


Why probabilistic?
Importance of spatially varying behavior highlighted

Random material properties lead to random behavior -

predicting scatter is critical to reliability estimates
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than the longitudinal ones [21,22] and thus must domi-

nate in the structure function for which Kraichnan’s RSH

was proposed, which includes all velocity components.

As may be seen from Fig. 3, the scaling exponents !Tp and

!Ep are quite close for each p, in agreement with

Kraichnan’s RSH [14,16]. However, the scaling exponents

for helicity flux are smaller, !Hp < !Ep , indicating that the

helicity flux is intrinsically more intermittent than the

energy flux, i.e., the departures from K41 scaling are

larger. This is consistent with the picture of the helicity

acting similarly as a passive scalar, since it is well known

that the scaling exponents of the scalar are smaller than

those of the advecting velocity itself [23,24]. It is worth

emphasizing that the relation between the scaling expo-

nents of energy flux and helicity flux found here is exactly

the opposite of that observed in the shell models. In

Ref. [9] it was shown numerically that the helicity flux

in the GOY shell model is less intermittent than the

energy flux there, while in [10] it was shown for the

helical GOY3 model that energy and helicity fluxes are

equally intermittent. Thus, despite the fact that the energy

flux statistics of the helicity-conserving shell models are

very similar to those of 3D Navier-Stokes [8], neverthe-

less the helicity-flux statistics of these shell models are

qualitatively different from those of Navier-Stokes.

Fluctuations of the fluxes !E;"!x; t" and !H;"!x; t" in

the joint cascade can also be described by the single-point

probability density functions (PDF’s), which we have

calculated at various values of " in the inertial range.

In Fig. 4 are plotted these PDF’s for "=" # 64. The PDF

of the energy flux agrees with the results reported earlier

in Ref. [19]. There is an obvious skewness with a long tail

to the right, indicating the forward cascade of energy

preferentially to smaller scales. To our knowledge, the

result on the helicity-flux PDF in Fig. 4 is entirely new. In

contrast to the PDF of the energy flux, it is nearly sym-

metric. This is because the helicity is indefinite in sign

and can be both positive and negative, while kinetic

energy is always positive. Therefore, the long tail of

helicity flux to the left does not indicate backward trans-

fer of positive helicity but instead forward transfer of

negative helicity. This argument can be made precise

by means of the helical decomposition of the velocity

field [25]. One sets u # u
$ $ u

% with u
&!x; t" #

P

ka&!t"h&!k"e
ik'x, where hs!k" for s # & are eigenvec-

tors of the curl: ik( hs!k" # sjkjhs!k". As shown in

Ref. [25], the $ modes carry only positive helicity and the

% modes only negative helicity. If we likewise decom-

pose vorticity as ! # !
$ %!

%, we can define

!&
E;"!x; t" # %ru&!x; t":!!x; t";

!&
H;"!x; t" # %2r!&!x; t":!!x; t";

(9)

and then !s
E;" represents flux of energy from the large-

scale s modes into the small scales and !s
H;" represents

the like quantity for helicity, with s # &. See Ref. [26].

In Fig. 5(a) are plotted the 1-point PDF’s of !&
H;" for

nonzero mean helicity with the inset for zero mean hel-

icity. It may be seen that the PDF’s of the $ mode and %
mode are skewed to the right, indicating that helicity

from these two modes prefers to cascade forward to

smaller scales. Likewise, in Fig. 5(b) the energy flux in

both $ and % modes is skewed to the right. There is

somewhat less skewness in the % mode because relatively

little energy is being injected into that channel for the
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