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Disambiguation Protocols Based on Risk Simulation
Donniell E. Fishkind, Carey E. Priebe, Kendall Giles, Leslie N. Smith, and Vural Aksakalli

Abstract— Suppose there is a need to swiftly navigate through
a spatial arrangement of possibly forbidden regions, each region
marked with the probability that it is indeed forbidden. In
close proximity to any of these regions, you have the dynamic
capability of disambiguatingthe region and learning for certain
whether or not the region is forbidden—only in the latter case
may you proceed through that region. The central issue is
how to most effectively exploit this disambiguation capability
to minimize the expected length of the traversal. Regions are
never entered while they are possibly forbidden and, thus, no
risk is ever actually incurred. Nonetheless, for the sole purpose
of deciding where to disambiguate, it may be advantageous to
simulate risk, temporarily pretending that possibly forbidden
regions are riskily traversable, and each potential traversal is
weighted with its level of undesirability, which is a function
of its traversal length and traversal risk. Introduced in this
paper is the simulated risk disambiguation protocol, which has
you follow along a shortest traversal—in this undesirability
sense—until an ambiguous region is about to be entered; at
that location, a disambiguation is performed on this ambiguous
region. (The process is then repeated from the current location,
until the destination is reached.) We introduce thetangent arc
graph as a means of simplifying the implementation of simulated
risk disambiguation protocols, and we show how to ef�ciently
implement the simulated risk disambiguation protocols which are
based on linear undesirability functions. The effectiveness of these
disambiguation protocols is illustrated with examples, including
an example involving mine countermeasures path planning.

Index Terms— probabilistic path planning, disambiguation
protocol, random disambiguation path, Canadian Traveller Prob-
lem, visibility graph.

I. I NTRODUCTION

SSECTION I-B provides an overview of this manuscript
and a review of the literature, but we begin here in Section

I-A with a formulation of the setting in which we will be
working. More discussion of this setting can be found in [1].

A. Random Disambiguation Paths

Let S be a marked point process onS � R 2; this process
generates random detectionsX T ; X F � S (respectively called
true and false detections), and it generates random marks
� T : X T ! (0; 1] and � F : X F ! (0; 1]. When observing
a realization of this process you only seeX := X T

S
X F
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and � := � T
S

� F , but you may assume that, for allx 2 X ,
� (x) is the probability—conditioned on the observed values
X and � —that x 2 X T . Indeed, for the remainder of this
manuscript, the speci�c valuesX and � have been observed,
and all discussion of probability is conditioned accordingly.
See Table I in Section III for an example realization of such
a marked point process; the detections are the centers of the
discs visualized in Figure 4.

For every detectionx, the open disc aboutx of given radius
r > 0 is denotedRx . Given a starting points 2 R 2 and a
destination pointt 2 R 2, you seek a continuouss; t curve
in (

S
x 2 X T

Rx )C of shortest achievable arclength. Without
means of verifying which detections inX are true, you could
not do better than the shortests; t curve in (

S
x 2 X Rx )C ,

denotedqs;t;X . (The curve qs;t;X can be computed using
the visibility graph described in Section I-C.) However, what
makes our setting interesting is a dynamic capability ofdisam-
biguating detections from the boundaries of their associated
discs; that is to say, when the curve is on@Rx for any
x 2 X , you can dynamically discover whetherx 2 X T or
x 2 X F , and in the latter case the curve is permitted to proceed
throughRx . However, a �xed costc � 0 (re�ecting the cost
of disambiguation) is added to the Euclidean length of the
curve for each disambiguation, and it is assumed that there
are a maximum ofK disambiguations that may be performed
during ans; t traversal. The broad goal here is to ef�ciently
exploit this disambiguation capability in order to minimize the
traversal curve's (expected) Euclidean length.

A disambiguation protocolis a function D that, to any
such s; t; X; �; K , assigns a detectionx 2 X and a point
y 2 @Rx (we explicitly allow y = t, in which casex is
not de�ned). Given a disambiguation protocolD, the random
disambiguation pathpD (as in [1]) is the s; t curve in
(
S

x 2 X T
Rx )C which is realized by the following procedure:

SupposeD associatesx 2 X and y 2 @Rx to s; t; X; �; K .
Traverseqs;y;X from s to y (e.g., by �nding the shortest path
in an appropriate visibility graph, as described in SectionI-
C). If y = t then terminate (in particular, ifK = 0 then it
is required thaty = t), otherwise disambiguate detectionx.
Recursively repeat this entire procedure usingy in place ofs,
decrementingK by 1 and updatingX and� as follows: If the
disambiguation had just discovered thatx 2 X T then update
� (x) := 1 , and if the disambiguation had just discovered that
x 2 X F then removex from X .

The random disambiguation pathpD is ans; t-curve-valued
random variable even afterX and � are observed since the
emerging outcomes of the disambiguations dictated by the
protocol are still random; in fact, the distribution ofpD is
speci�ed through� .

To illustrate, supposeK = 2 ands; t; X; � are as shown in
Figure 1, and consider one particular disambiguation protocol



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. volno, NO. no, month2006 2

D which, say, dictates that the next (i.e., �rst) disambiguation
be of detectionx1 at pointy1. Now suppose, if it is discovered
thatx1 2 X F , D would then dictate that no more disambigua-
tions be performed, and the curve should proceed tot. Also
suppose, if it is instead discovered thatx1 2 X T , D would
then dictate thatx2 should be disambiguated next, at point
y2. Whetherx2 is revealed to be a true or false detection,
D would then dictate that we proceed directly tot, since no
more disambiguations are available (currentlyK = 0 ). There
are three possible realizations of the random disambiguation
pathpD , each pictured in Figure 1: With1 � � (x1) = 1 � :3
probabilitypD traverses the pointss; y1; t; with � (x1)� (x2) =
(:3)(:9) probability pD traverses the pointss; y1; y2; t em-
ploying the curve
 at the traversal conclusion; and with
� (x1)(1 � � (x2)) = ( :3)(1 � :9) probability pD traverses
the pointss; y1; y2; t employing the line segmenty2; t at the
traversal conclusion. (Note that in between disambiguations
thes; t curve traverses the shortest curves avoiding all possibly
forbidden risk regions—using the notion of a visibility graph
described in Section I-C). If the lengths of these three paths
are, respectively,6; 8; 7, and if the cost of disambiguation
was c = 5 then the expected length ofpD is given by
(1 � :3)(6+1 � 5)+( :3)(:9)(8+2 � 5)+( :3)(1 � :9)(7+2 � 5).

Fig. 1. An example of a random disambiguation path
In the above example we illustrated one particular dis-

ambiguation protocolD; a different choice of protocol may
indeed yield a signi�cantly lower expected length. Unfortu-
nately, choosing (from among all disambiguation protocols) an
optimal protocol (i.e. resulting in minimum expected length)
is not currently practical, either analytically or computation-
ally, as we discuss in the next section. The purpose of this
manuscript is to present a class of ef�ciently computable,
suboptimal but effective disambiguation protocols; we call
themsimulated risk disambiguation protocols.

B. Overview

The problem we describe here is a minor modi�cation of the
Stochastic Obstacle Scene Problem (SOSP) of Papadimitriou
and Yannakakis [2], who also describe a discrete version
of this problem which they call the Canadian Traveller's
Problem (CTP). (In CTP, a short traversal is desired through
a �nite graph whose edges are marked with their respective
probabilities of being traversable, and every edge's status can
be dynamically discovered when encountered.) Papadimitriou
and Yannakakis prove the intractability of several variants of
SOSP and CTP. (For more on CTP see [3]).

CTP is a special case of the Stochastic Shortest Paths
with Recourse (SPR) problem of Andreatta and Romeo [4],
who present a stochastic dynamic programming formulation
for SPR and note its intractability. Polychronopoulos and
Tsitsiklis [5] also present a stochastic dynamic programming
formulation for SPR and then prove the intractability of several
variants. Provan [6] proves that SPR is intractable even if the
underlying graph is directed and acyclic.

The underlying dif�culty in obtaining a tractable stochastic
dynamic programming formulation of these problems—even
in the discrete setting—is that in order for actions to be
considered at any given location there is a need to know the
current ambiguous/true/false status of all of the detections,
and the exponentially many such possibilities need to be
accordingly incorporated. Andreatta and Romeo [4] note that if
there is a limit ofK = 1 disambiguations allowed, then SPR
can be ef�ciently solved. Indeed, we are willing to assume
here a limitK on the number of allowed disambiguations, but
solving our random disambiguation problem—even a discrete
variant of it—is not currently practical unlessK has a very
small value.

Heuristics are suggested for CTP and SPR in [7]–[9], and
[5], but they would not be applicable to the problem we
address here in this manuscript without initially approximating
and recasting our continuous setting to the setting of a �nite
graph, in which case the resolution of the discretization drives
up the number of vertices and edges in the approximat-
ing graph. By contrast, the algorithm we propose here is
polynomial-time solely in the number of detectionsjX j.

The principal aim of this manuscript is to introduce the
simulated risk disambiguation protocol (which is, effectively,
a particular policy in the stochastic dynamic programming
formulation) and its associated random disambiguation path.
They are de�ned in Section II-A, and their evaluation is
greatly simpli�ed through the use of the tangent arc graph
which we introduce in Section II-B. The tangent arc graph
is an extension of the visibility graph [10] detailed next in
Section I-C. In Section II-C, we describe how to ef�ciently
evaluate simulated risk disambiguation protocols generated by
linear undesirability functions, and we show how to ef�ciently
realize their associated random disambiguation paths. Then,
in Section III we illustrate using an example involving mine
countermeasures path planning. Other examples are found in
Section IV.

In practice, suppose you are presented with the problem
described in Section I,i.e. you need to traverse froms to
t and have observedX and � (and you are permittedK
disambiguations), and further suppose that you have decided
to indeed utilize a simulated risk disambiguation protocol
to realize the associated random disambiguation path to ac-
complish yours; t traversal. The question still remains how
to choose the most effective simulated risk disambiguation
protocol from among the many simulated risk disambiguation
protocols that exist. Section IV is concerned with (given
s; t; X; �; K ) how to select the best (or a nearly optimal)
simulated risk disambiguation protocol from among the family
of simulated risk disambiguation protocols that are generated
by linear undesirability functions.
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C. The Visibility Graph

We conclude this background section with the construction
of the visibility graph associated withs; t; X ; as mentioned,
this visibility graph can be used to computeqs;t;X . (In
addition, the details of this construction will be quite relevant
to the construction of the tangent arc graph we introduce
in Section II-B.) Our visibility graph is an adaptation of
the visibility graph from [10] and [11], more similar to the
generalized visibility graph in [12].

Let s; t and X be speci�ed. For distinct pointsa; b 2
f s; tg

S
@([ x 2 X Rx ), we call the closed line segmenta; b a

tangent segmentprovided that (1) for allr 2 f a; bgnfs; tg,
a; b is tangential to@([ x 2 X Rx ) at r and (2) the relative
interior of a; b is contained in the interior of[([ x 2 X Rx ) [
f s; tg]C .

The visibility graph associated withs; t; X is de�ned
as follows. Its vertex set consists ofs, t, all points of
@([ x 2 X Rx ) which intersect a tangent segment, and all points
of @([ x 2 X Rx ) at which two or more@Rx 's intersect. The
edge set of the visibility graph consists of all tangent segments
and all connected components of@([ x 2 X Rx ) after the vertices
of the visibility graph are removed (the latter edges are
segments of arc from circles). The graph theoretic endpoints
of these edges are their line and arc endpoints, respectively,
and each edge is weighted with its arclength. An example of
a visibility graph is pictured in Figure 2.

Fig. 2. An example of a visibility graph. The dashed arcs are not
visibility graph edges since they are not in@([ x 2 X Rx ).

It is a well-known (and true) folk theorem thatqs;t;X is
the shortests; t path in the visibility graph associated with
s; t; X . Since every pair of nonidentical@Rx 's have at most
4 mutually tangential lines and two points of intersection,
the number of vertices and edges in this visibility graph
are eachO(jX j2). Thus Dijkstra's algorithm with a heap
implementation applied to this visibility graph yieldsqs;t;X

in O(jX j2 log jX j) operations, and the naive construction of
the visibility graph performsO(jX j3) assignment, arithmetic,
and trigonometric operations.

II. SIMULATING RISK

We now introduce our main idea, the simulated risk disam-
biguation protocol, which gives rise to an associated simulated
risk random disambiguation path.

A. The simulated risk disambiguation protocol

Of course, in our framework, you will never enter regions
of the form Rx : x 2 X while they are possibly forbidden,
and thus you never experience actual risk. However, for
the purpose of deciding the next disambiguation point, the
simulated-risk disambiguation protocol temporarily pretends
(simulates) that the possibly forbidden regions are riskily
traversable.

Under this simulation of risk, forany s; t curve p (al-
lowing intersection with

S
x 2 X Rx ), de�ne its Euclidean

length `ep in the usual way, and itsrisk length ` r p :=
� log

Q
x 2 X :p\ R x 6= ; (1 � � (x)) ; this negative logarithm of the

probability thatp is permissibly traversable is a measure of the
risk in traversingp—if you were willing to take on risk. An
undesirability functionis any functiong : R � 0 � R � 0 ! R
which is monotonically nondecreasing in its arguments; that
is to say, for allu1; u2; v1; v2 2 R � 0 such thatu1 � u2 and
v1 � v2, it holds thatg(u1; v1) � g(u2; v2). The number
g(`ep; `r p) is thought of as a measure of the undesirability of
p in the sense that, if you were required to traverse froms to
t under the simulation of risk and without a disambiguation
capability, you would want to traverse thes; t curve � g :=
arg mins;t curvesp g(`ep; `r p). For thiss; t curve � g, let y 2 R 2

be the last point of� g before� g intersects
S

x 2 X Rx , and say
x0 2 X is the detection whose associated regionRx 0 the curve
� g was entering aty. (If there is no intersection between� g

and
S

x 2 X Rx theny := t.) Back in our setting (where there is
a disambiguation capability and you may not experience risk),
the simulated-risk disambiguation protocolDg is de�ned as
assigning thisx0 andy to s; t; X; �; K (provided thatK > 0).

Thus, the simulated risk random disambiguation pathpD g

follows a shortests; t curve (in the sense ofg, and under
the simulation that potentially forbidden disks are riskily
traversable) until it encounters an ambiguous region (which,
in actuality, it can not enter without disambiguation), at which
point a disambiguation is performed, and the whole process
is repeated using the current location in place ofs (and the
updated information on� , X , andK ).

Note that for the particular undesirability functiong(u; v) =
u + 1 v> 0 (where1 v> 0 denotes1 or 0, according asv > 0
or v = 0 ) it holds thatpD g = qs;t;X , which is thes; t curve
you would traverse if you did not have the disambiguation
capability (and you were still not permitted to take any risk). In
Section IV we will discuss how, in practice, you would select
an undesirability functiong to use; we advocate choosing—
from among a speci�c family of undesirability functions—the
undesirability function whose associated random disambigua-
tion path has minimum expected length. As long as this family
of undesirability functions you choose from also includes the
functiong(u; v) = u+ 1 v> 0 (which is indeed1 the case for the
strategy we advocate in Section IV) you are then guaranteed
to do no worse (in expectation) than thes; t curve you would
follow if you did not have a disambiguation capability (and
you were not permitted any risk).

1The disambiguation protocolDg associated withg(u; v ) = u + 1 v> 0
is precisely the protocolD � discussed later in this manuscript with� = 1 .
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B. The Tangent Arc Graph

Given an undesirability functiong, in order to evaluate
Dg and to realizepD g one must be able to compute� g :=
arg mins;t curvesp g(`ep; `r p). Although there are uncountably
in�nitely many s; t curves over which to minimize, we will
use the monotonicity ofg to show that� g must be a path
in the Tangent Arc GraphTAGs;t;X , de�ned in the next
paragraph and illustrated in Figure 3, so that� g solves the
�nite optimization problemmins;t pathsp in TAGs;t;X g(`ep; `r p).

For any distinct pointsa; b 2 f s; tg [
� S

x 2 X @Rx
�
, we

say the closed line segmenta; b is a general tangent segment
provided that, for allr 2 f a; bgnfs; tg, a; b is tangential to
@Rx for somex 2 X . The vertex set of TAGs;t;X consists
of s, t, all points of intersection between any general tangent
segment and any@Rx (over all x 2 X ), and all points of
intersection between two or more@Rx 's. The edge set of
TAGs;t;X consists of all connected components of all general
tangent segments after the vertices of TAGs;t;X are removed,
and all connected components of[ x 2 X @Rx after the vertices
of TAGs;t;X are removed. An example of a TAGs;t;X is
pictured in Figure 3.

Fig. 3. An example of a tangent arc graph. Here there were 11 general
tangent segments; in particular, one of these was the line segment
s; t, which intersected boundaries of discs in two places. These two
intersections became vertices in TAGs;t;X and, upon removal from
s; t, three TAGs;t;X edges are created ins; t 's place. In total, this
TAGs;t;X has 21 vertices and 37 edges; 16 of these edges are line
segments and 21 of these edges are segments of arc from circles.

Note that the graph TAGs;t;X is a topological superimposi-
tion of all the (exponentially many) visibility graphs generated
by s; t; Y over all Y � X . Hence, if � g is the shortests; t
curve in the sense ofg, then forY = f x 2 X : � g \ Rx = ;g
we have that� g is a path in the visibility graph associated
with s; t; Y . Thus, in particular,� g is a path in TAGs;t;X , as
claimed.

However, there are onlyO(jX j2) general tangent segments,
each intersectingO(jX j) regions of the formRx : x 2 X , so
we haveO(jX j3) vertices andO(jX j3) edges in TAGs;t;X , and
the number of operations to set up TAG isO(jX j3 log jX j).
In particular, there are only a �nite number ofs; t pathsp that
are candidates for being� g.

C. Linear Undesirability Functions

The simplest undesirability functions are the linear ones,
whereg(u; v) = u + � � v for some �xed parameter� � 0; in
this case we abbreviate the disambiguation protocolDg to D� .
We next show that for any �xed value of� , D� is ef�ciently
computable andpD � is ef�ciently realizable.

For each edge f = f a; bg in TAGs;t;X , we
assign its Euclidean length `ef in the usual
manner, and we de�ne its risk length as̀r f :=
�

P
x 2 X I f \ R x 6= ;

�
I a 2 @Rx

2 + I b2 @Rx
2

�
log(1 � � (x)) where

I is the indicator function; this de�nition is consistent with
that of risk length for ans; t curve since, for anys; t pathp in
TAGs;t;X;� , it holds that` r p =

P
edgesf 2 p ` r f (provided thatp

never revisits any regionRx twice). Thus� g may be found by
running Dijkstra's Algorithm on TAGs;t;X using the lengths
`ef + � � ` r f for each edgef in TAGs;t;X . The running
time for Dijkstra's algorithm with a heap implementation is
O(jX j3 log jX j), so D� can be computed inO(jX j3 log jX j)
operations, andpD � is thus realizable inO(jX j3 log jX j)
operations sinceK is a constant. (In particular, if there was
no limit K on the number of disambiguations permitted, then
pD � is realizable inO(jX j4 log jX j) operations.)

III. M INE COUNTERMEASURESEXAMPLE

Mine�eld detection and localization is an important problem
currently receiving much attention in the scienti�c and engi-
neering literature; see, for instance, [13] and the references
cited there. Witherspoonet al. [14] depict the operational
concept for mine�eld reconnaissance via an unmanned aerial
vehicle. Multispectral imagery of an area of interest is pro-
cessed and a mine detection algorithm identi�es locations
of potential mines (see [15]), the collection of these points
constituting our point process realization. The marks are
posterior probabilities that the respective detections represent
actual mines, as rendered by a post-processing classi�cation
rule [16]–[20].

The following marked point process realization, shown in
Figure 4, is referred to in [16] and [21], and has 39 potential
mines whosex� andy� coordinates are listed in Table I.
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Fig. 4. Marked point process realization. Gray-scale of discs re�ects
� of detections at respective disc's centers.

The associated marks� in Table I were generated by the
post-classi�cation rule in [16]. Each discRx has radius50,
s is the point(0; 800), andt is the point(0; 100). Suppose a
maximum ofK = 4 disambiguations may be performed.

For � = 2000, the �rst disambiguation is at the point
(� 10:42; 286:09) and, regardless of the result, no more dis-
ambiguations are performed; thus, there are only two possible
realizations ofpD 2000 , and they are pictured in Figure 5, along
with their respective Euclidean lengths and their respective
probabilities. In particular, ÈepD 2000 = :89671�(707:97+1�c)
+ :10330� (1116:19 + 1 � c) = 750:14 + c, where c is the
disambiguation cost.

For � = 100, all seven possible realizations ofpD 100

are pictured in Figure 6, labelled with their respective Eu-
clidean lengths and probabilities. In particular, we can compute
E`epD 100 = :89671� (707:97+1 � c)+ :040105� (714:90+3 � c)
+ :038472� (859:37 + 4 � c) + :012796� (831:04 + 3 � c) +
:0089469� (1188:77 + 4 � c) + :0019532� (1185:40 + 4 � c) +
:0010226� (958:43 + 4 � c) = 721:14 + 1:2570c.

Note that the coef�cient ofc in E`epD � is the expected
number of disambiguations. Also observe that E`epD 100 <
E`epD 2000 (i.e., � = 100 is a better choice than� = 2000)
precisely whenc < 112:80.

In practice, you will want to select a nonnegative value for
� of minimum È epD � . In Figure 7, we plot ÈepD � as a func-
tion of � for the speci�c costc = 5 ; herearg min� � 0 E`epD �

is seen to be the interval(30:23; 55:09). It turns out thatpD � is,
in fact, identical topD 50 for all values of� in (30:23; 55:09);
a maximal intervalI wherepD � is identical for all values of
� in I will be called anindifference interval2. Here, in total,
there are 11 indifference intervals, listed in Table II withtheir
respective values of ÈepD � and the range of costsc where
that interval is preciselyarg min� � 0 E`epD � .

In other words, suppose you were presented—in practice—
the speci�c X and � given in Table I, withs = (0 ; 800),
t = (0 ; 100), K = 4 , and some disambiguation cost
c � 0. If you would choose to traverse froms to t
via a random disambiguation path based on a simulated risk

2Note that the speci�c value ofc is not relevant toD � nor pD � , so c
has no in�uence in the establishment of indifference intervals. However,c
will affect `epD � , E`epD � , and arg min � � 0 E`epD � , so c will in�uence
our choice of� .

(a) length=707.97, prob=.89671

(b) length=1116.19, prob=.10329

Fig. 5. All (two) possible realizations ofpD 2000 .

Fig. 7. E`epD � as a function of� , for c = 5 .
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TABLE I

x,y-coordinates and � 's for marked point process realization

x-coordinates y-coordinates � x-coordinates y-coordinates � x-coordinates y-coordinates �
321.17 158.27 .59017 54.23 201.12 .54178 158.17 516.48 .43525
215.13 428.31 .61890 -145.67 703.06 .61714 -151.01 572.15 .56076
221.12 557.31 .64047 -166.36 299.42 .49173 296.16 163.31 .11649
163.31 186.14 .65636 28.31 205.03 .15269 -79.26 709.99 .56085
100.40 376.47 .51487 -105.75 262.20 .25748 185.31 182.18 .65266
116.39 110.84 .44124 -128.60 274.12 .62001 -61.19 345.12 .17183
-91.27 664.45 .16675 -82.87 248.29 .58308 105.47 509.80 .85147
-19.93 568.04 .59937 -310.23 402.92 .65428 -320.73 532.23 .33092
-35.11 242.61 .10329 -169.99 438.90 .64163 95.39 248.12 .18868
-78.75 396.14 .07310 -245.28 372.05 .52154 -166.45 180.33 .61082
-134.53 769.27 .19386 -258.45 641.03 .65670 111.60 640.10 .56529
-219.32 313.68 .57449 -455.72 742.57 .63987 -157.10 441.96 .64444
-242.22 321.51 .65655 -237.86 546.19 .13793 -269.98 379.65 .52802

(a) length=707.97, prob=.89671 (b) length=714.90, prob=.040105 (c) length=859.37, prob=.038472

(d) length=831.04, prob=.012796 (e) length=1188.77, prob=.0089469 (f) length=1185.40, prob=.0019532

(g) length=958.43, prob=.0010226

Fig. 6. All (seven) possible realizations ofpD 100 . The probabilities are the respective probabilities of the path realizations.
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TABLE II

All indifference intervals, the E `epD � for values of

� in the respective indifference intervals, and the

range of disambiguation costs c where this

indifference interval is optimal. For example, for

any value 0 < c < 4:1013 the optimal value of � is any

26:77 < � < 30:23 and, as such, E `epD � = 717 :22 + 2 :1665c.

Indifference intervalI E`epD � for � 2 I Range ofc such that
I = arg min � � 0 E`epD �

( 0:00; 0:05) 735:02 + 3 :5587c ?
( 0:05; 3:23) 734:89 + 3 :1033c ?
( 3:23; 26:77) 717:92 + 2 :1665c ?
( 26:77; 30:23) 717:22 + 2 :1665c ( 0:0000; 4:1013)
( 30:23; 55:09) 720:89 + 1 :2698c ( 4:1013; 15:9145)
( 55:09; 143:21) 721:14 + 1 :2570c ?
( 143:21; 186:72) 722:92 + 1 :1423c ( 15:9145; 50:4720)
( 186:72; 413:71) 723:07 + 1 :1393c ( 50:4720; 76:0167)
( 413:71; 1414:41) 725:81 + 1 :1033c ( 76:0167; 228:1639)
(1414:41; 2472:44) 750:14 + 1 :0000c ?
(2472:44; 1 ) 977:54 (228:1639; 1 )

Optimal values of � against the values of c. Note
that if c > 228:1639 then the optimal pD � turns out to

be exactly qs;t;X .

disambiguation protocol using a linear undesirability function,
then the particular value of the parameter� you should
select depends on the particular disambiguation costc. For
example, ifc 2 (0:0000; 4:1013) then, by comparing (for the
various indifference intervals) E`epD � in the second column
of Table II (as linear functions inc), it is clear that, for
c 2 (0:0000; 4:1013), the fourth indifference interval listed
there is best, and you should use any� 2 (26:77; 30:23) in
practice. If c 2 (4:1013; 15:9145) then by similar reasoning
you should use any� 2 (30:23; 55:09); see the third column
in Table II. Also in a similar fashion, for each possible value
of c � 0, consider such� minimizing È epD � ; the values of
min � � 0 E`epD � are plotted as a (piece-wise linear) function
of costc in Figure 8.

Now, observe that for allc < 228:1639 it holds that
min � � 0 E`epD � < E`epD 1 = `eqs;t;X , which means that,
for disambiguation costs less than23:34% of `eqs;t;X =
977:54, the optimal simulated-risk disambiguation path based
on a linear undesirability function yields a strict (expected)
improvement over the curveqs;t;X which would be traversed
if the disambiguation capability was not available at all and
risk was not permitted.

Next, in Section IV, we address the issue of how, in general,
to select an optimal or near-optimal value for� .

IV. M INIMIZING E`epD � OVER � � 0

Given s; t; X; �; K and assuming you will use a linear
undesirability function in the establishment of a simulated risk
disambiguation protocol, you still need to determine the value
of the parameter� to use; once the value of� is chosen then
you can ef�ciently realizepD � , as described in Section II-C.
Thus, what is needed is a practical way to minimize E`epD �

over � � 0, exactly or approximately.

Fig. 8. E`epD � for the optimal� , as a function ofc.

As a �rst step, suppose it is desired to evaluate E`epD �

for just one particular value of� . This may be accomplished
by considering all possible outcomes of the disambiguations
dictated byD� and encountered bypD � (which can be done
via straightforward recursion), and then weighting the lengths
of the possibles; t curves thatpD � can assume by their
respective probabilities. Indeed, we used this procedure to
compute ÈepD � in Section III.

The number of differents; t curves that can be realized by
pD � is bounded by2K . Note that this is just an upper bound;
in the example of Section III, whereK was 4, the number
of different s; t curves that could be realized bypD � for �
in the 11 different indifference intervals were, respectively,
13, 12, 9, 9, 8, 7, 6, 5, 3, 2, and 1. In particular, sinceK
is �xed, E`epD � can be ef�ciently evaluated for a particular
� ; the time required isO(jX j3 log jX j), with a multiplicative
constant depending onK . WhenK is small, it can be practical
to evaluate ÈepD � for a particular� in this manner.

Therefore, it may be practical to compute E`epD � for a
mesh of different values of� , and to then adopt the best value
� 0 from the mesh as your parameter, hoping that E`epD � 0 �
min � :� � 0 E`epD � .

To illustrate, we obtained eleven realizations of a particular
marked spatial point process on[0; 55]� [0; 220] � R 2 where
the true and false detections are, respectively, Poisson(20) and
Poisson(50), and the true and false marks are Beta(6; 2) and
Beta(2; 6). We adopted the starting points = ( � 11; 110), des-
tination pointt = (66 ; 110), disc radiusr = 10, disambigua-
tion costc = 1 , and the number of available disambiguations
K = 4 . Two of these eleven point process realizations had
nearly unobstructeds; t paths and were therefore trivial; the
other nine realizations are pictured in Figure 9. The discs in
Figure 9 are gray-scaled to re�ect the marks of the associated
detections; discs are darker and lighter according as the marks
are closer to 1 and 0.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 9. Nine realizations of a marked point process.

In each of these nine nontrivial realizations, we computed
E`epD � for � = 2 ; 7; 12; 17; : : : until the values of� are
large enough so that no disambiguations are performed, i.e.
until the values of� are large enough so thatpD � = pD 1 .
Figure 10 shows the plots of E`epD � against � for each
of these nine realizations. From among the mesh of values
� = 2 ; 7; 12; 17; : : :, we found that the value of� of minimum
E`epD � are, for the respective nine realizations, 32, 162, 252,
147, 22, 187, 37, 162, and 22. These respective nine values
would be the ones to choose for the parameter� in (linear
undesirability function based) simulated risk disambiguation

protocols if you encounter these respective nine realizations.

In general, since ÈepD � can be ef�ciently evaluated for any
single value of� , the usual numerical optimization methods
for real functions of the real line are applicable in minimizing
E`epD � over � � 0.

For large values ofK where exact evaluation of E`epD �

may not be practical (even for a single value of� ), Monte-
Carlo simulations ofpD � can yield approximate values of
E`epD � .
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 10. Plots of È epD � against� = 2 ; 7; 12; 17; : : : for the respective nine realizations in Figure 9. Note that in each of these plots, for
the largest value of� which is plotted, we havepD � = pD 1 .
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V. CONCLUSION

Given a starting points, destinationt, and observingX and
� , we have illustrated in Section IV how to practically choose
a simulated risk disambiguation protocol based on a linear
undesirability function to ef�ciently (Section II-C) traverse a
realization of the associated random disambiguation path from
s to t. In future work, we intend to seek faster methods of
choosing a useful linear undesirability function, perhapsbased
on easily-computed descriptive measures ofs; t; X; �; K .

It might also be useful to seek nonlinear undesirability
functionsg that are more effective (i.e. yield lower E`epD g )
than linear undesirability functions. However, we would then
need a practical way to compute� g, since only wheng is
linear can we use Dijkstra's algorithm to �nd a shortest (in
the sense ofg) path in TAGs;t;X;� . We intend to also consider
this direction in future work.

Finally, another and different research direction would be
to explore possible computational advantages in modelling
the underlying problem utilizing fuzzy numbers in place of
probabilities, similar to the fuzzy network �ow problems
in [22].
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