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Abstract—It is known that a stochastic approximation (SA) analogue of the deterministic Newton-Raphson algorithm provides an
asymptotically optimal or near-optimal form of stochastic search.
However, directly determining the required Jacobian matrix (or
Hessian matrix for optimization) has often been difficult or impossible in practice. This paper presents a general adaptive SA algorithm that is based on a simple method for estimating the Jacobian
matrix while concurrently estimating the primary parameters of
interest. Relative to prior methods for adaptively estimating the
Jacobian matrix, the paper introduces two enhancements that generally improve the quality of the estimates for underlying Jacobian
(Hessian) matrices, thereby improving the quality of the estimates
for the primary parameters of interest. The first enhancement rests
on a feedback process that uses previous Jacobian estimates to reduce the error in the current estimate. The second enhancement
is based on an optimal weighting of per-iteration Jacobian estimates. From the use of simultaneous perturbations, the algorithm
requires only a small number of loss function or gradient measurements per iteration—independent of the problem dimension—to
adaptively estimate the Jacobian matrix and parameters of primary interest.
Index Terms—Adaptive estimation, Jacobian matrix, rootfinding, simultaneous perturbation stochastic approximation
(SPSA), stochastic optimization.

I. INTRODUCTION
TOCHASTIC approximation (SA) represents an important class of stochastic search algorithms for purposes of
minimizing loss functions and/or finding roots of multivariate
equations in the face of noisy measurements. This paper presents
an approach for accelerating the convergence of SA algorithms
through two enhancements—related to feedback and optimal
weighting—to the adaptive simultaneous perturbation SA
(SPSA) approach in Spall [17]. The adaptive SPSA algorithm is
a stochastic analogue of the famous Newton-Raphson algorithm
of deterministic nonlinear programming. Both enhancements are
aimed at improving the quality of the estimates for underlying
Jacobian (Hessian) matrices, thereby improving the quality of
the estimates for the primary parameters of interest.
The first enhancement improves the quality of the Jacobian
estimates through a feedback process that uses the previous
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Jacobian estimates to reduce the error. The second enhancement improves the quality via the formation of an optimal
weighting of per-iteration Jacobian estimates. The simultaneous perturbation idea of varying all the parameters in the
problem together (rather than one-at-a-time) (Spall [16]) is
used to form the per-iteration Jacobian estimates. This leads
to a more efficient adaptive algorithm than traditional finitedifference methods. The results apply in both the gradient-free
optimization (Kiefer-Wolfowitz) and stochastic root-finding
(Robbins-Monro) SA settings.
The basic problem of interest is the root-finding problem.
,
, we are
That is, for a differentiable function
. Of course,
interested in finding a point satisfying
this problem is closely related to the optimization problem of
with respect
minimizing a differentiable loss function
to some parameter vector via the equivalent problem of finding
. Let
be a point satisa point where
fying
. The stochastic setting here allows for the use of
noisy values of and the estimation (versus exact calculation) of
Jacobian matrix
.
the associated
Note that the Jacobian matrix is a Hessian matrix of when
represents the gradient of . In this paper, let
denote the
standard Euclidean vector norm or compatible matrix spectral
norm (as appropriate).
Certainly others have looked at ways of enhancing the convergence of SA. A relatively recent review of many such methods is
in Spall [18, Sect. 4.5]. In the optimization setting (using noisy
measurements of ), Fabian [5] forms estimates of the gradient
and Hessian by using, respectively, a finite-difference approximation and a set of differences of finite-difference approxiloss function measurements for
mations. This requires
each update of the estimate, which is extremely costly when
is large. For the root-finding setting, Ruppert [14] and Wei
[19] develop stochastic Newton-like algorithms by forming Jacobian estimates via finite differences of measurements. There
are also numerous means for adaptively estimating a Jacobian
(especially Hessian) matrix in special SA estimation settings
where one has detailed knowledge of the underlying model (see,
e.g., Macchi and Eweda [9] and Yin and Zhu [21]). While these
are more efficient than the general adaptive approaches mentioned above, they are more restricted in their range of application. Bhatnagar [2] and Zhu and Spall [22] build on the adaptive SPSA approach in Spall [17], showing how some improvements are possible in special cases. Bhatnagar [3] develops several convolution-based (smoothed functional) methods for Hessian estimation in the context of simulation optimization.
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Another approach aimed at achieving Newton-like convergence in a stochastic setting is iterate averaging (e.g., Polyak
and Juditsky [12]; Kushner and Yin [7, Chap. 11]). While iterate averaging is conceptually appealing due to its ease of implementation, Spall [18, Sect. 4.5] shows that iterate averaging
often does not produce the expected efficiency gains due to the
lag in realizing an SA iteration process that bounces approximately uniformly around the solution. Hence, there is strong
motivation to find theoretically justified and practically useful
methods for building adaptive SA algorithms based on efficient
estimates of the Jacobian matrix.
In particular, with adaptive SPSA applied to the optimization
case, only four noisy measurements of the loss function are
needed at each iteration to estimate both the gradient and Hessian for any dimension . In the root-finding case, three noisy
measurements of the root-finding function are needed at each
iteration (for any ) to estimate the function and its Jacobian matrix. Although the adaptive SPSA method is a relatively simple
approach, care is required in implementation just as in any other
second-order-type approach (deterministic or stochastic); this
includes the choice of initial condition and the choice of gain
(step size) coefficients to avoid divergence. Other practical implementation suggestions are given in Spall [17, Sect. II.D]. The
relatively simple form for the Jacobian estimate seems to address the criticisms of Schwefel [15, p. 76], Polyak and Tsypkin
[13], and Yakowitz et al. [20] that few practical algorithms exist
for estimating the Jacobian in recursive optimization.
The sections below describe the enhanced approach here, as
well as the theory associated with convergence and efficiency.
There is also a numerical study and, in the Appendix, a summary
of certain key results from Spall [17].
II. ADAPTIVE SPSA ALGORITHM AND THE PER-ITERATION
JACOBIAN (HESSIAN) ESTIMATE
As with the original adaptive SPSA algorithm, the algorithm
here has two parallel recursions, with one of the recursions being
a stochastic version of the Newton–Raphson method for estimating and the other being a weighted average of per-iteration (feedback-based) Jacobian estimates to form a best current
estimate of the Jacobian matrix

1217

. Note that at
in (2.1b),
feedback term
may be used to reflect prior information on if
;
may be unspecified—and irrelevant—when
alternatively,
(we will also see that prior information may be folded
). Because
is defined in Spall [17], the essential
in via
aspects of the parallel recursions in ((2.1a), (2.1b)) that remain
to be specified are
and
.
may not be invertible (especially for small
Given that
), a simple mapping
is to add a matrix
to
,
,
, and
is a
identity matrix.
where
will not necessarily be symmetric in general
While
root-finding problems, one may wish to impose the requirement that the Hessian estimates be symmetric in the case
is a gradient and
is a
of optimization where
Hessian matrix (Bhatnagar [2] discusses Hessian estimation
without imposing symmetry at each iteration). In this case,
.
is forced to be symmetric, one useful form
Given that
when
is not too large is to take
such that
for
, where the
indicated square root is the (unique) positive definite square
is some small
root (e.g., sqrtm in MATLAB) and
number as above. Other forms for
may be useful as well
(see Spall [17]).
Let us now present the basic per-iteration Jacobian estimate
, as given in Spall [17]. As with the basic first-order SPSA
as
algorithm, let be a positive scalar such that
and let
be a user-generated
mean-zero random vector with elements having finite inverse
,
moments of order greater than 2; further conditions on ,
and other relevant quantities are given in Spall [17] to guarantee
convergence (and also discussed below in the context of the results here). These conditions are close to those of basic SPSA in
being a vector of independent Bernoulli 1
Spall [16] (e.g.,
random variables satisfies the conditions on the perturbations,
but a vector of uniformly or normally distributed random variables does not). Examples of valid gain sequences are given in
Spall [17]; see also the numerical study in Section VIII below.
at each iteration is
The formula for
for Jacobian

(2.1a)
(2.1b)
is a non-negative scalar gain coefficient,
where
is some unbiased or nearly unbiased estimate of
,
is a mapping
,
designed to cope with possible noninvertibility of
is a weight to apply to the new input to the
recursion for
,
is a per-iteration estimate of
,
and
is the feedback-based term that is aimed at improving
the per-iteration estimate by removing the error in
(
is
defined in detail in Section III after some requisite analysis of
the structure of
). The two recursions above are identical
to those in Spall [17] with the exception of the more general
in the second recursion (
in Spall
weighting
[17], equivalent to a recursive calculation of the sample mean
estimates) and the inclusion of the
of the per-iteration

for Hessian
(2.2)
, and, dewhere
pending on the setting, the function
may or may not be
introduced in (2.1a) (at a specified
the same as the function
,
will be either an approximation to
or will be
itself, as discussed below). Note that all elements of are
varied simultaneously (and randomly) in forming
, as opposed to the finite-difference forms in, for example, Fabian [5]
and Ruppert [14], where the elements of are changed deterministically one at a time. When forming a simultaneous perbased on values of the loss function
turbation estimate for
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, there are advantages to using a one-sided gradient approxin order to reduce the total number of function
imation for
evaluations (vs. the standard two-sided form that would typi). This is the 2SPSA (2nd-order
cally be used to construct
SPSA) setting in Spall [17]. In contrast, in the root-finding case,
are
it is assumed that direct unbiased measurements of
available (e.g., Spall, 18, Chap. 5), implying that
.
The symmetrizing operation in the second part of (2.2) (the
multiple 1/2 and the indicated sum) is convenient for the optimization case in order to maintain a symmetric Hessian estimate
repreat each . In the general root-finding case, where
sents a Jacobian matrix, the symmetrizing operation should not
typically be used (the first part of (2.2) applies).
The feedback and weighting methods below rest on an error
. Suppose that is
analysis for the elements of the estimate
three-times continuously differentiable in a neighborhood of .
Then
(2.3)
where (2.3) follows easily (as in Spall [16, Lemma 1]) by a
Taylor series argument when forming a simultaneous perturfrom measurements of the loss funcbation estimate for
(the
term is the difference of the two
tion
bias terms in the gradient estimate) and (2.3) is immediate (with
) when
and
represent direct unbiased mea. Let
be the th component of
. In
surements of
the Jacobian case, (2.2) implies that the th element of
is
. Then, for any , , by an expansion of each of
as appear in (2.3)

(2.4)
denotes the th component of . In the case where
where
, such as when
is
exact values are available (i.e.,
an exact value of the gradient of a log-likelihood function), then
itself (without the conditional expectation) is
equal to the right-hand side of (2.4). Because
for all
by the assumptions for
, it is known that the expectation of the second (summation) term on the right-hand side
of (2.4) is 0 for all , , and . Hence,
is nearly unbiased with
. Straightforward modificathe bias disappearing at rate
tions to the above show the same for the Hessian estimate in
(2.2) (i.e., second part in (2.2)).
Note that
in (2.2) can be decomposed into four parts
(2.5)
where
is a
matrix of terms dependent on
,
,
and, when only noisy measurements are available, an addiassociated with the creation of
tional perturbation vector
and
(see Section III-A for the specific use of
).
term is described in detail in Section III. The summaThe
tion-based term on the right-hand side of (2.4), or its equivalent in the Hessian estimation case, provides the foundation
. The
term in (2.4) represents a bias in the
for
estimate. The other error term is derived from the differences

(due to noise and, with
2SPSA, due to higher order effects in a Taylor expansion of ).
The other error is identically zero when
. Note that
represents the dominant error due to the simultaneous perand, if relevant,
. Further, the specific form
turbations
term depends on whether the optimizaand notation for the
or
tion or root-finding case is being considered (
, respectively, in the notation of Sections III-A and
III-B).
III. ERROR IN JACOBIAN ESTIMATE AND
CALCULATION OF FEEDBACK TERM
term in (2.5) as a vehicle
This section characterizes the
towards creating the feedback term
. Section III-A considers
the case where
is formed from possibly noisy values of ;
Section III-B considers the case where
is formed from possibly noisy values of . Section III-C presents
. The probabilistic big- terms appearing below are to be interpreted in the
implies a function that is
almost surely (a.s.) sense (e.g.,
); all associated equala.s. bounded when divided by ,
ities hold a.s.
A. Error for Estimates Based on Measurements of
This subsection considers the problem of minimizing ;
represents a (symmetric) Hessian matrix and the
hence
estimate in the second part of (2.2) applies. When using only
measurements of as in the 2SPSA setting mentioned above
(i.e., no direct measurements of ), the core gradient approxiin (2.1a) uses two measurements,
mation
and
, representing noisy measurements of at
, where
and
are as
the two design levels
defined above for
. These two measurements are used to
in the conventional SPSA manner, in addition
generate
to being employed toward generating the one-sided gradient
approximations
that form
. Two additional
are used in generating
measurements
one-sided approximations as follows:

..
.

(3.1)

satisfying conditions similar to
(although
with
may be best chosen larger than
the numerical value of
; see Spall [17]) and with the Monte-Carlo generated
being statistically independent
of
while satisfying the same regularity conditions as
(with no loss in formal efficiency, the one-sided gradient approximation saves two loss measurements per iteration over the
more conventional two-sided approximation by using the two
values in both
and
).
Although not required, it is usually convenient to generate
and
using the same distribution; in particular, choosing
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the
as independent Bernoulli 1 random variables is a
valid—but not necessary—choice (note that the independence
and
is important in establishing the “near-unbiasedof
, as shown below).
ness” of
Suppose that is four times continuously differentiable. Let
and
be the measurement noises:
and
. Then, the th component of
at
is

(3.2)

where
denotes the
row
vector of all possible third derivatives of ,
denotes a point
on the line segment between and
(the superscript in
pertains to whether
), and denotes Kronecker product. It is sufficient to work with the first part of (2.2)
(Jacobian) in characterizing the error for the second part (relevant for the Hessian estimation here), as the second part is trivially constructed from the first part. Substituting the expansion
in (3.2) into the first part of (2.2), the th compofor
nent of
is
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Note that the five expressions to the right of the first plus
sign on the right-hand side of (3.5) represent the error in the
. The last four of these expressions either
estimate of
go to zero a.s. with (the three big- expressions) or are
based on the noise terms,
and
, which we control
through the choice of the
(Sections IV and V). Hence, the
will be
focus in using feedback to improve the estimate for
on the first of the five error expressions (the double-sum-based
expression).
Let us define
, together
with a corresponding matrix
based on replacing all
in
with the corresponding
. Note that
is symmetric
when the perturbations are independent, identically distributed
(i.i.d.) Bernoulli. Then, absorbing the
term into
,
the matrix representation of (3.5) is

..
.

(3.6)

,

Given that the term dependent on the noises is
we have

(3.7)
where from (2.2) (Hessian estimate in second part) and (3.6)

(3.3)
where the probabilistic term
reflects the difference of
third-order contributions in each of the two gradient approximations. The part inside the square brackets in the numerator of the
first term on the right-hand side of (3.3) can be written as

(3.8)

The superscript in
represents the dependence of this
form on measurements for creating the estimate, to be contrasted with
in the next subsection, which is dependent on
measurements.

(3.4)
B. Error for Estimates Based on Values of
Hence, from (3.3) and (3.4), we have

(3.5)

We now consider the case where direct (but generally noisy)
values of are available. Hence, direct measurements
are used for
in (2.1a) and for
in
appearing in (2.2), where is a mean-zero noise term (not necessarily independent or identically distributed across ). The analysis in this case is easier than that in Section III-A as a consequence of having the direct measurements of . As in Section III-A, it is sufficient to work with the first part of (2.2)
in characterizing the error for the second part (relevant for the
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Hessian estimation here). Using the expansion in (3.4), the
component of the first part of (2.2) is

th

(3.9)

represent the th comwhere is the th term of and the
.
ponents of the noise vectors
Note that the three expressions to the right of the first plus sign
in the last equality of (3.9) represent the error in the estimate of
. The last two of these expressions either go to zero with
(the big- expression) or are based on the noise terms
that we control through the choice of the
(Section V). Hence,
the focus in using feedback to improve the estimate for will be
on the first of the three error expressions (the summation-based
expression).
The matrix representation of (3.9) is

Note that prior information on (if available) may be conveniently incorporated into the search process via . In particular, to the extent that: (i)
is negligibly different from
,
(ii) is a quadratic function (and/or is an affine function),
and (iii) the noise level is negligible, then choosing
close
to
guarantees that
will be close to
for all
. Obviously, in practice, these idealized assumptions do
based on a “good” value
not usually hold, but determining
of will, through the feedback process, typically enhance the
for subsequent .
quality of the estimate
IV. OPTIMAL WEIGHTING WITH NOISY MEASUREMENTS
A. General Form
As discussed above, the second way in which the accuracy of
estimate may be improved is through the optimal selecthe
tion of weights
in (2.1b). We consider separately below the
is formed from noisy values of and noisy
cases where
values of . We restrict ourselves to a weighted, linear combivalues, as represented in recursive form in
nation of
(2.1b). Hence, the estimator in equivalent batch form for total
iterations is
(4.1)

(3.10)
Analogous to (3.7), we have
(3.11)
where from (2.2) and (3.10), the error in the Jacobian estimate
(non-symmetric) or Hessian estimate (symmetric) is
for Jacobian
for Hessian.

C. Feedback Term for Estimating

(3.12)

Matrix

Using the analysis in Sections III-A and III-B, we now present
the form for
through the use of feedback. If were known,
setting
equal to
would leave only the unavoidable errors due to the noise and the bias at each iteration, where
represents either
or
, as appropriate (expressions
(3.8) and (3.12), respectively). Unfortunately, of course, this relatively simple modification cannot be implemented because we
do not know !
A variation on the idealized estimate of the previous paragraph is to use estimates of
in place of the true . That is,
the most recent estimate of
, as given by
or
,
replaces
in forming . Therefore, when using
as
the estimate, the quantity
appearing in (2.1b) is given by
when

measurements used

when

measurements used.

(3.13)

subject to
for all and
(note that
the form in (4.1) is for analysis purposes only; the recursive
form in (2.1b) is used in practice). It is straightforward to deonce the weights
appearing in the recurtermine the
); the converse is
sion (2.1b) are specified (note that
also true. In the 2SPSA setting (i.e., measurements), the optimal weights
derived here assume that the noise contributions are nontrivial in the sense that
is asymptotically constant and strictly positive for all . In the
root-finding problem (i.e., direct measurements), it is assumed
that
is asymptotically constant and positive definite for all . (Section VII provides detailed treatment for the
noise-free cases:
and
.) Further, it is
assumed here that the perturbation vector sequences
and
are each identically distributed and mutually independent
and
that are symmetrically
across , with components
distributed about 0.
B. Weights Using Measurements of
The asymptotically optimal weighting is driven by the asymptotic variances of the elements in
. The variances of these
,
elements are known to exist by Hölder’s inequality when
,
,
, and at the relevant perturbations of all
have finite moments of order greater than 2 for all and . The
dominant contributor to the asymptotic variance of each element
term on the right-hand side of (3.7), leading
is the
with
to a variance that is asymptotically proportional to
constant of proportionality independent of because
is asymptotically constant in and because of the above-mentioned assumptions on the distributions
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of
and
. Further, the elements at an arbitrary posimatrices, as derived from
tion (say, the th) in the
the last term in (3.6), are uncorrelated across by the independence assumptions on
and
. Hence, from (4.1),
that minimize
the aim is to find the
subject to the constraints on
above. It is fairly straightforward to find the solution to this minimization problem (e.g., via
the method of Lagrange multipliers), leading to optimal values
for all
. This solution leads
to the following weights for use in (2.1b):
(4.2)

C. Weights Using Measurements of
As in Section IV-B, the asymptotically optimal weighting is
. The
driven by the asymptotic variances of the elements in
dominant contributor to the asymptotic variance of each element
term on the right-hand side of (3.11), leading to a
is the
with constant
variance that is asymptotically proportional to
of proportionality independent of because
is asymptotically constant and positive definite and because of
.
the above-mentioned assumptions on the distributions of
Further, the elements corresponding to an arbitrary position in
matrices (based on the last term in (3.10)) are unthe
.
correlated across by the independence assumption on
Hence, from (4.1), the aim is to find the
that minimize
subject to the constraints on
. The solution to this minimization problem is
for all
, leading to the following weights for use in (2.1b):
(4.3)
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This section gives analogues to Theorems 2a and 2b in Spall
with measurements and
[17], showing convergence of
in
with measurements, respectively, based on the weights
Section IV. Note that while these weights are asymptotically optimal with the variance of the noise contribution being asymptotically constant, the theorems below do not need to make this
assumption. The theorems rely on Kronecker’s Lemma (e.g.,
and
are seChow and Teicher [4, pp. 114–115]): If
,
conquences of real numbers such that
monoverges (in ) to some finite value, and diverges to
as
. For the case with
tonically, then
only measurements, the conditions here are identical to the
original Theorem 2a for 2SPSA with the exception of a slight
modification of the original conditions C.1 and C.8 to (respectively) C.1 to C.8 below:
C.1 :The conditions of C.1 hold plus
,
, with
,
, and
.
and
and all
, the following hold
C.8 : For some
,
a.s.:
,
, and
.
(Note that the first two bounds are similar to the bounds
in C.2 in the Appendix, but are neither necessary nor
sufficient for C.2.)
Theorem 1 (2SPSA Setting): Suppose only noisy measureand
(see (3.1)) and that
ments of are used to form
in (3.13) and
in (4.2) are used in the recursion (2.1b).
Let conditions C.1 and C.8 above hold together with conditions C.0, C.2, C.3 , C.4–C.7, and C.9 of Spall [17] (see the
a.s. as
.
Appendix here). Then,
Proof: First, note that the conditions subsume those of Theorem 1a in Spall [17] (C.0–C.7); hence we have a.s. convergence
of to . We first use Kronecker’s Lemma (see above) to establish the convergence for a particular sum of martingale differences and then use this result to establish the convergence
.
of
Let us first show that

V. CONVERGENCE THEORY WITH NOISY MEASUREMENTS
Some of the convergence and efficiency analysis in Spall [17]
holds verbatim in analyzing the enhanced form here. In particular, under conditions for Theorems 1a and 1b in Spall [17] (see
a.s. in the
also the Appendix here), it is known that
setting of either measurements or measurements. On the
other hand, because the recursion (2.1b) differs from Spall [17]
due to the weighting and feedback, it is necessary to make some
to
.
changes to the arguments showing convergence of
and
, as relate
Let us define two sets for conditioning,
to the measurement and measurement cases, respectively.
Namely,
and
are the sets genand
. An intuitive intererating
pretation of the convergence conditions is given in Spall [17],
discussing how the conditions lead to relatively modest requirements in many practical applications. The interpretation in Spall
[17] also applies here with obvious modifications for the conditions that are slightly changed in this paper.

(5.1)

is guaranteed by C.8 . Let
where the existence of
and
represent corresponding (arbitrary) elements of
and
, respectively. Because
, we have that
is a martingale with bounded
second moments for all (it is not required that the moments
be uniformly bounded); hence, the expression on the left-hand
side of (5.1) is also a martingale. The term within the summands
satisfies
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where the two equalities follow by C.8 , (3.13), and the defining
(same as for
) (see Section II).
properties for the
We are now in a position to use Kronecker’s Lemma (with
and
) in conjunction with the martingale convergence theorem (e.g., Laha
and Rohatgi [8, Theorem 6.2.1]) to show (5.1). Note that

From (5.5), the continuity of
to
gence of

at all

, and the a.s. conver-

(5.6)

(5.3)

where the equality follows by the fact that the summation arguon the left-hand side of (5.3) is a
ment (0 to ) inside the
martingale (this argument differs from the corresponding scalar
element in the left-hand side of (5.1) only in the summation
limits for the denominator). The uniform boundedness (in )
of the right-hand side of (5.3) implies via Kronecker’s Lemma
that (5.1) holds. From C.1 and (5.2), each of the summands
on the right-hand side of (5.3) are given by

as
, where the result follows by the fact that the
(from C.1 ); the converdenominator
gence of
to
in (5.6) follows
from the Toeplitz Lemma (Laha and Rohatgi [8, p. 89]),
with a trivial change in the Laha and Rohatgi proof from
. Given that
having in the denominator to having
, (5.1) and (5.6)
together yield the result to be proved.
We now show convergence of
in the root-finding case
with direct (noisy) measurements; this result is an analogue
of Theorem 2b in Spall [17]. Following the pattern above, C.1
and C.8 in Spall [17] are modified to a C.1 and C.8 :
,
C.1 : The conditions of C.1 hold plus
and
.
with
C.8 : For some
and all
, the following hold a.s.:

if
if
and

(5.4)
for all
(large ), implying that (5.3) is bounded as
. By the martingale convergence theorem (e.g.,
Laha and Rohatgi [8, Theorem 6.2.1]), we therefore know that
the above-mentioned martingale in the argument of the left-hand
side of (5.3) converges a.s. to a random variable with finite
second moment. Because this convergence holds for all eleand
, Kronecker’s Lemma implies that (5.1)
ments of
is true.
as appears in (5.1) to show converLet us analyze
gence of
. It is sufficient to work with the Jacobian form in
the first part of (2.2). From (3.2), the bias in the h component
of
is

Using C.1 and C.3 ,
a.s.,
with the implied constant in the big- bound proportional to
the magnitude of the uniformly bounded fourth derivative of .
Hence, by C.9, the above expectation exists and is
a.s.,
indicating that
(5.5)

Theorem 2 (Root-Finding Setting): Suppose noisy measurements of are used to form
and that
in (3.13) and
in
(4.3) are used in the recursion (2.1b). Let conditions C.1 and
C.8 above hold together with C.0 , C.2 , C.3 , C.4–C.7, and
C.9 of Spall [17] (see the Appendix here). Then,
a.s. as
.
Proof: First, note that the conditions subsume those of
Theorem 1b in Spall [17] (C.0 –C.2 and C.3–C.7); hence,
to . The proof then folthere is a.s. convergence of
lows (5.1) to (5.4) in Theorem 1 (i.e., Kronecker’s Lemma
showing that the martingale convergence theorem applies)
replacing products
(and, of course, condiwith
tioning now being based on
instead of
). Then, by
(see C.3 ),
the boundedness of the third derivative of
a.s., as in (5.5), leading to the
convergence
a.s. (analoa.s. as
then
gous to (5.6)). The convergence
follows in a manner analogous to below (5.6).
Spall [17] includes an asymptotic distribution theory for
when has the standard form:
,
and
. It is found that
and
are
asymptotically normal for the 2SPSA and root-finding settings,
respectively, with (different) finite magnitude mean vectors and
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covariance matrices. The conditions under which the asymptotic normality results hold are slightly beyond the conditions
for convergence. While the rates of convergence (governed by
and
) are identical to standard SA
the exponents
rates of convergence for first-order algorithms (e.g., Spall [18,
Sects. 4.4 and 7.4]), the limiting mean vectors and covariance
matrices are near-optimal (2SPSA) or optimal (root-finding) in a
is asymptotically
precise sense. Further, setting
near-optimal (2SPSA) or optimal (root-finding), which may be
useful in practice to help reduce the tuning required for implementation (the need to choose ).
The improved Jacobian estimation above does not alter these
asymptotic accuracy results, as the Spall [17] results are fundamentally based on the Jacobian matrix estimate achieving
its limiting true value (to within a negligible error) during the
search process. In practice, however, as a consequence of the Jacobian estimate reaching a nearly true value earlier in the recursive process, it would be expected that the (finite-sample) conwould improve when using the feedvergence accuracy in
back and weighting above. This will be illustrated in the numerical results of Section VIII.
VI. RELATIVE ACCURACY OF JACOBIAN ESTIMATES
WITH NOISY MEASUREMENTS
It is fairly simple to compare the accuracy of the Jacobian estimates based on the optimal weightings above with the corresponding estimates based on simple averaging (as in Spall [17])
and
(as approin the special case where the noise terms
priate) have constant (non-zero) variance (independent of and
) and the two perturbation vector sequences
and
are each identically distributed across . Note that feedback
(Section III-C) does not affect the results here, as the asymptotic variance of the Jacobian estimate is dominated by the noise
contribution.
In the 2SPSA setting of only noisy loss measurements, the
above assumption on the noise terms (constant variance) and
and
implies that the variance of an indisequences
vidual element in the summands
is asymptotic to
for large and some constant
(see Section IV-B). Hence,
and
given in Theorem 1 (e.g.,
under the conditions on
), the variance of an individual element in a simple
is given by
average form for

(6.1)
where “ ” denotes “asymptotic to” (note that for
, the
does not go to 0, consisabove asymptotic variance of
tent with the lack of convergence associated with Theorem 2a in
Spall [17]) . For the weighted average case (see Section IV-B),
is
the corresponding variance of an individual element in
(6.2)
if
if

.
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TABLE I
ASYMPTOTIC RATIO OF VARIANCES OF ELEMENTS IN JACOBIAN ESTIMATE
~ ) COEFFICIENT : SIMPLE AVERAGE OVER
AS A FUNCTION OF c (AND c
WEIGHTED AVERAGE. NOTE: = 0:101 IS POPULAR PRACTICAL CHOICE IN
SPSA AND 2SPSA SETTINGS AND = 1=6 IS ASYMPTOTICALLY OPTIMAL FOR
SPSA AND 2SPSA (E.G., SPALL [17] AND SPALL [18, Sect. 7.5]); N/A=NOT
APPLICABLE (INVALID FOR SIMPLE AVERAGE AND WEIGHTED SETTINGS)

The root-finding setting also follows the line of reasoning
above. Here, the variance of an individual element in the sumis asymptotic to
for large and some constant
mands
(see Section IV-C). Hence, under the conditions on
in Theorem 2 (e.g.,
), the variance of an individual
element in a simple average form for
is given by

(6.3)
, the asymptotic vari(analogous to (6.1), note that for
, consistent with the lack of convergence assoance is
ciated with Theorem 2b in Spall [17]) . For the weighted average
case (Section IV-C), the corresponding variance of an individual
is
element in

if
if

.

(6.4)

Table I shows the asymptotic ratio of variances in the 2SPSA
and root-finding cases. For the 2SPSA setting, these are computed by taking the ratio of the right-hand sides of (6.1) to (6.2)
(yielding
); for the root-finding case, it is
).
(6.3) to (6.4) (yielding
The table illustrates how the benefits of weighting grow with
the value of in both the 2SPSA and root-finding settings.
While expressions (6.2) and (6.4) suggest
is optimal relative to the accuracy for the estimate in terms of the convergence rate (in ), other values of may, in fact, be preferred.
In particular, in contrast to only the convergence rate interpretaand
suggest
tion, the leading coefficients
preferred values near the top of the allowed range (indicating
that, for finite , an optimal to minimize the error in the estimate may not be near 0). Further, using asymptotic normality
is
of the estimate (not explicitly considered here),
asymptotically optimal in the case of 2SPSA in terms of minimizing the error in the estimate, not the estimate (see Spall
[17, Sect. IV-B]); note also that asymptotic normality puts con(see Spall [18,
ditions on beyond those here, such as
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pp. 164 and 187]). Table I shows a range of values
for the above reasons.
VII. RATE OF CONVERGENCE OF JACOBIAN/HESSIAN
ESTIMATES IN NOISE-FREE SETTING
While most applications of SA are for minimization and/or
root-finding in the presence of noisy or measurements, the
algorithms are sometimes used with perfect (noise-free) measurements. For example, SPSA is used for global optimization
with noise-free (and noisy) measurements in Maryak and Chin
[10]; some theory on convergence rates in the noise-free case is
given in Gerencsér and Vago [6]. Many of the references at the
SPSA web site www.jhuapl.edu/SPSA pertain to applications
with noise-free measurements. Hence, there is some interest in
the performance of the adaptive approach here with noise-free
measurements. Although the general form for the and recurand
sions in ((2.1a), (2.1b)) continue to apply, the values for
that are desirable (and possibly optimal) in the noisy case
are not generally the preferred values in the noise-free case. In
of Section IV are not
particular, the optimal weightings for
recommended in the noise-free case (although, of course, convergence still holds due to the noise-free case being a special
case of the noisy case). This section presents rate of convergence
results for the Jacobian estimates in the noise-free case.
In the case of noise-free measurements of , for example,
decaying gains satisfying conditions that are different than
the standard SPSA conditions are given in Maryak and Chin
[10] to ensure global convergence with a generally multimodal
are considered in
loss function; further, constant gains
Gerencsér and Vago [6] when the loss function is quadratic.
In the noise-free case of direct measurements of , constant
may be used to ensure convergence of what is
gains
effectively a quasi-Newton-type algorithm.
Theorems 3 and 4 below consider the settings of measurements and measurements, respectively. The theorems have the
restriction of quadratic and affine , respectively. As a consequence, there are no restrictions on the values (i.e., unlike
Theorems 1 and 2 above,
has no
bias) and, because
is constant, the results do not depend on the convergence
(so there are no explicit conditions on the
sequence).
of
For this reason, the theorems are best interpreted in most practical problems as local results pertaining to the application of
the algorithms when operating in the vicinity of . (We demonstrate in Section VIII that the implications of the theorems may
be at least partially realized in non-quadratic /non-affine
problems.) For convenience, let
, where
for all due to the quadratic/affine assumption. We write
, but note
in the optimization (symmetric ) case; also note that
, as
used below, corresponds to the expected value of the squared
(i.e.,
Frobenius (Euclidean) norm of
).
Theorem 3 (2SPSA setting): Suppose is a quadratic function and only noise-free measurements of are used to form
and
(see (3.1)). Suppose
and
,
, where
and
. Suppose
that C.8 in Section V and C.2 and C.9 from Spall [17] hold (see

in the setting here) and
the Appendix here; note that
and
are identically distributed at each and across
that
. Further, suppose that
and that
in (2.1a) is such
and
that
is uniformly bounded with respect to and
the set of symmetric
in
. Then,
.
Proof: The proof is in three parts: (i) proof of the MSE
, (ii) derivation of a convenient representaconvergence of
, and (iii) derivation of the main bigtion of
result on rate of convergence.
: Let us first express the
Part (i): MSE convergence of
recursion (2.1b) as the SA algorithm
(7.1)
where the underbars denote that the unique elements of the associated matrix have been strung into a vector. The above recur.
sion is associated with the root-finding equation
in
We first establish that the above recursion converges to
the mean-squared sense, and then (in part (iii)) use a resulting
expression to show that this convergence must be at the rate in
the theorem statement (note that mean-squared convergence results for SA are much less common than a.s. convergence re(so the
sults). Without loss of generality, suppose
recursion begins with
).
From the quadratic assumption on , (3.7) implies
, where we have suppressed the superscript
in
. Hence, by the mutual independence of the sequences
along (from conditions C.2 and C.9) and the conditional boundedness of C.8 , recursion (7.1) defines a Markov
process with mean-zero noise input (implying
a.s.). Then, given a Lyapunov function, Nevel’son and Has’minskii [11, Sect. 4.4] provide conditions for the mean-squared (m.s.) convergence of
in (7.1). Consider the Lyapunov function
. From [11, pp. 92–94], a set of conditions related to the differential generating operator for (e.g., [11, p.
67, eqn. (5.6)]) may be applied to show the m.s. convergence if

(7.2)
for all and some
. (This is a standard condition in SA;
see, e.g., Spall [18, p. 106]. Note that (7.2) implies (4.13) in [11],
which, in turn, yields the expansion at the top of p. 93 in [11]
that is the basis of the Taylor expansion-based arguments in the
, the matrix form of
next paragraph.) By the linearity of
the argument within the second term on the left side of (7.2) is

We have
uniformly bounded by assumption. Further, all second moments of elements in
and
, as appear in
, are uniformly bounded by C.9. Hence,
by an application of the triangle and Cauchy-Schwarz inequalities, the second term on the left-hand side of (7.2) is
(large
), indicating that the inequality in (7.2) is, in fact,
true.
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Because of the validity of (7.2), Nevel’son and Has’minskii
[11, pp. 92–94], show that it is sufficient to have the differ(e.g., [11, p. 31, eqn.
ential generating operator applied to
(1.7) and p. 67, eqn. (5.6)]) bounded above by some function,
, for sequences
and
such that: (i)
for all sufficiently large, (ii)
, (iii)
, and (iv)
. Motivated by the right-hand
, a Taylor
side of (7.1) and the fact that
expansion of
shows that the generating operator is bounded above by a term
(see [11, p. 93]). With
and
, it is clear from the conditions
that the above conditions (i)–(iv) on the upper bound are
on
.
satisfied. Hence,
: Let us
Part (ii): Representation of
that is convenient for reprefirst present a form for
senting
in a way that facilitates the analysis
. From
of its rate of convergence. Let
and
, (7.1)
in matrix form implies

where the last equality follows from the form for
,
, yields
Hence, solving for

in (3.8).

where
represents the trace of a
linear (non-affine)
matrix
(the
transformation of the
is not a function of by the identical distribumapping
and
across ). Note that
tion assumption for
, where the
term is strictly positive on
by the convexity of
. Letting

(7.4)
,
. By
where
for all
, and
, the
the facts that
are uniformly bounded in magnitude (Apostol [1, p. 208]).
are non-negative, monotonically
Further, by the facts that the
as
decreasing, and

(7.5)
term is uniformly bounded for all , . Then,
where the
from (7.4) and (7.5)

(7.6)

(7.3)
(note:
for all ).
using (7.3). From
Let us now characterize
the mutual independence of the sequences
along ,
(7.3) represents a martingale difference sequence, leading to

From (3.8), the product
is formed by
adding 36 (not necessarily unique or non-zero) matrix expressions; all of the non-zero matrices involve an expectation convalues. From the independence of
taining two
and
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where
is uniformly bounded in magnitude by the corresponding uniform boundedness of the
, the
contributions as in (7.5), and the non-negativity of the summands in
(7.4).
Part (iii): The big- result on rate of convergence: We
now demonstrate that
by showing that a contradiction exists between the leftand right-hand sides of (7.6) for any slower rate of decay.
for
Hence, suppose
some function
satisfying
and
(the latter because
.
Note that for all
,
since
by (7.4) and
. Further, note that
by an
application of the triangle and Cauchy–Schwarz inequalities
together with the
to the elements of
fact that
. Hence,
relative to the summands on the right-hand side of (7.6), note
by
that
the fact that both representations represent weighted sums
of all possible pairwise products of components of
to within the above “little- ” error decaying faster than
. To establish the contradiction in
(7.6), we consider two cases below: (i) The slow increase case
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for
, where
, and (ii) the fast increase
.
case, where
Relative to the slow increase case (i), there exists a
and
such that
(7.7)
is not necessarily
(
say
, satisfies

0). Hence, the right-hand side of (7.6),

RHS(n) = O(1)e

s( k ) w
k k

+ O(1)e

=e

O(1) + O(1)

=e

O(1) + O(1)2

k
n

1

log n

if b 6= 2 0 1
if b = 2 0 1

where the first equality uses
and
, the second equality uses (7.5) and
the left-hand equation in (7.7), and the last equality uses
the monotonicity of the summands (over 1 to ) from
the second equality. From the second equation in (7.7),
such that
there exists a subsequence
as
. Hence, under the assumed
form for
, the left-hand side of (7.6),
, satisfies
say
for some
and all
sufficiently large. Because
, we have
as
,
for
violating the essential requirement that
all . Hence, (7.6) leads to a contradiction in the slow increase
case (i).
Relative
to
the
fast
increase
case
(ii),
and
for all
imply that there exists a subsequence
such that
for all
(this is stronger
than monotonically nondecreasing along the subsequence).
and some
, the right-hand side of
Hence, for each
(7.6), satisfies

RHS(k )= O(1)e
+O(1)e

e

w
3
 (E (3
k

3

))

s(k)
k

Ce

1+

Ce

1+ ks(k ) :

In contrast, the left-hand side of (7.6) is
,
as
since
implying
. Once again, this violates the essential requirement that
for all , indicating
a contradiction. We have thus shown that (7.6) requires
.
Theorem 4 below covers the noise-free root-finding setting.
There are, of course, a number of well-known algorithms
that apply in such a setting (e.g., conjugate gradient and
quasi-Newton-type methods) and we make no claims here
about the relative efficiency of these well-known methods and

the adaptive SPSA method. Nevertheless, potential advantages
of the method here are the avoidance of the line search that
is embedded in some standard conjugate gradient and related
methods and the ability to process either noisy or noise-free
measurements within a data stream without fundamentally
changing the algorithm.
Theorem 4 (Root-Finding Setting): Suppose is an affine
function and only noise-free measurements of are used to
form
and
. Suppose
and
,
, where
and
. Suppose that
C.2 and C.9 from Spall [17] hold (see the Appendix here) and
are identically distributed across . Further, supthat the
and that
in (2.1a) is such that
pose that
and
is uniformly bounded with respect to and the set of
in
(the are also symmetric in the optimization case). Then,
.
Proof: From the affine, noise-free assumption on , (3.11)
implies
. Then, the proof follows exactly
as in the proof of Theorem 3 with the exception of using the
(see (3.12)) in place of
.
simpler function
From the basic recursion (2.1b), it is apparent that the ana. Theorems 3 and 4 suggest that the rate
lyst must specify
in the noise-free case is maximized by
of convergence for
choosing
arbitrarily close to 1/2.
VIII. NUMERICAL STUDY
Consider the fourth-order loss function used in numerical
demonstrations of Spall [17]
(8.1)
represents the th component of the argument vector
where
, and is such that
is an upper triangular matrix of 1’s
(so elements below the diagonal are zero). Let
. The minwith
; all runs are initialized at
imum occurs at
(so
). All iterates are
constrained to be in
. The mechanism for producing
discussed in Section II is used to ensure positive def(other
initeness of the Hessian estimates with
provide results indistinguishable
small, decaying sequences
from those here).
This study has two general parts. The first compares the standard adaptive SPSA method with the enhanced method when direct (noisy) measurements of are available. This corresponds
to the 2SG (second-order stochastic gradient) setting of Spall
[17] (a special case of stochastic root-finding). The second part
evaluates the numerical implications of Theorem 3 on noise-free
SPSA, corresponding to the 2SPSA (second-order SPSA) setting of Spall [17]. Following practical guidelines in Spall [17,
Sect. II.D], an iteration is blocked if moves too far (an indica,
tion of algorithm instability); in particular if
is reset to . We used the stanthen the step is blocked and
and :
dard forms for the gain sequences
and
, where , , , and are strictly pos(see Spall [18, Sects. 4.4,
itive and the stability constant
6.6, or 7.5] for further discussion of these gain forms).
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TABLE II
SAMPLE MEANS FOR TERMINAL VALUES OF NORMALIZED LOSS FUNCTIONS [L(^ ) L( )]=[L(^ ) L( )]; INDICATED P -VALUES ARE FOR DIFFERENCES
H .
BETWEEN SAMPLE MEANS OF NORMALIZED LOSS FUNCTIONS AND FOR DIFFERENCES BETWEEN SAMPLE MEANS OF HESSIAN ESTIMATION ERRORS H
N/A (NOT APPLICABLE) IS USED FOR P -VALUES >0.5 (I.E., WHEN THE SAMPLE MEAN FOR ENHANCED IS GREATER THAN THE SAMPLE MEAN FOR STANDARD)

0

The results of the 2SG study are in Table II for 2000
and 10,000 iterations. The measurement noises for the underlying measurements are dependent on in the sense that
, where is an i.i.d. vector (across or
measurements) with distribution
. Hence, the distribution of the noise in the gradient measurements used in the
standard and enhanced 2SG algorithms is i.i.d.
.
is relatively large when compared
The noise level
; the values in
range
to the values of the elements in
to all zeroes at . In each row of the
from 0.04 to 0.22 at
table, the standard and enhanced algorithms are run with the
same gain sequence coefficients , , , , . The asymptotis used because
is relatively close to
ically optimal
; also
is used because of the increased asymptotic
accuracy of the Hessian estimate shown in Table I (relative
and
,
to lower values of ). We choose
consistent with guidelines in Spall [18, Sects. 4.4, 6.6, or 7.5]
(as noted in Spall [17], it is possible that choosing larger
than one standard deviation may improve the accuracy of the
Hessian estimate when the resulting reduction in noise more
than compensates for the possible increase in bias). The critical
step-size is tuned to approximately optimize the finite-sample
performance of the standard 2SG method given the choices for
, , , above; we let
. Note that these gains
and
satisfy the convergence conditions for 2SG in Spall [17]
(which apply to the enhanced 2SG as well).1
For each iteration count used here (2000 or 10,000), the
table shows three implementations of the enhanced method:
(i) “Feedback (F),” which uses the feedback form in Section III-C, but no optimal weighting (i.e., the simple average
in Spall [17] is used), (ii) “Weighting (W),” which uses
of
the asymptotically optimal weights in Section IV-C, but no
1As discussed in Spall [17], the asymptotically optimal values of a and
are
both unity. At these values, the worth of exact Hessian information can be seen
by comparing standard 2SG with an idealized (infeasible) algorithm based on
H in place of H at all iterations. At 10,000 iterations, and with all else as
in Table II except A = 0, the mean normalized loss is 0.060 for standard 2SG
). However, at
and 0.0008 for the algorithm with H (P -value < 1 10
a = A = 100, as in Table II, the superior algorithm switches in the sense that
the mean normalized loss is 0.0153 for standard 2SG and 0.0358 for the algorithm with H (P -value= 2:7 10 ). This is illustrative of the gap between
finite sample results and asymptotic theory, a gap apparent even in deterministic
optimization with the Newton-Raphson method (e.g., Spall [18, p. 28]).

2

2

0

k

0 k

feedback, and (iii) “Joint F & W,” which uses both feedback
and optimal weighting. This joint version is the main intended
implementation for the enhanced 2SG in practice.
The sample means for the normalized terminal loss values in
Table II are formed from 50 independent runs. The indicated
one-sided -values are based on the two-sample -test and represent the probability in a future experiment that the sample
mean for the particular enhanced case is at least as much below
the sample mean for the standard 2SG case as the enhanced case
is below the standard 2SG case in the observed sample here
under the null hypothesis that the true means are identical. The
table shows -values for the terminal loss function values and
for the error in the final Hessian estimates. Separate statistical
tests were also done with the distribution-free Wilcoxon rank
test as a check on the -test results here; the Wilcoxon -values
were similar to the values in the table.
In the main Joint F & W implementations for enhanced 2SG,
the -values are small for both loss values and Hessian estimates, consistent with the enhanced 2SG algorithm being statistically significantly better than the standard 2SG algorithm
(i.e., rejecting the null hypothesis of equality of means). The results when using feedback or weighting individually were not
as strong, and, in fact, they were sometimes inferior to those
from standard 2SG (but recall that the gain values were not
tuned for the enhanced implementations). It is interesting that
the cumulative (joint) effect of feedback and weighting may
be quite strong when the individual effects are relatively weak
or even when the individual effects lead to no improvement
(as with the 2000-iteration case). The greater improvement due
to weighting (over feedback) is consistent with the high noise
levels here (recall that feedback provides no asymptotic advantage in a noisy environment). An analyst might also be interested in the fraction of runs resulting in a better Hessian estimate in the enhanced 2SG case; it was found, in the joint F &
were produced in
W cases, that lower values of
44/50 runs with 2000 iterations and in 47/50 runs with 10,000
iterations. The computational times for enhanced 2SG (joint F
& W) were negligibly greater (1.4 to 2.4 percent) than the times
for standard 2SG. In addition, while not shown here, Spall [17]
includes a brief comparison with iterate averaging on the same
test function. Iterate averaging performed relatively poorly—
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3 3 )] as a function of
Fig. 1. Estimated and theoretical values of trace[E (3
k. The top two curves are based on numerical experiments (50 runs) for the given
fourth-order loss function; the bottom curve is the idealized rate for quadratic
loss functions from the big-O bound of Theorem 3.

significantly poorer than standard 2SG—for reasons discussed
in Spall [18, pp. 117–119].
We now consider the noise-free 2SPSA setting and the
implications of Theorem 3. Fig. 1 shows estimated values
for the standard and enhanced (feedfor
back-based) 2SPSA algorithms; the estimates are formed from
a sample mean of 50 independent runs for each of the two
curves. The third (lower) curve shows the theoretical bigbound from Theorem 3. All curves are normalized to have a
to help adjust for transient effects.
value of unity at
We use
,
, as in Theorem 1, with
(i.e., slightly over 1/2 per the allowable range for ) and
(note that the optimal
in (4.2) is not used
here, as it is not aimed at the noise-free setting).
values in the enhanced
Fig. 1 shows that the
implementation are much lower than the corresponding values
in the standard 2SPSA averaging method, consistent with the
improved rate of convergence predicted from Theorem 3. However, the specific numerical values are greater than those of the
big- bound. This is unsurprising in light of the formal restriction in Theorem 3 to quadratic loss functions (versus the fourthorder function here). We see that the practical convergence rate
for the non-quadratic loss lies between the non-feedback rate
(standard 2SPSA) and the idealized rate from the big- bound.2
IX. CONCLUSIONS
This paper has presented an SA approach built on methods
for efficient estimation of the Jacobian (Hessian) matrix. The
approach here is motivated by the adaptive simultaneous perturbation SA method in Spall [17]. We introduced two significant enhancements of the adaptive SPSA method: a feedback
process that reduces the error in the cumulative Jacobian estimate across iterations and an optimal weighting of per-iteration
also considered the predictive performance of the big-O bound on a
quadratic version of L, formed by simply truncating the third- and fourth-order
parts of L in (8.1). The big-O bound accurately predicts the decay rate. For ex3 3 )] (50 runs) drop
ample, both the bound and the sample mean of trace[E (3
by a multiple of 3:3 10 when going from 2000 to 5000 iterations.
2We

2

Jacobian estimates to account for noise. The feedback process
is also useful in the noise-free setting, leading to a near-exponential decay in the error of the Jacobian estimates.
The convergence theory for the iterate given in Spall [17]
continues to hold in the enhanced Jacobian setting here. The
theory for the Jacobian estimate, however, must be changed to
accommodate the different algorithm forms. We establish conditions for the a.s. convergence of the Jacobian estimate and
analyze rates of convergence in both the noisy and noise-free
settings. In turn, the asymptotic normality of the estimate in
Spall [17] continues to hold, implying that for the optimization
problem of minimizing , the adaptive approach here is nearly
asymptotically optimal in the gradient-free case (noisy measurements of ) and is asymptotically optimal in the stochastic gradient case with direct measurements of .
Although the method here is a relatively simple adaptive approach and the theory and numerical experience point to the
improvements possible, one should, as in all stochastic algorithms, be careful in implementation. Such care extends to the
choice of initial conditions and choice of algorithm coefficients
(although the effort can be reduced by using the asymptotically
for the important gain
near-optimal or optimal
sequence if the initial condition is sufficiently close to the optimum). Nonetheless, the adaptive approach can offer impressive gains in efficiency.
APPENDIX
This appendix provides the regularity conditions for the a.s.
convergence of
to . These correspond to the conditions
in Spall [17] for Theorems 1a (loss minimization based on
noisy measurements of ) and 1b (root finding based on noisy
measurements of ), with slight modifications for clarification and for the slightly different notation of this paper. Let
,
, i.o. represent
infinitely often, and
):
C.0:
C.1:
;
,
C.2: For some ,

(with th component

,

as

a.s. for all .
;

.
and for all

, ,
,
,
is symare mutually

,
metrically distributed about 0; and
independent across and .
and almost all , the function
C.3: For some
is continuously twice differentiable with uniformly (in )
bounded second derivative for all such that
.
C.4: For each
and all , there exists a
not
dependent on and , such that
.
, and any
,
C.5: For each
(see the Lemma in Spall [17, p. 1845], for an easier-toverify sufficient condition for C.5).
C.6:
some ,

exists a.s. for all ,
,
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C.7: For any
exists a

and nonempty
such that

, there

for all
when
and
when
(see the Lemma in Spall [17, p. 1845] for an
easier-to-verify sufficient condition for C.7).
Theorem 1a—2SPSA (Spall [17]): Suppose only noisy measurements of are used to form
and
(see (3.1)). Let
a.s.
conditions C.0 through C.7 hold. Then
Theorem 1b below is the root-finding analogue of Theorem
1a on 2SPSA. We replace C.0, C.1, and C.2 with the following
conditions:
a.s. for all .
C.0 :
C.1 :
and
;
,
.
,
for all .
C.2 : For some ,
Theorem 1b—Root-Finding (Spall [17]): Suppose direct
measurements of are used to form
and
(as in Section III-B). Let conditions C.0 through C.2 and C.3 through
a.s.
C.7 hold. Then
In addition to the conditions above, the following three conditions from Spall [17] are used in Theorems 1–4 here:
C.3 : Change “twice differentiable” in C.3 to “three-times
differentiable” with all else unchanged.
and
satisfy the assumptions for
in C.2 (i.e.,
C.9:
and
is symmetrically distributed about 0;
are mutually independent for all , );
and
are
independent;
,
for all , and
.
some
and all , ,
,
is
C.9 : For some
are mutually indesymmetrically distributed about 0,
pendent across and , and
.
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