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Qutline of the Talk

Frequency Synthesis & Fine Frequency Synthesis?
Why / where?

what / why DFS?

DFS — how things started

Frequency Synthesis 101

Diophanthine Frequency Synthesis

Open questions



What is Frequency Synthesis?

v X(t)

[oscillatorJ
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It generates another periodic
signal of frequency fo t
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It generates
a periodic signal of
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Eg. X(t)=cos(27zf t) E.g. Y(t) =cos(27zf,,t)
Eg. f..=10MHz Eg. fox =25.4MHz

Automatic or manual
decision on f,,,and programming >§2
of synthesizer’'s parameters }2




What is Fine Freguency Synthesis?

v X(t)

[oscnlatorJ f

y(t)
f

0sC
out

Eg. X(t)=cos(27zf t) E.g. Y(t) =cos(2zf,,t)
f  =10MHz f . =25.412,487,572...MHz

And, in most cases...
we want o tobe adjustable in Small and Uniform Freguency Steps

(Frequency Resolution)

25.412,487,56 MHz
f . =25.41248757 MHz
25.412,487,58 MHz

25.412,487,59 MHz
: Fine # good!



Why do we use Freguency Synthesis?

- Good (stable, low noise, etc.) oscillators provide only one
frequency*

- Finite (and not large) number of frequencies for which one can
find a commercially available good oscillator

- Synthesizers: can generate many frequencies
- their output signal “inherits” good characteristics
from the oscillator’s signal

- In many applications we need to select among many
possible frequencies

* “inconvenient” exceptions exist



Where do we use Freguency Synthesis?

- Almost all electronic products have at least one
Frequency Synthesizer
very basic - very complex
( Wireless, Digital, Audio-Video, Computers,....)

- Your computer has several !
to generate the many clock signals

Where do we use Fine Frequency Synthesis?

- Atomic Clocks & Time Keeping Systems
- Scientific Instruments (frequency, time, distance etc)

- Medical systems (MRl — NMR in general)



Diophantine Frequency Synthesis* (DFES)

What isit?: A number theoretic approach
to fine frequency synthesis

potentially resulting to : = superb frequency resolution,
- very clean output signal

—> fast frequency hoping

using: simple and modular hardware implementations.

its foundation : Diophantine™ Equations

working model ? : The APL-JHU team built the first one to
demonstrate the mathematical principle.

* Fromthe great Greek mathematician of antiquity Diophantus, 250 A.D.

o " P. Sotiriadis, “ Diophantine Frequency Synthesis’, IEEE Transactions on UFFC, (To appear).

« “Prime-Rational Fregquency Synthesis Method and Frequency Synthesizers’,
P. Sotiriadis, M.L. Edwards, G. Weaver, S. Cheng, D. Loizos, M. Wesley, C. Haskins, patent pending
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Applied Physics Laboratory (APL), J.H.U. Spring 2005.



How Everything Started:
Concept of Disciplined Operation

13 to14 orders
of magnitude!

spacecr aft : _
(clock) _ | (107 +k-5-10_7)HZ Highly Stable
USO : Fine | &
Synthesizer ' very low
10" Hz 1 phase noise
Digital
Congoller , Phase & Freq.
K alman Compfalrator
Estimator
Atomic
Earth Clock

From Gregory Weaver's presentation, APL



The Basics
of

Frequency Synthesis



Operations on Periodic Signals

 Frequency Addition & Subtraction ( one way of doing it... )

X, (t) =cos(2r f,t)

sin(2zf,t)

A 4

phase-90°

X, (t) =cos(2z f.t)

sn(2zft) -

A 4

phase-90°

X

cod 27 ( f, — f,)t)=cod 27 ft)cod 27 f,t)+sin(2x ft)sin(27 ,t)

f, f,

+

- Symbol: f.="f—f f

out

out
f2 o f2 +



Operations on Periodic Signals

Waveform Shaping

"""""""

/NN
NV

v

____________

- Maintain Frequency and Phase

(phase offset possible)



Operations on Periodic Signals
done by a Divider = Counter

 Frequency Division ;

...for every N= 4 periods (pulses) at the input

N
4 N

. . \ 4
\‘ \‘ . -
| | Divider
v € > \
‘\ ‘\ ° 4
\ \ —
\ \ L 3

\ \
d
<

& )
hd

...we get 1 period (pulse) at the output

- Symbol: fip——1+N— f__ :ﬁ Ne N




Operations on Periodic Signals

 Frequency Multiplication ; using Phase-Locked Loop (PLL)

...for every 1 period (pulse) at the input

N
- N

\ \
\

\
LI ¢

J

Multiplier
X3

\4

A

& )
hd

...we get 3 period (pulse) at the output

- symbol: fp——txm  — f =mf_ me N

In




Operations on Periodic Signals

e The Phase-Locked Loop (PLL)

( Nonlinear Dynamical System )
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Operations on Periodic Signals

e The Phase-Locked Loop (PLL) - complete -

f —N Phase JLowPass| i a'l . f
n Comparator Filter out
Prescale A
feedback
m
+= M fout — W 1:in
| Output “Frequency Step”
“Phase-Comparator Frequency” : = I\Iln / (Resolution) :
f- — 1:in
Desirable: — : LARGE* m—m+l = Af,, =
N
Also Desirable: N : FIXED* Desirable: Fin - SMALL
M Variable ’ N

* For filtering and stability issues




Phase-Locked Loop (PLL) : summary

PLL -> frequency multiplication by a RATIONAL number

f <L . Not L N
] - | » ote:
in N out N k- N
fin
“Phase-Comparator Frequency” = “Frequency Step” = Af , = N

N

> one PLL is NOT enough!

- Letstrytouse 2 PLLs




2 PLLs ?777

\ 4

A 4

Suppose that N,, N, are sufficiently SMALL so v
that the phase-comparator frequencies : fn i

of both PLLs are sufficiently large. N, N,

Suppose that N,, N, are FIXED (we choose them) v

What is the Frequency step (Resolution) of fout 7

...If we can make this Small,..... we have (almost) all we want!



Putting

Number Theory
to

Work



2 PLLs - The New ldea

fout :[rnl + rnz] fin
Nl NZ

\ 4

A 4

NlNZ In

—> Allow for the moment M, M, to take non-positive values too.

Theorem : Given an Integer a, the Diophantine equation
M N+ m, N, = a
has a solution (m,, m,) if and only if gcd(N,,N,)|a.

gcd(N,, N,
N, N,

N’

a=r-ged\, N,) —> fou =T

f. , r=0x1%2,...

the (output) Frequency

* N,Z+N,Z = gcd(N,,N,)Z




The New ldea

2 PLLS

izing
f N, N
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2 PLLs - Example




Generalization: k - PLLs

NBY% i
NZ
m m m
foi = [—1 + —2 4. 4+ —x j f
m N N
» X - 1 2 k
N2 ) 4
f — \@ for  — mE +mE. +.. tmE,
: : | N1N2' Nk
ST where: E. = N .
Nk j#i

Theoreni: Given an integer a, the Diophantine equation
mE;+ mE, +..+ mE=a

has a solution (m;, m,,....m,) if and only if gcd(E,,E,,....E))|a.

god(E, E, ...

o r=0+£1+%2....

The (output) Freguency

Ste




Generalization: k - PLLs

Proposition: If N;, N,,...,N, arepairwiserelatively prime, i.e.

ged(N;,N)=1 for all i#j, then: ged (H N T N T Nij =1

EX1 i#2 i =k
—— —— ——
E, E, - E

...—~ wecansolve mE;+ mE,+..+ mE=a forevery a.

f z[ml N m, L +ﬂj fo= mE, +m,E,+...+ mE, f
N1 Nz Nk N1N2"' Nk
=T Fin o r=0,t+1+2,
Nl 2 I\lk

he (output) Frequency Step!




Generalization: k - PLLs

Summarizing: * Frequency synthesis: NEW Idea
Theorem: If N;, N,,..., N, are pairwise relatively prime then f, can take
all values.
fin
fou =171 , r=0,x1,£2,
N 1N 2 N Kk
I.e. the frequency step is: ./ (NN, - - - N, )
I > N;,N,,..., N, can be Fixed & SMALL Vv’
. f v
s M2 » Phase-Comparator frequencies —: LARGE
f N, \( N.
" & fo; Th F S i
' : e output - Frequency Ste
P g y otep NN, - N,
s can be EXTREMELY SMALL V'




Example: 4 PLLs

251, 253, 255, 256 : Pairwise Relatively Prime

m,

A 4

X
251

m,

\ 4

X
253

m,

\ 4

X
255

m,

A 4

X
256

A 4 fln
>@>—' fa =75 7008

N,N,N;N, = 4,145,475,840
=4.10°

r=-4.10°,.,4-10°

Eg.if fn=1MHZ

n

-Range of foi : —1MHz ..... +1MHz

= 250 -10 °Hz

out —

- Frequency Step : Af



Example: 4 PLLs

251

255

256

+0.02Hz




Finding the “Right” Solution

(1)
Not all solutions of mE, + m,E, +... + m E, = a are “convenient”.

> We want | M. | Small for all i’s.

=T

Note that (1) has many solutions:

Proposition: Let N;, N,,..., N, be pairwise relatively primes, so
gcd(E,.E,.....E)=1. Then, there exists a (fixed) kx k integer
matrix C, such that, det(C)=1 and for every a, the complete
set of solutions of (1) is:

., m, Je {C -(a,pl,pz,..., pk_l)T p. e L }




Finding A “Right” and Convenient Solution

Corollary : If N, N,,..., N, are pairwise relatively prime, then
given an integer, a, we can find a solution (m, , m,,...,m,) of (1)
suchthat =N, <m <N, ,forall i’s.

s B - E 2 (1)

Moreover, we can do so, in a very computationally efficient way.




Finding A Convenient Solution
it e, e d (1

Proof : 1) Solve X E,+ X,E,+...+ X E, =1
2) ==> (axy, ax,,...,ax,) iIsasolution of (1)

m, m, a

m
3) Note; (1) <=> —+ ot =
Nl N2 Nk N1N2.” Nk

and set: y=ax mod N, i=1,2,...k

Then:; Y1 + Y2 + ...+ Y = a +q
Nl N2 Nk NlNZ.“Nk

with ge {01, k}
4) A desired solutionis: y;-Ny, Y-No,..., Y"Ng, Yge1r--- Yk

Notethat |y| <N and |y-N|<N foralli's.



Fixing the Sign and Relative variation

A 4
X

In addition to choosing N;,N,,...,N,

A 4
X

. A

S0 that:

— N2 \@} f

A 4
X

2) The “centra” frequency:
IS the appropriate one.

we also choose fixed m,, m,,..., m,

1) the relative variation of

WER
m.

the feedback dividers:;

(pullability of the VCOs)
Is sufficiently SMALL.

ELL +Ej f.
I\Ik



Finally

|y Myt my |
N, The phase-comparator frequencies
ff f
. of thePLLsare: —", —"—,...,—"
I mZI\T M N, N, N,
2 h 4
\‘@ ) fout and they can be sufficiently LARGE
ly My + M,

while...

> Tfox« Rangesfrom: fTox — Tin to Tou + Tis

in

NlNZ... Nk

» with Frequency Step (resolution) :




Example 1: Fixed Frequency DFS

Problem: 10 MHz signal isavailable, a 9.285,739,4 MHz signal is needed.

10 MHz ? > 9.285,739,4 MHz
Resol ution: 10 MHz
1422 512 - 495 - 397
1% 510 = 0.1Hz
L+ ;
712 +
10 MHz » X —— X )— 9.285,739,359 MHz
495 .
1305 Phase-comparator Frequencies:
» X

397

= 20kHz 20kHz, 25kHz




Example 2: Variable Frequency DFS

Problem: 1 MHz available, 2 MHz- 4 MHz with step <1Hz is needed.

QOutput Frequency fout

5500+ m, Range: 2MHz to 4MHz
X 100 Resolution; = 1Hz
4040+m, | + A0 ~100 < m, <100
10 MHz » X 101 4’(%) fout —-101<m, <101
i ~103<m, <103
1o 1854 + m,
] 103 Phase-comparator

Frequencies. = 10 kHz



Solving the Diophantine Equations

mN,+m,N, =a ==> Euclid’s algorithm

mE, +m,E,+... + m E, =a ==> Decompose it into
a sequence of k-1
equations on two
variables

« Using MATLAB : Prefer Variable Precision Arithmetic (VPA)

e Binary Tree decomposition of mE; + m,E, +... + m E, = a v
allows for minimizing the size of all integers used in the
Intermediate calculations

 Fast algorithms allow for searching for “best sets” of v
pairwise relatively prime integers



 The essence of the problem:

Diophantine Frequency Synthesis

fou = F(PL Doy P)- i

e By varying the parameters , p,, p,,-.-, P, Within acceptable

intervals, we generate a SET, S, of frequencies f_,

S

_—

S

| S £ {1 O I R 1 I s st I I 1 N 1 S A I (O S 1

f

<

Sl e

max|f, — .|

[fa’fb]

a

N
>

I ¥
“Quality” = :
nflafbx [rpa}x]‘ fi = fi+1|

...of F & constraints on p, p,,-..., Py



Diophantine Frequency Synthesis
e Extensions
- Problems to be Solved - 1

Quality of f_, = [ ! + mzj f. by varying numerators &

N, N, denominators ?
My <M < My
N, <N <N,
Given: x>0 (real) minimize: K} + anZ — X
My <M < My, s
Nimin < N; = Nyoy “Extension” of the continued

fraction approximation???



Diophantine Frequency Synthesis
e Extensions
- Problems to be Solved - 2

Extend Problem 1 to k- Fractions



Diophantine Frequency Synthesis
e Extensions
- Problems to be Solved - 3

Quality of f_, = m M f. by varying numerators &
N, N, denominators ?
rrlmin < m < rrlI\/Iax
|\Imin < I\Ii < NMax
Given: x>0 (real) minimize: rl\fll.rl\rllz_x
1 2
rrlmin < m < rrlI\/Iax
N, <N <N, Something like continued

fraction approximation???



Diophantine Frequency Synthesis
e Extensions
- Problems to be Solved - 4

Extend Problem 3 to k- Products



Diophantine Frequency Synthesis
e Extensions
- Problems to be Solved - 5

. 1 1 1
Qualityof f,={1t— |1t— |- |1=— |- f 2
Nl NZ |\Ik
k k k
Nmin < Ni < NMaX choose any
‘ ‘ ‘ combination of
""""""""""""""""""""""""" . signs
@ " (and keep it fixed)
. L 1 1 1
Given: x>0 (real) minimize: |1+—|1-——|--|1——|—X
Nl NZ |\Ik

|\Imin < I\Ii < NMax



Thank You



