Homework No.3, 550.695, Due March 5, 2009.

1. This problem discusses the Euler equations of a simple compressible fluid,

O+ V+(pu) =0, (1)
0j+ V-(pl+ puu) =0, (2)
de + V[(e+pu] =0, (3)

where p is mass density, j = pu is momentum density, e is the total energy density,
and p(p, ep) is the thermodynamic pressure.

(a) Show that equation (1) can be rewritten as
Dip+ p(V-u) =0,
where D; = 0; + u-V is the convective or material derivative.
(b) Show that equation (2) can be written in two alternative forms:
Dij +j(V-u) = =Vp,

or Dyu = —(Vp)/p.

(c) Use the results in part (b) to derive the balance equation for kinetic energy

o, (%,mf) L. [(%plﬂ +p) u} — p(V-u).

Interpret the righthand side in terms of work done by the pressure during fluid com-
pression. Use the above result together with equation (3) to derive the equation for
the internal energy e

Oeq + V+(egu) = —p(V-u),

where e = ¢ + 5pu’.



2. This problem introduces the Onsager form of the Navier-Stokes equation of a
simple compressible fluid. Let p, for 1 =0,1,...,4 denote the conserved densities

Po =P, plzjl (Z:]-7273)7 Ps = €.

The conjugate thermodynamic potentials A\, = —0s/0p,,, where s is entropy, are
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In this problem we shall show that the dissipative fluxes J,(}) in the Navier-Stokes
equation can be written in the form

J(l) - —Lm,j,jﬁj)\,,,

an

where L;, ;, are the Onsager coefficients that are given for a simple fluid by

Lioju =0,
2
Lig = nT (5ij5kz + 0510k — §5z’k;5jl) + (10051,
2
Ligja = nT <Ui5kj + ugdij — géikuj> + (T'oguy,

1
Li4,j4 = (/‘iT -+ 77U2)T5” + (C + gﬁ) TUin,

where Roman indices run from 1 — 3 and Greek indices run from 0 — 4, and where
the symmetry condition L;, j, = Lj,;, holds. In particular, show that

IS = —Ligj,0,M, =0,

]

Ty = Ji) = —Lijudid,

)

(&) s+ Ty =I5 = —Lugdi.

i

—
> 2
S—

Remark: The thermodynamic entropy production for the Navier-Stokes system can
be written as

o(t) = / 07 Lo (p(rs )0 (12 )N (1, ).

Onsager’s Principle states that the probability of a molecular fluctuation of the fluid
system is given by the excess entropy production o.,(t) required to produce the

fluctuation, as
1 oo
Prob[p] ~ exp (—% /OO dt Uea;(t)) :



3. This problem develops a proof of the following theorem: if F(z,¢) is a bounded
function that is smooth in x and period-1 in &, then

b b
(%) lim [ dx F(z,x/e) = / dx F(z),
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where F(z) = fol d¢ F(x,€).
(a) Show that the definite integral

13
G, €) = / dn (F(e,n) — F(z))

defines a function which is also bounded, period-1 in &, and smooth in z. In particular,
the partial derivative of G with respect to x is given by

3
Gl ) = /0 dn (Fu(e.n) — Fal2)).

(b) Use the fundamental theorem of calculus for G(z,z/€) to show that

[ e (et =) =e 6050 60019~ [ e o)

Apply this result and part (a) to conclude the limit result (*).
(c) Define a gradient-length Ly for the mean-field by

F(z)

Use the theorem (*) to argue that a coarse-grained field equals the mean-field,

Ly = min
x

1 T+l

2_€ o dy F(yay/‘S) :F(ZL‘),

fore < { < Ly.



