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A principle of ISP

A principle of ISP —
the principle of the adaptive data cube —

is that one may wish to look at one's data differently
(one may wish to alter one's Sensing & Processing)

depending upon one's purpose (the “exploitation task”).

In fact, one may wish to look at one's data differently
depending upon the exploitation stage.

ISPDT formalizes one version of this notion.
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identifying subspaces

Statistical Pattern Recognition in High Dimensions

The curse of dimensionality suggests that
statistical pattern recognition problems in high dimensions

will always be plagued by a dearth of data.

Engineers continue to build more and more complex sensors
capable of simultaneously measuring enormous numbers of features.

Couple this phenomenon with the fact that many applications
involve bandwidth limitations, and it becomes clear that
the development of methods for identifying subspaces

in which distinguishing pattern information resides
is the fundamental challenge

for statistical pattern recognition researchers.
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The cur se of dimensionality
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ISPDT I
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ISPDT II
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a theorem

Proof of Concept:

class-conditional distributions such that
the Bayes classi�er

using any collection of d canonical features
results in non-zero classi�cation error

while
the ISPDT classi�er ,

with the choice of second feature depending on the �rst observation,
yields zero error.

Theorem: For any d 2 Z+ , supP 2P K
L �

P (d) � L P (gispdt ) = (K � 1)=K:
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a thought experiment

This theorem is in response to the following thought experiment.

Consider a sensor which can sense an entity Z one feature at a time,
and assume that there are resources enough to sense exactly two
features; at which point a decision must be made as to the value of the
unobserved class label YZ associated with Z .

For simplicity we identify Z with a random vector whose components
are the measurable features (canonical features).
We observe one feature Zi , and then we may subsequently choose a
second feature Zj to observe.

We wish to develop a classi�er g for which L(g) = P[g(Zi ; Zj ) 6= YZ ]
is as small as possible.
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a (constructive & illustrative) proof I

Since L �
P (d) � (K � 1)=K for any K -class model and any d,

it suf�ces to demonstrate that for any � > 0 and any d 2 Z+

there is a model P = P(d; � ) such that

L �
P (d) � L P (gispdt ) > (K � 1)=K � �:
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a (constructive & illustrative) proof II

We proceed by construction, for K = 2.

The case of general K proceeds analogously.

Given � > 0 and d 2 Z+ , we specify a two-class model P for which

L P (gispdt ) = 0

and

L �
P (d) > 1=2 � �:
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a (constructive & illustrative) proof III

Let the class label Y be a f 0; 1g-valued random variable,
and let the feature vector X = [X 0; X 1; X 2; � � � ; X q]0

be f 1; 2; � � � ; 2qg � f 0; 1gq-valued.

C.E. Priebe @ JHU October 2003 – p.13/35
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a (constructive & illustrative) proof IV

Consider class 0 observations X jY =0 � F0 with F0 de�ned as follows.

Let
X 0jY =0 � Multinomial

�
(2q)� 1; (2q)� 1; � � � ; (2q)� 1

�
on f 1; 2; � � � ; 2qg.

For each i = 1; � � � ; q, let
X i jX 0 = j ;Y =0 � Bernoulli(0) for j = 2i � 1,
X i jX 0 = j ;Y =0 � Bernoulli(1) for j = 2i , and
X i jX 0 = j ;Y =0 � Bernoulli(1=2) otherwise.

C.E. Priebe @ JHU October 2003 – p.14/35
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a (constructive & illustrative) proof V

Similarly,
consider class 1 observations X jY =1 � F1 with F1 de�ned as follows.

Let
X 0jY =1 � Multinomial

�
(2q)� 1; (2q)� 1; � � � ; (2q)� 1

�
on f 1; 2; � � � ; 2qg.

For i = 1; � � � ; q, let
X i jX 0 = j ;Y =1 � Bernoulli(1) for j = 2i � 1,
X i jX 0 = j ;Y =1 � Bernoulli(0) for j = 2i , and
X i jX 0 = j ;Y =1 � Bernoulli(1=2) otherwise.

C.E. Priebe @ JHU October 2003 – p.15/35
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a (constructive & illustrative) proof VI

Finally, consider (Z; YZ )
with (unobserved) class label YZ � Bernoulli

�
1
2

�

and Z jYZ =0 � F0, Z jYZ =1 � F1.

As constructed, L � := P[gB ay es(Z ) 6= YZ ] = 0.
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a (constructive & illustrative) proof VII

For ISPDT, let the �rst feature observed be Z0.

Then the second feature observed, ZZ 0 , depends on the value of Z0.

As constructed, L (gispdt ) = P[gZ 0 (Z0; ZZ 0 ) 6= YZ ] = 0.
Notice that the appropriate clustering is trivial here;
since the random variables are all integer valued, we consider each
integer to constitute a cluster.

Notice also that, as constructed, ISPDT requires only a linear classi�er
— but that classi�er , gZ 0 , depends on the �rst feature observed.

C.E. Priebe @ JHU October 2003 – p.17/35
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a (constructive & illustrative) proof VIII

For I � f 1; � � � ; qg,
L �

I (the Bayes optimal probability of misclassi�cation using the
associated jI j-dimensional canonical marginal) is 1=2.

For I = f 0g [ I 0 with I 0 � f 1; � � � ; qg, jI 0j = q0 � q,
we have L �

I = 1=2 � q0=(2q).

The desired result follows,
with d = q0+ 1 and choosing q such that q0=(2q) < � . �

C.E. Priebe @ JHU October 2003 – p.18/35
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a (constructive & illustrative) proof IX

This proof illustrates the basic idea of the ISPDT approach.

First one selects a subspace in which a useful partition of the data can
be obtained — in our construction, the value observed for Z0 indicates
the best choice for the second feature.

Then a subsequent subspace is de�ned for each partition cell wherein
classi�cation can be performed with adequate precision — in our
construction, a linear classi�er depending on the value of Z0 can
perfectly classify the two-dimensional observation (Z0; ZZ 0 ).

The features used for the partitioning and those used in each of the
various subsequent classi�ers may differ.

This is the key to the ISPDT adaptive sequential sensing and
processing.
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a sim ulation : : :

We illustrate the ISPDT via a simulation example.

The sensor space is six dimensional,
but the sensor is restricted to measuring only two (canonical) variables
at a time.

This may be due to limitations of the sensor and/or throughput
constraints.

An ISPDT produces optimal performance.
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sim ulation model

The �rst set of two features, [X 1; X 2]0, are distributed according to a
mixture of two uniforms, independent of the class label Y :

[X 1; X 2]0 �
1
2

U (B ([0; 0]0; 1)) +
1
2

U (B ([1:5; 1:5]0; 1)) :

The distribution of the second set of two features, [X 3; X 4]0, depends
on the mixture component into which the �rst two features fall and on
the class label Y :

[X 3; X 4]0j[X 1 ;X 2 ]02 B ([0 ;0]0;1) ;Y =0 � N ([0; 2]0; � 1)

[X 3; X 4]0j[X 1 ;X 2 ]02 B ([0 ;0]0;1) ;Y =1 � N ([0; 0]0; � 1)

[X 3; X 4]0j[X 1 ;X 2 ]02 B ([2 ;2]0;1) �
1
2

U (B ([0; 0]0; 1)) +
1
2

U
�

B ([
p

2:5;
p

2:5]0; 1)
�

C.E. Priebe @ JHU October 2003 – p.21/35
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sim ulation model (contin ued)

The third set of two features, [X 5; X 6]0, is normally distributed with
mean and covariance depending on X 1; X 2; X 3; X 4, and on Y :

[X 5; X 6]0j[X 1 ;X 2 ]02 B ([0 ;0]0;1) � B ([0; 0]0; 4)

[X 5; X 6]0j
[X 1; X 2]0 2 B ([2; 2]0; 1)

[X 3; X 4]0 2 B ([0; 0]0; 1)
;Y =0

� N ([0; 0]0; � 2)

[X 5; X 6]0j
[X 1; X 2]0 2 B ([2; 2]0; 1)

[X 3; X 4]0 2 B ([0; 0]0; 1)
;Y =1

� N ([0; 2]0; � 2)

[X 5; X 6]0j
[X 1; X 2]0 2 B ([2; 2]0; 1)

[X 3; X 4]0 2 B ([0; 2]0; 1)
;Y =0

� N ([0; 2]0; � 2)

[X 5; X 6]0j
[X 1; X 2]0 2 B ([2; 2]0; 1)

[X 3; X 4]0 2 B ([0; 2]0; 1)
;Y =1

� N ([0; 0]0; � 2):
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sim ulation data
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ISPDT construction for sim ulation

The tree is constructed as follows.

For each pair of canonical variables (i; j ),
let Xi;j and Yi;j represent the 2-means clustering of the data.

Let � i;j := minx 2X i;j ;y 2Y i;j d(x; y) be the minimum Euclidean distance

between points in separate clusters, and let bL i;j represent the
resubstitution estimate of the probability of misclassi�cation for the
linear classi�er based on the two clusters.

At each stage, we check mini;j bL i;j against a threshold. If there is a

classi�er which performs satisfactorily (bL i;j < 0:1) we stop and the
construction of the tree is complete; otherwise, we choose the pair of
canonical variables (i � ; j � ) := argmini;j � i;j which provides the most
distinct clustering, split the data according to these clusters,
and repeat the process for each newly generated branch of the tree.
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ISPDT for sim ulation
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ISPDT for sim ulation

The ISPDT results in using 2-means clustering on all the data in the
�rst two dimensions, and then again in dimensions 3 & 4 on one of the
resulting subsets of the data.

A linear classi�er is applied in the leaves.

This asymptotically optimal (by construction) ISPDT procedure yields
P[g(Z ) 6= YZ ] � 0:0654.
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sim ulation results

NN 2D-NN ISPDT CART Random Forest SVM

0.
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E
rr
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Figure 5: Boxplots depicting probability of misclassi�cation results for the Simulation

Example. The dashed horizontal line is Bayes optimal. The ISPDT procedure yields

(asymptotic) Bayes optimality.
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The Tufts arti�cial nose
Intensity

Time

Figure 6: The Tufts arti�cial nose consists of optical �bers (shown here spread apart)

doped with a solvatochromic dye. Reaction of the polymer matrix with an analyte

produces photons which are sampled at two wavelengths to produce a response for

each �ber . These photons are captured by a CCD device, resulting in a time series of

light intensity above (or below) the background intensity. The responses of two �bers ,

sampled at a single wavelength, are illustrated as curves in the Figure.
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Dendogram for arti�cial nose experiment
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Dendogram for arti�cial nose experiment
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Binar y ISPDT

15,20

15,20

2,8,12,13
1,2,3,17,31

15,20

15,20

5 11

15,20

8 2,25,34

ISPDT for arti�cial nose experiment

C.E. Priebe @ JHU October 2003 – p.31/35



< > - +

Flat ISPDT
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Table 1

Cluster statistics
for arti�cial nose experiment

Cluster Size Classes Dimensionality Fibers

207 135 72 5 1 2 3 17 31

228 169 59 3 2 25 34

89 52 37 4 2 8 12 13

14 10 4 1 11

14 12 2 1 8

4 2 2 1 5
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Table 2

Classi�cation results
for arti�cial nose experiment

Algorithm Error

NN: All �bers 0.169

NN: Fibers 15&20 0.302

NN: Best 2 �bers 0.182

CART 0.167

kNN: All �bers 0.133

SVM 0.140

Random Forests 0.124

ISP Decision Tree 0.061
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“The wealth of your practical experience

with sane and interesting problems

will give to mathematics

a new direction and a new impetus.”

— Leopold Kronecker to Hermann von Helmholtz
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