2 > p�
1.

8



In fact the orderingis determinedby the sign of k(p�
2). If k(p�

2) > 0 the polynomialvaluesare
ordered:g1(p�

2) > g2(p�
2) = 0 > g3(p�

2). FromtheIntermediateValueTheoremandmonotonicitywe
concludethatp�

1 < p�
2 < p�

3. If k(p�
2) < 0, theoppositeoccurs:p�

3 < p�
2 < p�

1. The lastpossibility is
k(p�

2) = 0, in whichcaseall threeequationshavethesamesolution(thatis, p�
3 = p�

2 = p�
1). Thisoccurs

if thesetsS andS0 areimpossible,or if P G
S (p�

2) = PH
S (pc).

! "#! $

%&' &
! &! &"#! $

( ( )&' &"#( $

* )*

"

Figure3: Setsusedin theproof of Theorem1. � is a memberof anincompleteclassin U, � 0 is a member
of thesameclassthatis not containedin U.

Theorem1 is theformal statementof thefact that theextremalsolutionsto up-setequationson the
classposetequaltheextremalsolutionson thepartitionposet:

Theorem1. Thereexist up-setsUM andUm , which are unionsof classes,such that

p�
UM

= max f p�
U : U is anup-setof Pg

and
p�

Um
= min f p�

U : U is anup-setof Pg:

Proof. We only provetheresultfor p�
UM

, sinceasimilar argumentsuf�ces for theminimumsolution.
The proof is by contradiction. Supposethat the maximumsolutionon the partition lattice, p� , is

not achievedby any up-setthatconsistsentirelyof completeclasses.Let U bea maximalup-setof P,
not necessarilyunique,satisfyingp�

U = p� , containingat leastoneincompleteclass.Let C denotean
incompleteclassin U of highestrank(thatis, with theshortestlengthchainfrom Cto the1̂ element).

Choosea partition � from U \ C, and� 0 a partition from C� U. SinceC is an equivalenceclass
inducedby G thereis a groupelementf suchthat � 0 = f (� ). Form thesetsf (U) = f x 2 P : x =
f (y); y 2 Ug, V = U \ f (U), S = U � V , andS0 = f (S). We illustratetherelationshipbetweenthese
setsin Figure3. Thenit is easilyseenthat:

� f (U) = V [ S0 is an up-set.V [ S0 is isomorphicto the up-setU = V [ S, wherethegroup
elementf is anorder-preservingbijectionbetweenthetwo sets.

� U [ S0 is anup-set,sinceU [ S0 = U [ f (U), andtheunionof two up-setsis anup-set.

� Theintersectionof two up-setsis anup-set,soV = U \ f (U) is anup-set.

� U \ S0 = ; by construction.

Theconditionsneededto applyLemma5 to U, S, andS0aresatis�ed.Thereforetheup-setequation
solutionsareorderedin oneof threeways:

p�
U [ S0 < p�

U < p�
U � S (4)

p�
U � S = p�

U = p�
U [ S0 (5)

9



or

p�
U � S > p�

U > p�
U [ S0: (6)

Equation4 andEquation6 cannothold,since,by assumption,thereis noup-setwith solutiongreater
thanp�

U . Thereforewe are left with Equation5. As notedabove, U [ S0 is an up-set. Thuswe can
expandU to obtaina largerup-setthat still attainsp� . However, we assumedthatU wasmaximal,so
thatwehavereachedacontradiction.

Weconclude,therefore,thatthemaximalup-setattainingthesolutionp� consistsof completeclasses
of partitions.

Knowing that we canusesymmetryreductionto �nd the extremalsolutionswith reducedcompu-
tationalcost,we want to estimatethe improvement.The improvementis basedon thereductionin the
numberof up-setequationsthatneedto besolved. We know of no closedform resultthatprovidesthis
count,eitherexactly or asymptotically. However, in AppendixA we describea computationto obtain
thenumberof elements,andthenumberof elementsby rank,for thesymmetryreducedposet.

Thesevaluescanthenbeusedto boundthenumberof up-setsin theclasslattice. Thereis a oneto
onecorrespondencebetweenup-setsandantichains.Sincea rankof a posetformsanantichain,thesize
of thepower setof the largestrank is a lower boundfor thenumberof up-setequations.Similarly, the
numberof up-setequationsis boundedabove by the sizeof the power setof all elementsin the class
lattice. In practicetheseboundsarevery loose.

5 Boundson pc for the (3; 122) Lattice

Figure4: The(3; 122) Lattice

In this sectionwe show how thetheorydescribedin this paperis usedto calculateimprovedbounds
onpc for aparticularlattice.Ourexampleis the“extendedKagoḿe” or “star” lattice,shown in Figure4.
It is oneof the11Archimedeanlattices,thatis, vertex transitivetilings of theplaneby regularpolygons.
Sincethe latticeis vertex transitive it canbecharacterizedby listing thenumberof sidesin eachn-gon
adjacentto any givenvertex. In this exampleeachvertex is adjacentto a triangleand2 12-gons.Thus
this latticeis alsoknown asthe(3; 122) lattice.

Thereis a long standingconjectureby Tsallis [13] that theexactcritical probabilityfor the(3; 122)
latticeis :739830: : :. Wierman[18] haspreviouslyestablishedrigorousboundsof (0:738598; 0:744900)
usingthesubstitutionmethod.

Figure5: The(3; 122) SubstitutionRegion: Unsolvedvs. SolvedSubgraph
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To apply thesubstitutionmethodwe needto decomposethe(3; 122) lattice into isomorphic,edge-
disjoint subgraphs,and substitutealternative subgraphsin order to obtain a lattice which is exactly
solved. Our substitutionregion is the subgraphshown on the left in Figure5. It consistsof a single
12-gon,the 6 triangleson the corners,and6 half edges.The half edgesareneededso that the lattice
decompositionis edge-disjoint.If thefull edgesareopenwith probabilityp thenthehalf edgesareopen
with probability

p
p. Whenwesubstituteahexagonplussixhalf-edgesfor thissubgraph,asshownonthe

right in Figure5, we obtainthehexagonallattice,whichhasknown critical probability1 � 2sin(� =18)
(Wierman[14]).

Both substitutionregionshave6 boundaryvertices,sotherelevantpartitionlatticeis P6. Thecardi-
nality of P6 is the6th Bell number, 203. It is easilyshown that thelargestrankof P6 has90 elements.
While the numberof up-setsis unknown, the cardinalityof the power setof the largestrank, that is,
290 � 1027 is a lowerbound.Thussearchingtheentirelatticeto determinetheextremalsolutionswould
requiresolvingat least1027 up-setequations.This is notpractical.

� �

� � � � � � � � � � �

� � � � � � 	 � � 	 � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � �

� � 	 � �

� �

Figure6: Hassediagramfor theclasslatticeP6=D6. Symmetryreductionhasreducedtheposetfrom 203
elementsto the37 shown here,andfrom at least1027 up-setsto 95,708up-sets.

Due to their symmetry, the appropriateautomorphismgroupfor both thesegraphsis the dihedral
groupD6. D6 alsosatis�estheconstraintthatboundaryverticesmaponly to boundaryvertices.When
we apply the D6 groupactionsto P6 we obtaina classlattice containing37 elements(seeAppendix
A). TheHassediagramfor theclasslattice is shown in Figure6. While thepartition latticehadgreater
than1027 up-setequationsto solve,we�nd thattheclasslatticehasprecisely95,708up-setequationsto
solve. This is a smallenoughnumberthat�nding theextremalsolutionsby solvingall up-setequations
is easilyaccomplishedby a computer.

To summarize,thecompletecomputationalprocedureis thefollowing:
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1. Determinetheautomorphismgroupsfor G andH , satisfyingtheconstraints.In this example,the
appropriategroupis clearlyD 6. If thereis any doubt,theprogramnauty (seeMcKay [7]) can
beused.

2. Usingtheautomorphismgroup,de�ne theclasslatticeby classifyingtheboundarypartitionsand
determiningtheinclusionrelationships.Wehavedevelopedacomputerprogramcalledclassify
to performthis calculation.

3. Enumeratetheup-setsfor P=G calculatedin thestep2. We usedthealgorithmfrom Squires[8]
thatperformsa Hamiltonianwalk on thesetof up-sets.

4. Calculatethe� -polynomialsfor all equivalenceclassesof boundaryvertices.

5. Searchfor the extremalup-setequationsolutionsamongthe setof all up-sets.Using Newton's
methodon a PowerPCprocessor, this only took about20 minutes.We notethat this problemis
especiallyfavorablefor Newton's method. A solution is guaranteedto exist in (0; 1) and it is
uniquein that interval. We usethemid-pointof Wierman's [18] previousboundsasthestarting
point for theNewton iteration,insuringthatthestartingpoint is quitecloseto theup-setequation
solution.

Theminimumandmaximumsolutions,0.739399and0.741757,correspondto theup-setsAB CDEF
andeverythingbut AjB jCjD jE jF . Notethattheinterval betweenourboundsincludesTsallis's conjec-
turedvalue0:739830: : :, althoughthelowerboundcomescloseto excludingit.

A Enumerating the ClassPoset

In this appendixwe describea methodfor calculatingthenumberof elementsin thesymmetryreduced
poset.We have foundthis calculationusefulfor estimatingthework requiredto solvespeci�c problems
andfor checkingcomputerresults. In the interestsof brevity we won't review the theoryunderlying
thesetechniques.Thereaderwho is unfamiliar with the theorycanrefer to Liu [6] or Beckenbach[1]
for acompletediscussion.

We introducea differentrepresentationfor a boundarypartition,calledtheclassvector. Theclass
vectorassignsanintegerto eachsetof connectedboundaryvertices.For a partitionof A; B ; : : : ; F the
classvectoris of length6, andfor eachi = 1; : : : ; 6 thei th entry is theclass(setof connectedvertices)
to which the i th vertex belongs.For example,the classvectorfor boundarypartition AB jCD jEF is
112233. Theclassvectorrepresentationrevealsthatpartitioningtheboundaryverticescanbeseenasa
coloringproblem,with each“color” representingaclusterof connectedboundaryvertices.Notethatthe
actualcolor assignedto a boundaryvertex doesnot matter, only the setof partitionssharingthesame
color. Thatis, partition112233is consideredequivalentto 221133and223311.

Countingcoloringsof a setundergroupactionis a classicapplicationof Pólya's EnumerationThe-
orem.HoweverPólya's Theoremdoesn't go quitefar enough.It givesusa methodto countall distinct
colorings.We needa methodthatalsoincorporatesthenotionthat “distinct clustersarecoloreddiffer-
ently, but wedon't carewhatthecolor is.”

De Bruijn's Theoremis a generalizationof Pólya's Theoremthat allows us to count equivalence
classesin preciselythis way. Two groupsareemployed. The �rst group,G, representsthe geomet-
ric symmetriesof the underlyinggraph;while the second,H , representsa notion of what constitute
equivalentcolorings.

In orderto applydeBruijn's Theoremwe needto know thecycle index polynomialfor eachgroup.
The permutationsthat compriseG andH canbe categorizedby thenumberof cyclic permutationsof
eachlength.If permutation� hasb1 cyclesof length1, b2 of length2, : : :, bk cyclesof lengthk, thenwe
usethemonomialxb1

1 xb2
2 � � � xbk

k to to representthenumberof cyclesof eachlengthin � . This is called
thecyclestructure representationof � . Givena groupG, thecycleindex polynomialZG is thesumof
thecycle structurerepresentationsof thepermutationsof G, dividedby thenumberof permutationsin
G:

ZG =
1

jGj

X

� 2 G

xb1
1 xb2

2 � � � xbk
k :

FormallydeBruijn'sTheoremstates:
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Theorem 2. X is a set,C a setof colors, ZG andZH are thecycleindex polynomialsfor G andH .
Thenthenumberof equivalenceclassesof functionsfromX to C is thevalueof theexpression

ZG

�
@

@z1
;

@
@z2

;
@

@z3
; : : :

�
� ZH

h
ez1 + z2 + z3 + ��� ; e2(z1 + z2 + z3 + ��� ) ; e3(z1 + z2 + z3 + ��� ) ; : : :

i �
�
�
�
z1 = z2 = ��� =0

:

Liu [6] providesaproofof this theorem.
We illustrateits applicabilityto ourproblemwith two examples.

Example2. Wewishto counttheelementsof P6 reducedbyhexagonalsymmetry. Hexagonalsymmetry
suggeststhatweusethedihedralgroupD 6 for G in deBruijn'sTheorem.Thenotionthattheactualcolor
assignmentsdon't matteris equivalentto applyingthesymmetricgroupto thecolors.Any permutation
of thecolorsresultsin anequivalent“coloring”. Thereforewe needthecycle index polynomialsfor D 6

andfor thesymmetricgroupS6. Theseare

ZD 6 (z1; z2; z3; z6) =
1
12

(z6
1 + 4z3

2 + 2z2
3 + 3z2

1z2
2 + 2z6)

and

ZS6 (z1; z2; z3; z4; z5; z6) =
1

720
(z6

1 + 15z4
1z2 + 40z3

1z3 + 90z2
1z4 + 144z1z5

+ 45z2
1z2

2 + 15z3
2 + 120z1z2z3 + 90z2z4 + 40z2

3 + 120z6):

UsingdeBruijn'sTheoremwith ZG = ZD 6 andZH = ZS6 , andafteravery tediouscalculation,weget
thenumber37. Theuseof hexagonalsymmetryhasreducedtheposetsizefrom its original203elements
to aclasslatticeof 37elements.

Example 3. By a small modi�cation of the techniquewe cancounttheelementsfor eachrank in the
classlattice. We �rst applyZS1 to �nd the numberof elementsin theclasswith 1 cluster. This is, of
course,always1. Thenwe applyZS2 to �nd thenumberof elementsin theclasswith 1 or 2 clusters.
By subtractingthenumberof 1 clusterclassesfrom this resultwe �nd thenumberof 2 clusterclasses.
We iteratethis calculation,that is, calculatethe numberof classesusingZSk , subtractthe numberof
1; : : : ; k � 1 clusterclassesto get the numberof k clusterclasses.We perform this calculationfor
k = 2; : : : ; n.

Table 1 shows the resultsof calculatingthesevaluesfor n-gonsfrom 1 to 12 vertices,assuming
dihedralgroupsymmetryto reducethepartitionlattice.

Numberof Clusters Total Total
n-gon 1 2 3 4 5 6 7 8 9 10 11 12 Classes Partitions

1 1 - - - - - - - - - - - 1 1
2 1 1 - - - - - - - - - - 2 2
3 1 1 1 - - - - - - - - - 3 5
4 1 3 2 1 - - - - - - - - 7 15
5 1 3 5 2 1 - - - - - - - 12 52
6 1 7 14 11 3 1 - - - - - - 37 203
7 1 8 31 33 16 3 1 - - - - - 93 877
8 1 17 82 137 85 27 4 1 - - - - 354 4140
9 1 22 202 478 434 171 37 4 1 - - - 1350 21147
10 1 43 538 1851 2271 1249 338 54 5 1 - - 6351 115975
11 1 62 1401 6845 11530 8389 3056 590 70 5 1 - 31950 678570
12 1 121 3838 26148 58400 56079 26696 6907 1014 96 6 1 179307 4213597

Table1: ClassCountfor EachRank,for n-gonswith DihedralSymmetry
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