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- from which we conclude that

input n, (a,-,-)
fork = 1tondo

k—1 . 1/2
flck £ (akk — ngs)
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fori:k%-ltbmndo
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end do
end do
output (¢;;)

Theorefn 2 guarantees that £, > (), Observe that Equation (9) gives us the fof..
lowing bound for j < : '
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Mulsvag  (I<j<p

Hence, any element of I is bounded by the Square root of a corresponding diagonal
element in A. This implies that the elements of L do not become large relative to 4
even without any pivoting. (Pivoting is explained in the next section.) o

In both the Cholesky and Doolittle algorithms, the dot products of vectors should

PROBLEMS 4.2

14 Prove these facts, needed in the proof of Theorem 2.
a. If U is upper triangular and Invertible, then (/-1 jg upper triangular,
h. The inverse of a unit lowey triangular matrix is unjt lower triangufar,
/€. The product of two upper (lower) triangular matrices is upper (lower) trianguiar.

2/ Prove that if a nonsingular mairix A has an LU-factorization in which L is a unit lower
triangular matrix, then L and [/ are unique,

3. Prove that the forward substitution and back substitution algorithms and their permuted
versions always solve Ax = p if A is nonsingular,

4. (Continuation) Count the number of arithmetic operations involved in these four algo-
rithms,

5. Prove that ap upper or lower frianguiar matrix is nossingular if and only if its diagonal
elements are all different from 0.

6. Show that if ail the principal minors of 4 are nansingular and ¢, # 0 for each 7, then
Uy E£O0forl <k <n.




Prove that the matrix A =

not a simple consequence of Theorem 1 proved in this section.

a. Write the row version of the Doolittle algorithm that computes the kth row of L and
the kth row of U at the kth step. (Consequently, at the kth step, the order of computing

ey Bt My - s Yok

b. Write the column version of the Doolitile algorithm, which computes the kth column
of U and the kth column of L at the kth step. (Consequently, the order of computing

Lygrhroeer b 2L THE kth step.)

By use of the equation VU™

triangular matrix. Assumie that [/~1 exists; that is, the diagonal elements of U are all

IS Mg, Uak < - s Mk

A matrix A = (ay) in which a;; = Owhenj>iorj<i—1lis called a Stieltjes matrix.
Devise an efficient algorithm for inverting such a matrix,

Let A be an n x n matrix. Let {(p1, P2, .+ -5 ) bea permutation of {1,2,...,n)such that
(fori=1,2,...,n)rowiin A contains nonzero elements only in columns py, Pz, -« Pic
Write an algorithm to solve Ax = b.

Show that every mawix of the form A = [0 ‘; has an LU-factorization. Show that

even if L is unit lower triangular, the factorization is not umique. (This problem, as well
as the next two problems, illustrate Taussky’s Maxim: If a conjecture about matrices is
false, it can usually be disproved with a 2 x 2 example.)

+

{Continuation) Show that every matrix of the form A = [2 2 ] has an LU/-factorization.

an LU-factorization in which L is a unit lower triangular?

{Continvation) Show that every matrix of the following form has an LU-factorization.
Does it have an LU-factorization in which L is a unit lower triangular?

Prove that if A is invertible and has an LU ~decomposition, then all principal minors of A
are ronsingular.

Let the system Ax = b have the following property: There arc Ewo permutations of
(1,2,...,n)called p = (P1s P2v--+s Pn) and g = (g1, q2. -+ . + ) such that, for each
i, equation number p; contains only the variables xy . Xgpr -+ - Yqi- Write an efficient
algorithim to solve this system.

Count the number of multiplications and/or divisions needed to invert a unit lower trian-

ove: If A has an LU-factorization in which L is anit lowes triangular, then
it has an LU-factorization in which U is unit upper triangular.

Prove or dispr

by

factorization is known, give an aigprithm for inverting A. (Use
Problem 4.2.9 above and Computer Problem 4.2.1,p. 163.)

Develop an algorithm for inverting a ratrix A that has the propesty ay; = 0, ifi +Jj <.
Use the Cholesky Theorem to prove that these two properties of a symmetric matrix A
are equivalent.

Assuming that its LU

-

H
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[(1) i] does not have an LU _factorization. Caution: This is

= 1, obtain an algorithm for finding the inverse of an uppet

0
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a. Als positive definjte, -
b. There exists a linearly independen Set of vectors x y X i R s thi
Ay = (x T (0 o3
22, Fstablish the correctness of the foHowing algorithm for solving Ux = p iy the cage thy
U is upper triangular:
for j=p tolstep | deo
X bifuy,
fori-—:ltojwldo
b,' bl b,' - MUI i

2

“

- Prove that if ) the leading principal mingrs of 4 are honsingular, thep 4 has a facto.
ization 7, pyr in which [ js unit Jower triangulay, 7 js unit upper triangular, ang Dis
diagonal. - )

24, (Cominuation) Prove that if Aisg Symmenic matrix whose leading Pprincipal Mminors g -

honsingular, they 4 has a factorization LDLT in which L is unit fowey triangular ang b

A 285, (Continuation) Write ap algorithm o compte the 1,y i'"—factc:u‘zaticn of a symmege

27, IFA i Dositive definite, does jt follow that 4-1 Is also positive definite?
28. Consider

2 6 -4
A4=1 g 17 17
~4 —17 3

Determine directly the factorization 4 LDLT where p is diagonal ang L is vnit lower
triangular; that Is, do nor uge Gaussian elimination,

29, Develop an algorithm for finding direcily the UL-factorization of a mawrix 4, where L js
unit lower triangular and ¢/ Is upper tangular, Give an algorithm for solving [ily = p.

36, Find the LUmfactorization of the matrix
3 0
A=10 _
I 3 ¢

3. {Fac[or the matrix 4 — [ ?f ;2] S0 that 4 = LLT, where L is lower triangular.

32 Determine directly the LLT-factorjzation, in which 7, is a Jower trianguiar marrix with
Positive diagona elements, for the matrix
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