Approximating Functions

3

Let f € C"[a, b]. Prove that if xo € (a,b) and if x;, xy, ..., x, all converge to x, g
[xo, x4, ..., xy] will converge to f™ (xg)/n!.

4,/ Prove that if f is a polynomial of degree &, then for n > k,

f[x[)sxh‘--',x"]zﬂ
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Prove that if p is a polynomial of degree at most n, then
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Py =3 plro, x5 [Jex =2
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. Show that the divided differences are linear maps ot functions. That is, prove the equaj

(Off -+ ﬁg)[xﬂyxls LR |xﬂ] maf{'xﬂv Xlyovay xn] + ﬁg{xﬁrxia ‘e ’xn}
7. The divided difference Flxo, x1] is analogous to a first derivative, as indicated in Theogss
. Does it have a property analogous to fey=Ffeg+ g E

8/ Using the functions ¢; defined in Section 6.1 (p. 312) and based on nodes x;, b TTRN
show that for any f,

if(x,-)f;(x) = if{xo,x;, ...,x,-}n(x —x;)
=0 i=0 =8

b9’ (Continuation) Prove this formula:

f[xu‘xl, .. -axn] — Zf{x:) n(xj “".Xf}wl
i=0 i=0

i#

10. Compare the efficiency of the divided difference algorithm to the procedure describediy
Section 6.1 (p. 311) for computing the coefficients in a Newton interpolating polynomi

11, Use Cramer’s rule in matrix theory to prove that
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12. For the particular function f&x)Y=x" m e N, show that

L ifn=m
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13. Prove the Leibniz formula

(0 0, xad = D o 2, o, 5dgloe, Koo ]
k=0

Hint: See Problem 6.2,7 (above).
14. Write the equation in Froblem 6.2.9 (above) in this form:
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given by
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R CIEDD o f""(xo)(x - xp)*
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i The oefﬁmm of x7 ' in p(x) is f™(xg)/m}, and this establishes Bqua i
" when'n = mand X, = xg In the other case, the argument used to prove T
in Secuon 6.2 (p 330) is valid,

/ l.he ex ‘ndcd Newton: divided difference method 10 obtain a quartic p" Iyhe
takes these valueS‘ o

; (Conunuatxon) Fxnd a qu_mnc palynonmal ‘that takes the values given in the py
# problein aid;in addition, satisfies P3) =2 Hmr Add a smrable term to the po
. found in the preceding problem., i

\./ Obtam a formula for the polynonuai p of least degree that takes these values:

P(x.)*y. Pay=0 (©=<i<n)

4. What condmori will have to:be'plaoed on the nodes ) and xy if the mterpolauon P

. p(x.) =l pln) = sz

- 6 b solvable by 4 cubic ;)ofynomlal (for arbltraxy o;)?

_ L 5. Show that the polynomial given in Equation (6), with the divided differences in Equs
TR Y and (5), .fulﬁlls the condmons in Equatton ) '

6, Venfy the propemes claimed for the functions Af and B;.
7. Prove that the Taylor polynonnal '

o P(x) = Z.g“.;.f(}’(io)(ﬁf‘ ~xg)
j ~
VDTN interpolates f it xg, X, s i 4. g (K rcpenuons) oo .
* 8. Prove that a polynomial mtcrpolates O at xg, x;. «+++ Xy (Tepetitions permitted) if and
 if it contains the factor [ T}_q(x — x_a.)._ T
9. Prove that if F mte[poiaws gatixg, x;, ., x, and if A interpolates 0 at these poin
o f Ech mtexpolates g, at these points. N
o fﬂ Fix Xy Xgs e Xy and show that the set of functions that interpolate 0 at these points
algebra; that is, it is. closed under addition, multiplication, and multiplication by scalats:

11. Prove that if f mtez;:olates O at the nodes X0, Kisee o Xy then it interpolates  at the: 1
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