
Dynamical Systems (550.391)
Homework 6 (Due: Thursday, November 3, 2005)

General Directions: You must show all work and document any assumptions to receive
full credit on a problem. All problems are to be done by hand unless otherwise stated.

1. Recall that we have the following relationships between Cartesian coordinates
(x and y) and polar coordinates (r and θ):

x = r cos θ, y = r sin θ.

In class, we used these relations to show that

tan θ =
y

x
,

and

r
dr

dt
= x

dx

dt
+ y

dy

dt
.

(a) Show that

y
dx

dt
− x

dy

dt
= −r2dθ

dt
.

(b) Convert the system below from Cartesian coordinates to polar coordinates. (That
is, develop expressions for dr/dt and dθ/dt.)

dx

dt
= y +

x√
x2 + y2

(x2 + y2 − 2), (1)

dy

dt
= −x +

y√
x2 + y2

(x2 + y2 − 2). (2)

(c) Determine the type and stability of any fixed points of this system.

(d) Determine the stability of any limit cycles of this system.

Answer:

(a) x = r cos θ, y = r sin θ.{
dx = cos θdr − r sin θdθ
dy = sin θdr + r cos θdθ

⇒
{

dr = cos θdx + r sin θdy

dθ = cos θdy−sin θdx
r

So −r2 dθ
dt

= r sin θ dx
dt
− r cos θ dy

dt
= y dx

dt
− xdy

dt
.

(b) r dr
dt

= xdx
dt

+ y dy
dt

; −r2 dθ
dt

= y dx
dt
− xdy

dt
.

So

dr

dt
= r2 − 1,

dθ

dt
= −1.



(c) dθ
dt

= −1. So the only possible fixed point is origin. But when (x, y) approaches
origin, x√

x2+y2
does not exists. That means the vector field is not defined at

origin. So there are no fixed points.

(d) dr/dt = 0 ⇒ r2 − 2 = 0 ⇒ r =
√

2. So r =
√

2 is a limit cycle. When r >
√

2,
dr/dt > 0; when r <

√
2, dr/dt < 0; so this limit cycle is unstable.

2. Use an appropriate theorem or criterion to show that the given system has no periodic
solutions (other than constant solutions).

dx

dt
= x + y + x3 − y2, (3)

dy

dt
= −x + 2y + x2y + y3/3. (4)

Answer:
Let f(x) = x + y + x3 − y2, g(x) = −x + 2y + x2y + y3/3.
∂f
∂x

+ ∂f
∂x

= (1 + 3x2) + (2 + x2 + y2) = 3 + 4x2 + y2 > 0.
So according to the Dulac’s Criterion, this system has no periodic solutions.

3. Consider the system of equations

dx

dt
= µx + y − x(x2 + y2), (5)

dy

dt
= −x + µy − y(x2 + y2), (6)

where µ is a parameter.

(a) Show that the origin is the only critical point. (Hint: It may help to switch to
polar coordinates.)

(b) Determine the type and stability of the critical point at the origin. How does this
classification depend on µ?

(c) Show that when µ > 0, there is a periodic solution. What is the equation for this
limit cycle? Is it stable, unstable, or semi-stable?

Answer:

(a) r dr
dt

= xdx
dt

+ y dy
dt

; −r2 dθ
dt

= y dx
dt
− xdy

dt
.

So

dr

dt
= r(µ− r2),

dθ

dt
= −1.

Since dθ
dt

= −1, origin is the only possible fixed point. At origin, dx/dt = dy/dt =
0, so origin is the only fixed point.



(b) The Jacobian is J =

(
µ− 3x2 1− 2xy
−1− 2xy µ− 3y2

)
.

J(0, 0) =

(
µ 1
−1 µ

)
.τ = 2µ, ∆ = µ2 + 1.

So for the linearized system, when µ < 0, origin is a stable spiral; when µ > 0,
origin an unstable spiral. When µ < 0, it’s the borderline case. In this case, the
original system is dr/dt = −r3, so origin is a stable spiral.
So for the original system, when µ ≤ 0, origin is a stable spiral; when µ > 0,
origin is an unstable spiral.

(c) when µ > 0, dr/dt = 0 ⇒ r(µ− r3) = 0 ⇒ r =
√

µ.
When r >

√
µ, dr/dt < 0; when r <

√
µ, dr/dt > 0; so this limit cycle is stable.

4. There are certain chemical reactions in which the constituent concentrations oscillate
periodically over time. The system

dx

dt
= 1− (b + 1)x +

x2y

4
, (7)

dy

dt
= bx− x2y

4
, (8)

is a special case of a model, known as the Brusselator, of this kind of reaction. Assume
that b is a positive parameter, and consider solutions in the first quadrant of the x, y-
plane.

(a) Show that the only critical point is (1,4b).

(b) Determine the type and stability of the critical point. How does this classification
depend on b?

(c) As b increases through a certain value b0, the critical point changes its stability.
What is b0?

(d) Use a computer to plot trajectories in the phase plane for a value of b slightly less
than b0. Plot trajectories in the phase plane for a value of b slightly greater than
b0.

(e) Plot trajectories in the phase plane for four values of b greater than b0 (not in-
cluding the value you used in part (c)) and observe how the limit cycle deforms
as b increases.

Answer:

(a) dy
dt

= bx− x2y
4

= 0 ⇒ x2y
4

= bx. Substitute x2y
4

in dx
dt

= 1− (b + 1)x + x2y
4

= 0 with

bx gives 1− (b + 1)x + bx = 0. So x = 1. bx− x2y
4

= 0 ⇒ y = 4b. And at (1, 4b),
dx/dt = dy/dt = 0, so the only critical point is (1, 4b).

(b) The Jacobian is J =

( −(b + 1) + xy
2

x2

4

b− xy
2

−x2

4

)
.



J(1, 4b) =

(
b− 1 1

4

−b −1
4

)
.τ = b− 5

4
, ∆ = 1

4
.

So when 0 < b < 1
4
: stable node;

when b = 1
4
: stable degenerate node;

when 1
4

< b < 5
4
: stable spiral;

when b = 5
4
: center, neutrally stable;

when 5
4

< b < 9
4
: unstable spiral;

when b = 9
4
: unstable degenerate node

when b > 9
4
: unstable node.

(c) When b < 5
4
, this system is stable; when b > 5

4
, this system is unstable. So b0 = 5

4
.

(d) b0 = 5
4
.

For a value of b slightly less than b0, let b = 1. The trajectories are as Figure 1.
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Figure 1

For a value of b slightly greater than b0, let b = 1.5. The trajectories are as Figure
2.

(e) When b = 2, the trajectories are as Figure 3.

When b = 3, the trajectories are as Figure 4.

When b = 4, the trajectories are as Figure 5.

When b = 5, the trajectories are as Figure 6.

5. Strogatz: Problem 7.3.1
Answer:
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Figure 2

(a) ẋ = x− y − x(x2 + 5y2), ẏ = x + y − y(x2 + y2).

The Jacobian is J =

(
1− 3x2 + 5y2 −1− 10xy

1− 2xy 1− x2 − 3y2

)
.

J(0, 0) =

(
1 −1
1 1

)
.τ = 1, ∆ = 2. So it’s an unstable spiral.

(b) rṙ = xẋ + yẏ = x2 + y2 − (x4 + y4)− 6x2y2 = r2 − r4 − 4r4 cos2 θ sin2 θ.
ṙ = r(1− r2 − r2 sin2 2θ).
r2θ̇ = xẏ − yẋ = x2 + y2 + 4xy3 = r2 + 4r4 cos θ sin3 θ.
θ̇ = 1 + 4r2 cos θ sin3 θ.
So,

ṙ = r(1− r2 − r2 sin2 2θ).

θ̇ = 1 + 4r2 cos θ sin3 θ.

(c) For all θ, r(1− 2r2) ≤ ṙ.
So if r < 1√

2
,ṙ > 0 for all θ, thus r1 = 1√

2
.

(d) For all θ, ṙ ≤ r(1− r2).
So, if r > 1,ṙ < 0 for all θ, thus r2 = 1.

(e) From part (c) and (d), we could construct a trapping region R={r| 1√
2
≤ r ≤ 1}.

R is closed, bounded. ẋ and ẏ are continuously differentiable. R does not contain
any fixed point(because θ̇ > 0 so origin is the only possible fixed point).
So we could apply Poincaré − Bendixson Theorem, and the system has a limit
cycle somewhere in the trapping region.



x ’ = 1 − 3 x + x2 y/4
y ’ = 2 x − x2 y/4    
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Figure 3

x ’ = 1 − 4 x + x2 y/4
y ’ = 3 x − x2 y/4    
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Figure 4



x ’ = 1 − 5 x + x2 y/4
y ’ = 4 x − x2 y/4    
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Figure 5

x ’ = 1 − 6 x + x2 y/4
y ’ = 5 x − x2 y/4    
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Figure 6


