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Abstract

We shaw thatsymmetryrepresentetly agraphsautomorphisngroup,canbeusedo greatlyreduce
the computationaivork for the substitutionmethod. This allows applicationof the substitutionmethod
over larger regionsof the problemlattices,resultingin tighter boundson the percolationthresholdp..
We demonstratéhe symmetryreductiontechniqueusingbondpercolationon the (3; 122) lattice,where
we improve theboundson p. from (0:738598 0:744900)to (0:739399 0:741757%, areductionof more
than62%in width, from 0.0063020 0.002358.

1 Intr oduction

Percolatiomprocessewereintroducedn 1957by BroadbenandHammerslg [3] asmodelsfor the o w
of uid througha randommedium. A Bernoulli bond percolation modelis comprisedof anin nite
lattice graph G, with eachbond (thatis, edge)independentlydesignatedas openwith probability p,
0 < p < 1, andclosedotherwise. The openclustercontaininga speci ¢ vertex v 2 G, denotedC,,
is the setof all verticesthat canbe reachedrom v througha pathof openbonds. Let Pr? denotethe
probabilitymeasureorrespondingo probabilityp. An importantquantityis the percolationprobability
S(p) = Pf(ijj = 1). Thecritical probability, alsocalledthe percolationthreshold of thelatticeis
thende nedby pc(G) = inffp: &(p) > 0g, whichis independenof thevertex v if Gis connected.

Onegoal of percolationtheoryis to understandhe dependencef the critical probability on the
propertieof alattice graph,andto nd accurateapproximatiorformulasbasedon theseproperties.To
developsuchapproximationsve rst needto know thecritical probabilitiesfor avarietyof lattices.This
hasprovento beadif cult problem.After almost40 yearsof effort, exactcritical probabilityvaluesare
known for only a handfulof lattices,andthe publishedapproximationgor otherlatticesareeitherloose
boundsor notrigorouslyobtainedfor example,from simulations).

The substitutionmethodwas introducedby Wierman[15] asa techniquefor rigorously determin-
ing boundson p.(G) for mary two-dimensionabondandsite percolationmodels. Wiermandescribes
severalrecentresultsobtainedusingthe substitutionrmethodin [16], [17], and[18] .

Unfortunately there are computationalif culties when applying the methodover large portions
of the lattice, so the boundsobtainedare often not tight enoughto either rejector strongly support
conjecturectritical probability values,or to be competitve with simulationestimatesin this paperwe
introducea computationatechniquethatallows usto applythe substitutionrmethodto alargersubgraph
of the lattice, thus obtainingtighter boundson the critical probability The basisof the improvement
liesin exploiting symmetryof the nite subgraphG usedasthe substitutionregion. This symmetryis



encapsulateth the automorphisngroupof G. Whenwe apply the automorphisngroupactionto the
partially orderedset(poset)thatdescribesheconnectvity of the subgraphyve reducethe original poset
to amuchsmallerposet.Thesubstitutiormethodcallsfor nding theextremalsolutionsfor polynomial
equationgderivedfrom up-setsf the original, large, partially orderedset. We will shav thatwe obtain
the samesolutionsby searchinghe symmetryreducedposet. This makesthe algorithmtractablefor

largerregionsof theunsohedlattice,sothatwe canobtaintighterboundson pc.

The improvementdue to the resultsof this paperis beyond that achiesable by improvementsin
computingpower alone. In the illustrative exampleof Section5, thereis six-fold symmetry which
reduceghe size of the posetfrom 203to 37 elements.The numberof up-setss reducedrom greater
than 10°7 to 95,708. Thusthe reductionof the size of the posetby a factor of around6 reduceshe
numberof up-setsy roughlythe sixth root.

Note that symmetrywas usedin a lesssystematidashionin Wierman[17] and[19]. Due to the
resultsof this paper the detailedjusti cations in Section4 of [17] andSection4 of [19] areno longer
necessary

This paperis organizedasfollows. In Section2 we review the substitutionmethodi,its theoretical
foundation,andthe de nitions andnotationusedthroughoutthis paper In Section3 we shav how the
automorphisngroup of the substitutionregion subgraphcan be usedto reducethe partition lattice to
the muchsmallerclasslattice. Section4 containsour main theoreticalresult,wherewe shav thatthe
extremalup-setequatiorsolutionsontheclasdatticeequaltheextremalsolutionson thepartitionlattice.
Dueto thereducedsizeof thelattice thesesolutionscanbe found with muchlesswork.

In Section5 we usethe improved algorithmto calculateboundson p; for the (3; 12) lattice. Our
calculationtightensthe rigorously obtainedbounds(seeWierman[18]) from (0:738598 0:744900)to
(0:7393990:741757) Thereis a longstandingconjectureby Tsallis [13] that the exact percolation
thresholdfor this lattice is :739830: : .. While our rigorousboundsdo not rejectthis value, the trend
of lower boundssuggestshat Tsallis's conjectures too low andmay be disproredwhenwe apply the
substitutionmethodto a sufciently largeregion.

Work by otherresearcheralsocastdoubton Tsallis's conjecture Tsallisusedthesameechniqudo
calculateconjecturedhresholdgor boththe(3; 122) andKagonelattices(:739830: : : and0:522372 : :,
respectiely). Using the hull-gradientmethod,Ziff and Suding[20] nd a p. value of 0:5244053
0:0000003for the Kagone lattice. Jenseret. al. [4] provide further evidence(not proof) that the
valueconjecturedy Tsallisis too low for the Kagone lattice. Thusthereis accumulatingevidencethat
Tsallis's techniqueproduce . valuesthataretoo low.

Finally, in anappendixwe shav how to calculatethe numberof elementsn the symmetryreduced
poset.Thiscalculationis neededo verify resultsn thecomputeiprogram aswell asbeinganinteresting
problemin its own right.

2 The Substitution Method

The substitutionmethodwas introducedby Wierman[15] to nd boundsfor the critical probabilities
of bond percolationmodelsin two dimensions.It allows oneto derive informationby comparingthe
percolatve behaior of two differentlatticesat differentparametewvalues.Typically theunsohedlattice
is comparedo a referencdattice with exactly known critical probability, in orderto gaininformation
abouttheunsohedcase.

Consideran in nite lattice G that may be decomposedhto a union of isomorphic,edge-disjoint,

nite, connectedsubgraphén suchaway thatevery edgeis in a subgraptandeveryvertex is in atleast
onesubgraphVerticesthatarein morethanonesubgraptarecalledboundaryvertices A pathonthe
lattice may enteror leave the subgraphn the decompositioronly throughits boundaryvertices.

Now consider x edsubgraplG in thisdecompositionDenoteits boundaryerticesby A; B; C; @ : ..
Any designatiorof edgesasopenor closedon G determines partition of the boundaryverticesinto
clustersof verticesthatareconnectedy openedges Eachsuchboundarypartition, or simply partition,
may be denotedby a sequencef verticesseparatedby verticalbars,whereverticesarein distinctopen
clusterdf andonly if they areseparatetdy averticalbar For example,if theboundaryertex setconsists
of A; B, andC thenAjB C indicatesthatB andC arein the sameopencluster but A is in a different



cluster

Giventhe boundaryvertices,we useB to representhe setof all partitionsof the setA; B;C;:: ..
A partitionof A; B; C;::: isin B regardlesof whetheror not thereis a collectionof openandclosed
edgedn G thatgiverisethatpartition.

A partition is are nementof partition , denoted , if everyclusterof is containedentirely
in aclusterof . Thesetof boundarypartitionswith re nementform a partially orderedset,calledthe
partition lattice P. (It is a lattice becausall pairsof elementshave aleastupperboundanda greatest
lower bound). issaidtocover if < andthereisnoelement 2 P satisfying < < . We
write P,, to indicatethe partitionlatticewith n boundaryvertices.

We will usesomestandarderminologyfrom the literature on partially orderedsets(seeStanle
[9]). Themaximalelement, is the partitionwith all boundaryverticesconnectedwhile the minimal
elementf), haseachboundaryvertex in a distinctcluster A chainis asubposebf P in which ary two
elementsare comparable.In contrast,an antichain is a subposebdbf P in which ary two elementsare
incomparableThelengthof achain™(C) isde ned "(C) = jCj 1. Therankof P, is themaximum
lengthof a chainin P, which is easilyseento ben 1. Every maximallengthchainof P, hasthe
samelength, so Py, is saidto be gradedof rankn 1. In this casethereis a uniquerank function

P! f0;1;:::;n  1gsuchthat (x) = 0if x istheminimalelemenbf P,,and (y) = (x)+ 1if
y coversx in P,. If (x) = i thenwe sayx hasranki. For the partitionlattice P, anelementof ranki
hasn i clustersof boundaryertices. Two posetsP andQ aresaidto beisomorphicif thereexistsan
order-preservingbijectionf : P ! Q whoseinverseis orderpreservingthatis:

X yinP, f(x) f(y)inQ:

TheBernoullibondpercolatiormodelon G with parametep assigngrobabilityto eachassignment
of openor closededgesof G, which is calleda bond con guration. The bond con guration canbe
identi ed with a subgraphof G by deletingedgesthatareclosedin the con guration. If  represents
abondcon guration,thenV( ) = V(G) andE( ) E(G), whereV (G) andE(G) arethe standard
notationfor the vertex setandedgesetof an undirectedgraph. We write 25 (®) for the setof all bond
con gurationson G.

For the Bernoullibondpercolatiormodelthe probability polynomialfor bondcon guration is

PG(p) = ij( )j(l p)iE(G)ij EC)I-

Probabilitymeasuresf individualbondcon gurationsareattoo ne alevel of detailto beuseful.More
oftenwe areinterestedn the probability of setsof bondcon gurations. Sincebondcon gurationsare
mutually exclusive events the probabilitypolynomialfor asetS  2E(©) js thesumof theprobabilities
of thebondcon gurationsin S. Thuswe de ne

PS(p) = X PC(p) = X pEQi(1  p)E®II EQ)
2S 2S
to representhe probability polynomialfor S.

An importantsetprobability polynomialis the boundarypartition probability polynomial Let
28(G) 1 B bethe mappingfrom a bond con guration to its boundarypartition. Thenthe boundary
partition probability polynomial,or moresimply the partition polynomial for the boundarypartition
is X
PC(p) = PC(p):

)=
We oftenwrite -polynomialto referto a genericboundarypartition probability polynomial.

SupposehatanothedatticeH maybe decomposethto subgraphsvith the samenumberof bound-
ary vertices,correspondingo the substitutionof a subgraphfor eachsubgraphin the decomposition
of G. Considerthe subgraphH in H substitutedfor G in G, andidentify the boundaryverticeswith
A; B;C;:::. As above,aprobabilitymeasurd®H (g) onthepartitionlattice of partitionsof A; B; C;:::
is determinedrom the percolatiormodelonH with parameten,.

In applyingthesubstitutiormethodto percolatiormodels therelevantcomparisorof two probability
measures © (p) and P (g) on the partition lattice is stochastic ordering An up-setof a partially
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orderedsetP = (S; )isasubset) Ssuchthatifg f andf 2 U theng2 U (notethattheempty
setis anup-set).If P andQ aretwo probability measuresn P thenwe sayP is stocasticallysmaller
thanQ, denoted® ¢ Q,if P[U] Q[U] for everyup-setU.

The key factis thatfor probabilitymeasure®n a nite partially orderedset,stochasticorderingis
equivalentto the existenceof a coupling. This is a consequencef Strassers Theorem[11] (or see
Lindvall [5]). This meansthatif P¢(p) s P"(q), thereexist jointly distributed randompartitions
X andY suchthatX is are nementof Y with probability one,X hasmaminal distribution P € (p)
andY hasmamginal distribution P (g). NotethatX represents realizationof the percolationmodel
on G with parametep andY representa realizationof the percolationmodelon H with parameten
suchthatary pair of boundaryverticesthatareconnectedy anopenpathin G accordingto X arealso
connectedy anopenpathin H accordingo Y.

Combiningsuchcouplingsfor all copiesof G in thein nite graphG we obtaincoupledrealizations
of thebondpercolatiormodelson GandH suchthatary pair of boundaryerticesthatareconnectedy
anopenpathin G arealsoconnectedy anopenpathin H. Thusthe percolationprobability valuesare
ordered: ©(p) H(0). If H is areferencdattice,andgy = pc(H), we maydeterminaupperandlower
boundgor p.(G) by nding p, = minfp: PS(p) s P"(p)gandp = maxfp:PS(p) sP"(q)g,
respectiely.

This characterizationf p, andp, maybereinterpretedasfollows. We de ne the up-setprobability
polynomialfor G (andsimilarly for H), by

G X G X X G
Py (p) = P=(p) = P~ (p);
2U 2Uf ()= g

whereU is anup-set.An equivalentmeansof obtainingp, andp, is to solve for the extremalsolutions
in p to theup-setequationsP$ (p) = P! (xp), overall up-setdJ. NotethatP§ (p) is a polynomialand
P! (o) is arealnumbersotheproblemreducego nding rootsof univariatepolynomials.

2.1 Propertiesof the Probability Polynomials

We establisrsomepropertiesof the probability polynomialsthatwill be neededn this paper

PC(p) is the (possiblyempty)sumof termsof theform pk(1  p)" K. If for ary p 2 (0;1) one
of thesetermsis greaterthanzero, thenit is greaterthan zerofor all p 2 (0;1), andsois the sum.
Therefore:

Fact 1. For anypartition , P©(p) is eitheridentically0 or P (p) > Ofor all p 2 (0; 1).

Up-setpolynomialsareformedby summingthe -polynomialsof anup-set.Let P§ (p) beanup-set
polynomial. Exceptfor the up-setpolynomialfor the up-setgeneratedy the 0 partition, P§(0) = 0,
P§(1) = 1,andP§(p) 08p 2 [0;1]. For the up-setgeneratedy the O partitionP$ (p) = 1 8p 2
[0; 1].

A standardcoupling argumentshaws that P (p) is a nondecreasinfunction of p, but we needa
slightly strongerresult. P$ (p) is a polynomialonto[0; 1]. Fromthe IntermediateValue Theoremwe
infer thata solutionto the up-setequationexists, but neednot be unique. Let usassumehatthereare
two solutionsto theup-setequationa andb, suchthata < bandP§ (a) = P§(b) = y. SinceP§ (p) is
nondecreasingt mustbeconstanfor p 2 [a; b]. Theonly polynomialconstanbn aninterval is constant
everywhere But anup-setpolynomialis onto[0; 1], soit is not a constantThuswe seethat

Fact 2. Exceptfor theemptyup-setandthe up-setgeneatedby the disconnectegartition, the solution
to theup-setequationP§ (p) = y fory 2 [0; 1] existsandis unique

3 Group Actions

Thein nite latticesanalyzedusingthe substitutionrmethodareusuallyderivedfrom tilings of the plane
by polygons. In suchcaseghe subgrapremployedin the substitutionmethodusually exhibits consid-
erablesymmetry In this sectionwe exploit this symmetryin the form of the subgraphs automorphism



groupAut (G), to reducethepartitionlatticeto amuchsmallerpartially orderedsetthatwe call theclass
poset(or morepreciselytheclasslattice).

3.1 The Automorphism Group

An automorphisnof a graphG is a permutationof theverticesf : V(G) ! V(G) with the property
thatf u; vg is anedgeof G if andonly if ff (u);f (v)gis anedgeof G. In otherwords,if verticesu and
v areadjacenbeforeapplyingf , thentheirimagesareadjacentfterapplyingf .

A well known factis thatthe setof automorphismsvith compositionform a group(seeBiggs[2]).
Thusevery permutatiorf 2 Aut (G) hasaninverseandAut (G) is closedundercomposition.Aut (G)
is non-emptysincetheidentity permutatiorsatis esthede nition for all graphs.

We establishtwo factsthatwill be usedin later development.Applying f to a bondcon guration

relabelsthe vertices,which doesnt changethe numberof openand closedbonds. Thereforethe
probability polynomialmustremainunchangedStatingthis formally:

Fact3. If andf( ) aretwobondcon gurations,withf 2 Aut(G), thenP ©(p) = PfG( )(p);8p 2
[0; 1].

An automorphisnt also relatesboundarypartitions. f appliedto a bond con guration 1 is a
permutationof the verticesof the graph,resultingin a bondcon guration . Similarly, applyingf to
thevertex labelsin the boundarypartitionderivedfrom ; (thatis, ;) resultsin theboundarypartition
for  (thatis, »). Thus:

Fact4. Givenbondcon gurations ; and , sudthat , = f ( 1), withf 2 Aut(G).Let 1= ( 1)
and , = ( ) bethecorrespondingpoundarypartitions.Then , = f ( ).

Whenwe applygroupactionsaspartof the substitutionrmethod we maynot be ableto useAut (G)
itself. The groupwe usemustsatisfytwo constraints. First, sincewe are comparingpercolationon
two graphs,the unsohed graphG andthereferencegraphH , the groupelementsmustbe valid auto-
morphismdgfor both graphs.More precisely the groupwe usemustbe a subgroupof both Aut (G) and
Aut (H). Thegreatestomputationabene t is obtainedif we canuseAut (G) \ Aut(H). Thesecond
constraintis thatthe automorphismgroupmapboundaryertices,andonly boundaryvertices,to other
boundaryvertices.For the purpose®f the substitutionmethodour interestlies in connectealustersof
boundaryvertices,sowe needto excludegroupactionsthatmove aninternalvertex to the boundary(or
vice versa).

3.2 EquivalenceClassesof Boundary Partitions

Figurel: A Subgraptof the Kagone Lattice
Ourresultsarebasedn thefactthattheactionsof agroupG (we usea bold typefaceto distinguish

betweergroupsandgraphs)on G induceanequivalencerelationon the setof bondcon gurations,and
then,by a simpleextension,on boundarypartitions. The group G will alwaysbe Aut (G) or oneof its
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Figure2: Bondcon gurations(bold edges)elatedby re ection throughthe AD axis

subgroups.In mostapplicationsof the substitutionmethod,G is planarwith rotationalandre ective
symmetry ThusG typically is a subgroupof adihedralgroup.

Example 1. A portionof thein nite Kagon® latticeis shovn in Figurel. The substitutionmethodis
appliedto a subgraptof thelattice,which we shov with bold edgesBond con gurationsaresubset®of
theedge®f thesubgraphtwo instance®f whichareshovnin Figure2. Theautomorphisngroupfor the
subgraphs easilyseerto beisomorphicto thedihedralgroupD g, whichis generatedby rotationsof =3
radiansandre ections throughanaxis connectingoppositevertices. Thusthe two bondcon gurations
in Figure2 arememberf the sameequialenceclass.

Equivalentgraphsundergroup action are saidto be G-equivalent G-equialentclassesare well
known to satisfythe conditionsof anequivalencerelation(for example,seeStanley [10]).

However, our realinterestis in forming equivalenceclasse®f boundarypartitions,notbondcon g-
urations.We usethemappingfrom abondcon gurationto aboundarypartitionto extendG-equivalence
to boundarypartitions:

De nition 1. Boundarypartitions ; and , are G-equivalent denoted ; -, if there exist bond
congurations ;and ;andf 2 G,with ( 1) = 1, ( 2)= 2,sudthat ;= f( 2).

We establishrsomebasicpropertiesollowing from De nition 1.

Lemmal. Given 1 2, letk;=f ()= 10,Kz2=f :( )= 20 Theeisaonetoone
correspondencbetweerK ; andK ».

Proof. Since ; 2 thereis somef 2 G suchthat , = f( ;). Selectary ; 2 K. According
to Fact4, ; mapsto the uniqueelement , = f( 1) in K,. Moreover, from the groupcancellation
property , mapsinto theuniqueelement ; = f 1( ,) in K. Thusthereis a bijection betweerK ;
toKo. O

Thefollowing lemmais a majorreasorfor the usefulnes®f theseequivalenceclasses:
Lemma2. If 1 ,thenP€(p) = PS(p).

Proof. By de nition X
G o . y _
P®(p) = pJE( )1(1 p)JE(G)JJ E( )i
2K 1
and X
G — jE j j i i.
P®(p) = pEQ@  p)E@©IT ECI:
2K
FromLemmal thereis a oneto onecorrespondencbetweenthe setskK ; andK ,. The corresponding

elementsof the two setsare relatedby automorphismsso by Fact 3 they have the sameprobability
polynomial. Thereforethetwo sumsareequal. O

Anotherusefulfactis that:



Fact5. If 1 »,then 1 and , havethesamenumberof clustes.
Proof. Thenumberof connectedlusterss unchangedyy anautomorphisnaction. O

Thefollowing is a specialcaseof awell known result. The proofis straightforward;for example see
Liu's[6] Theoremb-1.

Lemma 3. TheG-equivalenceelationonthe setof boundarypartitionsis an equivalenceelation.

3.3 The ClassLattice
The setsof G-equivalentboundarypartitionsarethe majorfocusof this paper sowe give themaname:

De nition 2. A boundarypartition class or simplya class is a maximalsetof G-equivalentboundary
partitions.

If Oisarepresentatie memberof classC,thenC=f 2 B: 9.
We will constructa partially orderedsetof classessowe needade nition of re nementthatapplies
to classes:

De nition 3. Let G andG be equivalenceclassesof partitions, thenclassG is a re nementof G,
denotedC, G, if forsome 1 2 G therexists , 2 G sudthat 2.

The classlattice, denotedP =G, is the partially orderedset obtainedfrom the patrtition lattice by
lumping G-equivalentpartitionsinto equivalenceclasses We alsocall P =G the symmetryreducedat-
tice. We verify that:

Lemma 4. P=G with re nementis a partially orderedset.

Proof. We show the threeposetconditionsaremetfor P=G. Let G; G; andG be boundarypartition
classes.

Re exive(C O): forall 2 C,soC CforallC2 P=G.

Antisymmetric(G G andG G imply G = G): Assumethat >and 9 where
1and 22 G, , 2 G. FromFact5, partitions ; and ¢ have the samenumberof clusters.

Furthermore , musthave the samenumberof clustersas ; and 8. But 1 > whereboth

have the samenumberof clusterscanoccuronly if 1 = 5.

Transitve (G G andG GimplyG  G): By de nition, for some ; 2 G thereexists
5 2 G suchthat ; 2. Likewise,for some 9 2 G thereexists 9 2 G suchthat 9 2.

Since , and garein G they are G-equivalent,sothereexists anautomorphisnf where , =

f( 9). Thenthereexistsanelement 3 = f( 9) in G, with the propertythat » 3. From
transitvity of  for boundarypartitions, ; 3. Thus 1 2 G isarenementof 3 2 G,
shawingG  G.

O

Additionally, the classposetis a lattice. The classlatticeis graded of the samerank asthe partition
latticefrom whichit derives.

4 Finding the Extr emal Up-setEquation Solutions

We have introducedsymmetryreductionbecauseaswe now shaw, it allows usto performthe substitu-
tion methodcalculationonaposethatis muchsmallerthanP, . Recallthatthe substitutiormethodcalls
for nding the extremalsolutionsto the up-setequationson the partitionlattice. We shav in Theorem
1 thattheseextremalsolutionsarethe sameasthosefound on the symmetryreducedattice P=G. The
computationabavings dueto searchinghe smallerposetcanbe considerablepften makingfeasiblea
calculationthatwaspreviously out of reach.



We begin by introducingsomenotationandterminologyto simplify exposition. In this sectionG
andH are nite graphswith equalnumbersof boundaryvertices,P ¢ (p) andPH (p) arethe associated
probabilitypolynomialson theposetP of partitionsof boundaryertices,andG is thelargestsubgroup
of bothAut (G) andAut (H ) satisfyingtheconstraintgpreviouslydescribedWe write p, for thesolution
to the up-setequationfor U, thatis, P§ (py) = P/} (pc), wherepc is the known critical probability for
thelatticeH.

A classCis saidto becompletén up-setU if C U, incompletdf Cis notcompleteandC\ U 6 ;.
A setof partitionsS B is saidto be possibleif thereis somep 2 (0;1) suchthatP$(p) > 0 or
P (p) > 0. If S is notpossiblethenit is impossible Notethatby Fact1, if S is possiblefor ary value
of p, thenit is possiblefor all p 2 (0; 1). Only possiblesetsof partitionsaffect the solutionto the up-set
equationslf PG (p) = P! (pc), andS isimpossiblethenP§; s (p) = P s(pc).

Thefollowing lemmademonstratethatunderthe certainconditionsa monotonicityresultholdsfor
arelatedsetof up-setequationsolutions.This resultis crucialto proving Theoreml.

Lemmab5. LetU beanon-trivial up-setof P, andS a subsebfU sucthatU Sisalsoanup-set.Let
S%betheimage of S undera groupaction, thatis, there existsf 2 GsudthatS°= fx:x = f(y); y 2
Sg, sudthatU [ SPisanup-setandU\ S°= ;.

Theneither

Purse<Pu<Pu s
Puise=Pu=Pu s
or
Purso™ Pu=>Pu s

Proof. Notethatwe considera non-trivial up-setto be any non-emptyup-set,exceptthatgeneratedy
the§ partition. Sincethe up-setgeneratedy the 0 partition containsall posetelementsits probability
polynomialis identicallyequalto 1, andthe up-setequationhasno uniquesolution.

Theelementf S andSCarein oneto onecorrespondencandcorrespondingartitionsaremem-
bersof thesameclass.We concluderom Lemma?2 thatS andS°have the sameprobabilitypolynomials,
whichwe denoteP$ (p) andP{! (p) (respectiely PS(p) andP£h(p)). Theup-setequationdor U [ S°,
U,andU S, respectiely, arethen

P& (p) + PE(p)
PS(p)
PS(p) PE(p)

PY (pe) + PE (pe)
P (pe)
P (pe) P& (po):

By subtractiorwe de ne

ap) =PSME+PSME  PHp) P& (po);
%) = P§(p) P{' (pc);
@) =PSME PSP P (pc) + PE (po);
and
k(p) = PS(P) P& (pe);
thenrewrite the up-setequationsas

91(p) = g(p) + k(p) = 0 1)
Q(p)=0 (2
g(p) = g(p) k(p) = 0: ©))

Sinceeachpolynomialg; (p) is anup-setpolynomialplusaconstantit is still non-decreasind/Ve know
from Fact 2 that eachup-setequationhasa uniquesolutionin [0; 1]. Let p,, p,, andp; representhe
solutionsto Equationsl — 3, respectiely. To prove the Lemmawe needto shav thateitherp; < p, <

Py, P3 = Po = P, 0rps > Py > py.



In factthe orderingis determinedby the sign of k(p,). If k(p,) > O the polynomialvaluesare
ordered:gi(p,) > G(p,) = 0> gs(p,). Fromthe Intermediatévalue Theoremand monotonicitywe
concludethatp; < p, < p;. If k(p,) < O, the oppositeoccurs:p; < p, < p;. Thelastpossibilityis
k(p,) = 0, in which caseall threeequationshave the samesolution(thatis, p; = p, = p;). Thisoccurs
if thesetsS andS®areimpossibleorif P$ (p,) = P& (pe). O

Figure3: Setsusedin the proof of Theoreml. is amemberof anincompleteclassin U, %is amember
of the sameclassthatis not containedn U.

Theoreml is the formal statemenbf the factthatthe extremalsolutionsto up-setequationson the
classposetequalthe extremalsolutionson the partition poset:

Theorem1. There existup-setdJy, andUp, , which are unionsof classessud that

Pu, = maxfp, :Uisanup-setof Pg

and

Py, = minfpy : Uisanup-setof Pg:

Proof. We only prove theresultfor p, , sinceasimilar argumentsufces for the minimumsolution.

The proof is by contradiction. Supposehat the maximumsolution on the partition lattice, p , is
not achieved by arny up-setthat consistsentirely of completeclassesLet U be a maximalup-setof P,
not necessarilyunique,satisfyingp, = p , containingat leastoneincompleteclass. Let C denotean
incompleteclassin U of highestrank (thatis, with the shortestengthchainfrom Cto the? element).

Choosea partition fromU\ C, and %apartitionfrom C U. SinceCis anequialenceclass
inducedby G thereis agroupelementf suchthat °= f( ). Formthesetsf (U) = fx 2 P : x =
f(y);y2Ug,V =U\f(U),S=U V,andS°= f(S). Weillustratetherelationshigbetweerthese
setsin Figure3. Thenit is easilyseerthat:

f(U) = V[ SPisanup-set.V [ SCis isomorphicto the up-setU = V [ S, wherethe group
elemenf is anorderpreservingijectionbetweerthetwo sets.

U[ SPisanup-setsinceU [ S°= U [ f (U), andtheunionof two up-setss anup-set.
Theintersectiorof two up-setds anup-setsoV = U\ f (U) isanup-set.
U\ S°=; by construction.

Theconditionsneededo applyLemma5to U, S, andSParesatis ed. Thereforetheup-setequation
solutionsareorderedn oneof threeways:

Purso<Pu<Py s (4)

Pu s = Pu = Pyj so ©)



or

Pu s> Pu > Pypso: (6)

Equation4 andEquation6 cannothold, since by assumptionthereis no up-setwith solutiongreater
thanp, . Thereforewe areleft with Equation5. As notedabove, U [ S°is an up-set. Thuswe can
expandU to obtaina larger up-setthat still attainsp . However, we assumedhatU wasmaximal,so
thatwe have reacheda contradiction.

We concludethereforethatthe maximalup-sefattainingthesolutionp consistof completeclasses
of partitions.

([l

Knowing thatwe canusesymmetryreductionto nd the extremalsolutionswith reducedcompu-
tational cost,we wantto estimatethe improvement. The improvementis basedon the reductionin the
numberof up-setequationghatneedto be solved. We know of no closedform resultthat providesthis
count,eitherexactly or asymptotically However, in AppendixA we describea computationto obtain
thenumberof elementsandthe numberof elementsy rank,for the symmetryreducedposet.

Thesevaluescanthenbe usedto boundthe numberof up-setsin the classlattice. Thereis a oneto
onecorrespondenceetweerup-setsandantichains Sincearankof a posetformsanantichain the size
of the power setof the largestrankis a lower boundfor the numberof up-setequations.Similarly, the
numberof up-setequationds boundedabore by the size of the power setof all elementsn the class
lattice. In practicetheseboundsarevery loose.

5 Boundson p. for the (3; 12%) Lattice

Figure4: The(3; 122) Lattice

In this sectionwe shaov how thetheorydescribedn this paperis usedto calculatemprovedbounds
onp. for aparticularlattice. Ourexampleis the “extendedKagon®” or “star” lattice,shavn in Figure4.
It is oneof the 11 Archimedearattices,thatis, vertex transitive tilings of the planeby regularpolygons.
Sincethelatticeis vertex transitve it canbe characterizedby listing the numberof sidesin eachn-gon
adjacento ary givenvertex. In this exampleeachvertex is adjacento atriangleand2 12-gons.Thus
this latticeis alsoknown asthe (3; 12?) lattice.

Thereis along standingconjectureby Tsallis[13] thatthe exactcritical probability for the (3; 12?)
latticeis :739830:; : ;. Wierman[18] haspreviously establishedigorousboundsof (0:738598 0:744900Q
usingthe substitutiormethod.

Figure5: The(3; 12%) SubstitutionRegion: Unsoledvs. Solved Subgraph
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To apply the substitutionmethodwe needto decomposghe (3; 122) lattice into isomorphic,edge-
disjoint subgraphsand substitutealternatve subgraphsn order to obtain a lattice which is exactly
solved. Our substitutionregion is the subgraphshovn on the left in Figure5. It consistsof a single
12-gon,the 6 triangleson the corners,and6 half edges. The half edgesare neededso that the lattice
decompositions edge-disjointlf thefull edgesareopenwith probabilityp thenthehalf edgesareopen
with probability™ p. Whenwe substituteahexagonplussix half-edgegor thissubgraphasshovn onthe
right in Figure5, we obtainthe hexagonallattice, which hasknown critical probabilityl 2sin( =18)
(Wierman[14]).

Both substitutionregionshave 6 boundaryertices sotherelevantpartitionlatticeis Pg. Thecardi-
nality of Pg is the 6™ Bell number 203. It is easilyshavn thatthe largestrank of P has90 elements.
While the numberof up-setsis unknowvn, the cardinality of the power setof the largestrank, that s,
2% 10?7 is alowerbound. Thussearchingheentirelatticeto determineheextremalsolutionswould
requiresolvingatleast10?’ up-setequationsThisis not practical.

Figure6: Hassediagramfor the classlattice Pg=Dg. Symmetryreductionhasreducedhe posetfrom 203
elementgo the 37 shavn here, andfrom atleast10?’ up-setgo 95,708up-sets.

Due to their symmetry the appropriateautomorphisngroupfor both thesegraphsis the dihedral
groupDg. D¢ alsosatis esthe constrainthatboundaryerticesmaponly to boundaryvertices.When
we applythe Dg groupactionsto Pg we obtaina classlattice containing37 elementgseeAppendix
A). The Hassediagramfor the classlattice is shavn in Figure6. While the partition lattice hadgreater
than10?” up-setequationgo solve,we nd thattheclasslattice hasprecisely95,708up-setequationgo
solve. Thisis asmallenoughnumberthat nding the extremalsolutionsby solvingall up-setequations
is easilyaccomplishedby a computer

To summarizethe completecomputationaprocedures thefollowing:
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1. Determinethe automorphisngroupsfor G andH , satisfyingthe constraintsin this example,the
appropriategroupis clearly Dg. If thereis ary doubt,the programnauty (seeMcKay [7]) can
beused.

2. Usingthe automorphisngroup,de ne the classlattice by classifyingthe boundarypartitionsand
determiningheinclusionrelationships\We have developedacomputeiprogramcalledclassify
to performthis calculation.

3. Enumeratdehe up-setdor P=G calculatedn the step2. We usedthe algorithmfrom Squireg[8]
that performsa Hamiltonianwalk on the setof up-sets.

4. Calculatethe -polynomialsfor all equivalenceclasse®f boundaryertices.

5. Searchfor the extremal up-setequationsolutionsamongthe setof all up-sets.Using Newton's
methodon a PaverPCprocessarthis only took about20 minutes. We notethatthis problemis
especiallyfavorablefor Newton's method. A solutionis guaranteedo exist in (0; 1) andit is
uniquein thatinterval. We usethe mid-point of Wiermans [18] previous boundsasthe starting
pointfor the Newton iteration,insuringthatthe startingpointis quite closeto the up-setequation
solution.

Theminimumandmaximumsolutions0.73939%nd0.741757correspondo theup-setsAB CDEF
andeverythingbut AjBjCjDjEjF . Notethattheinterval betweerour boundsincludesTsallis's conjec-
turedvalue0:739830: : ;, althoughthe lower boundcomescloseto excludingit.

A Enumerating the ClassPoset

In this appendixwe describea methodfor calculatingthe numberof elementsn the symmetryreduced
poset.We have foundthis calculationusefulfor estimatinggthework requiredto solve speci ¢ problems
andfor checkingcomputerresults. In the interestsof brevity we won't review the theory underlying
thesetechniques.The reademwho is unfamiliar with the theorycanreferto Liu [6] or Beckenbach1]
for acompletediscussion.

We introducea differentrepresentatioffior a boundarypartition, calledthe classvector. The class

to which theith vertex belongs. For example,the classvectorfor boundarypartition AB jCDJEF is
112233 Theclassvectorrepresentationevealsthat partitioningthe boundaryverticescanbe seenasa
coloringproblem,with each‘color” representin@ clusterof connectedoundaryvertices.Notethatthe
actualcolor assignedo a boundaryvertex doesnot matter only the setof partitionssharingthe same
color. Thatis, partition112233is consideredquivalentto 221133and223311

Countingcoloringsof a setundergroupactionis a classicapplicationof Pblya's EnumerationThe-
orem. However Polya's Theoremdoesnt go quite far enough.It givesusa methodto countall distinct
colorings. We needa methodthatalsoincorporateghe notion that“distinct clustersare coloreddiffer-
ently, but we don't carewhatthecoloris”

De Bruijn's Theoremis a generalizatiorof Polya's Theoremthat allows us to countequivalence
classesn preciselythis way. Two groupsareemployed. The rst group, G, representshe geomet-
ric symmetriesof the underlyinggraph; while the second,H, represents notion of what constitute
equialentcolorings.

In orderto applyde Bruijn's Theoremwe needto know the cycle index polynomialfor eachgroup.
The permutationghat compriseG andH canbe categorizedby the numberof cyclic permutationf
eachlength.If permutation hashb, cyclesof lengthl, b, of length2,: ::, b cyclesof lengthk, thenwe
usethe monomialx?1 xgz xEk to to representhe numberof cyclesof eachlengthin . Thisis called
the cyclestructuie representatiorof . Givena groupG, the cycleindex polynomialZ ¢ is the sumof
the cycle structurerepresentationsf the permutation®f G, divided by the numberof permutationsn
G:

Formally de Bruijn's Theoremstates:
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Theorem 2. X is a set,C a setof colors,Zg andZy are the cycleindex polynomialsfor G andH .
Thenthe numberof equivalencelassef functionsfrom X to C is thevalueof the expression

@ @ @ h |

ZG : : TEF ZH eZl+Z2+Z3+ ;ez(Z1+Zg+Z3+ );e3(Zl+Z2+Z3+ )
@ @ @s

S
Liu [6] providesa proof of thistheorem.
We illustrateits applicabilityto our problemwith two examples.

Example2. Wewishto counttheelement®f Pg reducedy hexagonakymmetry Hexagonakymmetry
suggestshatwe usethedihedralgroupD ¢ for G in deBruijn's Theorem.Thenotionthattheactualcolor
assignmentdglon't matteris equivalentto applyingthe symmetricgroupto the colors. Any permutation
of thecolorsresultsin anequivalent“coloring”. Thereforewe needthe cycle index polynomialsfor D g

andfor the symmetricgroupSg. Theseare

1
Zp,(21;22;23;26) = 1—2(253 + 4Z3 + 275 + 32272 + 2z)
and

L

720(253 + 152772, + 402325 + 902224 + 1442175

Zs,(21;22; 23, 24, 25, Z6) =
+ 457275 + 1523 + 120212573 + 902,24 + 4022 + 120z):

UsingdeBruijn's Theoremwith Z¢ = Zp, andZy = Zs,, andafteraverytediouscalculation we get
thenumber3d7. Theuseof hexagonakymmetryhasreducedheposetsizefrom its original 203elements
to aclasslattice of 37 elements.

Example 3. By a smallmodi cation of the techniquewe cancountthe elementsor eachrankin the
classlattice. We rst applyZs, to nd the numberof elementdn the classwith 1 cluster Thisis, of
coursealways1. Thenwe applyZs, to nd the numberof elementdn the classwith 1 or 2 clusters.
By subtractinghe numberof 1 clusterclassedrom this resultwe nd the numberof 2 clusterclasses.
We iteratethis calculation,thatis, calculatethe numberof classesusingZs, , subtractthe numberof
1;:::;k 1 clusterclassedo getthe numberof k clusterclasses. We perform this calculationfor
k=2:::;n.

Table 1 shaws the resultsof calculatingthesevaluesfor n-gonsfrom 1 to 12 vertices,assuming
dihedralgroupsymmetryto reducethe partitionlattice.

Numberof Clusters Total Total

n-gon 1 2 3 4 5 6 7 8 9 10 11 12 Classes Partitions
1 1 - - - - - - - - - - - 1 1
2 1 1 - - - - - - - - - - 2 2
3 1 1 1 - - - - - - - - 3 5
4 1 3 2 1 - - - - - - - - 7 15
5 1 3 5 2 1 - - - - - - - 12 52
6 1 7 14 11 3 1 - - - - - - 37 203
7 1 8 31 33 16 3 1 - - - - - 93 877
8 1 17 82 137 85 27 4 1 - - - - 354 4140
9 1 22 202 478 434 171 37 4 T - - - 1350 21147
10 1 43 538 1851 2271 1249 338 54 5 1 - - 6351 115975
11 1 62 1401 6845 11530 8389 3056 590 70 5 1 - 31950 678570
12 1 121 3838 26148 58400 56079 26696 6907 1014 96 6 1 179307 4213597

Tablel: ClassCountfor EachRank,for n-gonswith DihedralSymmetry
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