Traveling Salesman Problem

Objectives:

· To gain an understanding of the Traveling Salesman Problem (TSP)

· To see the advantages of an initial inspection of the graph

· To understand the mechanics of a TSP heuristic

· To recognize that heuristics may not always yield optimal solutions

Example 1: Exhaustive Enumeration

Obtain an optimal TSP tour on the graph given below using exhaustive enumeration.
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We will list all cycles passing through the 5 nodes, arbitrarily starting and ending with node 1.  There are four such cycles (the optimal solution is marked with an asterisk):

	Cycle
	Cost
	

	1-2-4-5-3-1
	9 + 14 + 8 +  4 + 19 = 54
	

	1-2-4-3-5-1
	9 + 14 + 11 + 4 + 7 = 45
	*

	1-2-5-4-3-1
	9 +   5 + 8 + 11 + 19 = 52
	

	1-5-2-4-3-1
	7 +   5 + 14 + 11 + 19 = 56
	


Example 2: Heuristic

Obtain an approximation to the optimal TSP tour on the graph given in Example 1 using the following heuristic.

· Step 1: Find the MST of G.  Let T=(V,ET) be the tree.

· Step 2: Let S be the set of all nodes in T with an odd number of incident edges (only consider the edges in ET).

· Step 3: Pair up the nodes in S.  For each pair, find the shortest distance between the pair using only the edges in G.  Consider all possible pairings of the nodes in S and keep the one with the cheapest total cost.

· Step 4: Add to ET the edges used in the cheapest pairing from Step 4.  Walk along all the edges in the augmented tree.

· Step 5: Convert the walk to a cycle by removing repeated nodes. (Only one node should appear twice; all others should appear only once.)  There may be some trial and error involved in this step.

The MST for G is shown below.
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S = {1, 2, 3, 4} and there are three possible pairings of the nodes in S: [1&2, 3&4], [1&3, 2&4],  and [1&4, 2&3]

	From
	To
	Shortest Path
	Cost

	1
	2
	1-2
	9

	1
	3
	1-5-3
	11

	1
	4
	1-5-4
	15

	2
	3
	2-5-3
	9

	2
	4
	2-5-4
	13

	3
	4
	3-4
	11


The cost of the pairings are shown in the table below with the optimal pairing marked with an asterisk.

	Pairing
	Cost
	

	[1&2, 3&4]
	9 + 11 = 20
	*

	[1&3, 2&4]
	11 + 13 = 24
	

	[1&4, 2&3]
	15 + 9 = 24
	


So we will add the following edges to T: 1-2, 3-4.  The augmented graph is shown below.
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Here is a walk in the augmented graph (arbitrarily starting at node 1) that uses all of the edges: 1-2-5-4-3-5-1.

To convert the walk to a tour, we need to eliminate one of the node 5’s but end up with a valid cycle.  We can do this in two ways: 1-2-4-3-5-1 (cost = 45) or 1-2-5-4-3-1 (cost = 52).

Example 3: Heuristics are not necessarily optimal

The graph below has an edge between every pair of nodes (similar to the example from lecture.)  Find (an approximation to) the optimum TSP tour.
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Inspection / Enumeration: In this graph, there are (4 x 3 x 2 x 1)/2 = 12 possible cycles starting with node 1.  They are

	Cycle
	Cost
	
	
	Cycle
	Cost

	1-2-3-4-5-1
	19
	
	
	1-3-2-4-5-1
	22

	1-2-3-5-4-1
	17
	
	
	1-3-2-5-4-1
	18

	1-2-4-3-5-1
	19
	
	
	1-3-4-2-5-1
	20

	1-2-4-5-3-1
	19
	
	
	1-3-5-2-4-1
	18

	1-2-5-4-3-1
	17
	
	
	1-4-2-3-5-1
	20

	1-2-5-3-4-1
	15
	*
	
	1-4-3-2-5-1
	18


The optimum tour is starred.  An MST for G is shown below.  (Note: there are other MSTs for this graph.)
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S = {1, 2, 3, 5} and there are 3 possible pairings of the nodes in S: [1&2, 3&5], [1&3, 2&5], and [1&5, 3&2].

	From
	To
	Shortest Path
	Cost

	1
	2
	1-2
	3

	1
	3
	1-3
	3

	1
	5
	1-5
	7

	2
	3
	2-3
	3

	2
	5
	2-5
	5

	3
	5
	3-5
	4


The cost of the pairings are shown in the table below with the optimal pairing marked with an asterisk.

	Pairing
	Cost
	

	[1&2, 3&5]
	7
	*

	[1&3, 2&5]
	8
	

	[1&5, 2&3]
	10
	


So we will add the following edges to T: 1-2, 3-5 .  The augmented graph is shown below.
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Here is a walk in the augmented graph (arbitrarily starting at node 1) that uses all of the edges: 1-4-3-5-3-2-1.

To convert the walk to a tour, we can eliminate one of the node 3’s.  This yields two valid tours: 1-4-3-5-2-1 (cost = 17) or 1-4-5-3-2-1 (cost = 19 ).

Observe that neither of these solutions is the TRUE optimum.

Example 4: The value of an initial inspection

Find (an approximation to) the optimum TSP tour in the graph below.
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A quick inspection of the graph shows that there is only one cycle that goes through all the nodes: 1-2-3-4-5-6.  Thus, the optimum solution has cost 2+2+3+9+9+8 = 33.  Let’s see what we end up with if we use the heuristic.

The MST for G is shown below.
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S = {1, 2, 3, 4, 5, 6} and there are 15 possible pairings of the nodes in S: [1&2, 3&4, 5&6], [1&2, 3&5, 4&6], [1&2, 3&6, 4&5], [1&3, 2&4, 5&6], [1&3, 2&5, 4&6], [1&3, 2&6, 4&5], [1&4, 3&2, 5&6], [1&4, 3&5, 2&6], [1&4, 3&6, 2&5], [1&5, 3&4, 2&6], [1&5, 3&2, 4&6], [1&5, 3&6, 4&2], [1&6, 3&4, 5&2], [1&6, 3&5, 4&2], and [1&6, 3&2, 4&5].

	From
	To
	Shortest Path
	Cost
	
	From
	To
	Shortest Path
	Cost

	1
	2
	1-2
	2
	
	2
	6
	2-6
	2

	1
	3
	1-2-3
	4
	
	3
	4
	3-4
	3

	1
	4
	1-2-3-4
	7
	
	3
	5
	3-5
	3

	1
	5
	1-2-3-5
	7
	
	3
	6
	3-6
	4

	1
	6
	1-2-6
	4
	
	4
	5
	4-3-5
	6

	2
	3
	2-3
	2
	
	4
	6
	4-3-6
	7

	2
	4
	2-3-4
	5
	
	5
	6
	5-3-6
	7

	2
	5
	2-3-5
	5
	
	
	
	
	


The cost of the pairings are shown in the table below with the optimal pairing marked with an asterisk.  

	Pairing
	Cost
	
	
	Pairing
	Cost
	

	[1&2, 3&4, 5&6]
	12
	*
	
	[1&4, 3&6, 2&5]
	16
	

	[1&2, 3&5, 4&6]
	12
	*
	
	[1&5, 3&4, 2&6]
	12
	*

	[1&2, 3&6, 4&5]
	12
	*
	
	[1&5, 3&2, 4&6]
	16
	

	[1&3, 2&4, 5&6]
	16
	
	
	[1&5, 3&6, 4&2]
	16
	

	[1&3, 2&5, 4&6]
	16
	
	
	[1&6, 3&4, 5&2]
	12
	*

	[1&3, 2&6, 4&5]
	12
	*
	
	[1&6, 3&5, 4&2]
	12
	*

	[1&4, 3&2, 5&6]
	16
	
	
	[1&6, 3&2, 4&5]
	12
	*

	[1&4, 3&5, 2&6]
	12
	*
	
	
	
	


We can pick any one of the starred pairings – let’s use the first.  So we will add the following edges to T: 1-2, 3-4, 5-3, and 3-6.  The augmented graph is shown below.
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Here is a walk in the augmented graph (arbitrarily starting at node 1) that uses all of the edges: 1-2-3-5-3-4-3-6-2-1.  But we cannot convert this walk into a cycle.  Instead we’ll try 1-2-3-4-3-5-3-6-2-1.

To convert the walk to a tour, we’ll just eliminate any node that’s already been visited: 1-2-3-4-5-6-1, which is the optimal (only!) solution.

Summary:

· The heuristic can be useful, BUT it is not perfect and can require a fair amount of work.

· It’s always a good idea to do a quick inspection of the graph first.  It may be that there are only a few cycles and they can be quickly enumerated.

