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Personal Finance

There are a number of problems involving personal finance that can be modeled us-
ing differential equations. We will start by considering what happens to the balance
of a savings account, or of money invested in a portfolio of stocks and bonds.

Let P(z) be the balance at time ¢, and suppose the account pays interest at a rate
of r percent per year, compounded continaously. This means that the increase in the
balance between times ¢ and ¢ + Af is

Pt + Aty — P(t) = interest earned in time Af. (3.1)

Since r is the interest rate over a year, the interest earned in time Ar is approximately

interest earned in time Af & r P At 3.2
Hence, our model is
PG+ At)— P
Pl = fim ZLEAD PO
A0 At
rPAL (3.3}
= Lim
a0 At
w1 P

This is once more the exponential equation, which we have already seen in a
variety of applications. We know that the solutions have the form

. P(t) = Ce™.
If the initial balance is P(0) = Py, then we see that C = P, and
P(t) = Pye™.

Suppose you put $1000 in a savings account with a continuously compounded in-
terest rate of 5% per year. What will be the balance after 40 years?

In this case, Py = 1000, and r = 0.05. Hence

P (40) = 1000e%%%40 = 1000¢® ~ 7389. ®

Under the assumptions we have made, the balance in our savings account will
grow exponentially. The basic assumption is that the interest rate r is a constant,
Of course, in practice this is not true. Interest rates change constantly in reaction
to a variety of economic and political events and are unpredictable. This limits the
effectiveness of our model. To allow for this unpredictability, we should do the
analysis for a variety of interest rates ranging from the lowest to the highest that we
expect. This kind of “what if” analysis will allow us to bracket the real outcome.

An interest-bearing account with steady withdrawals

Next let’s look at the balance P{r) in a savings or an investment account from which
the amount W is withdrawn every year and that pays interest at the rate of » percent
per year, compounded continuously. When we add the effect of the withdrawals,

equation (3.1) becomes
P(t + Ar) — P(t) = interest earned in time At — withdrawal in time Af. (3.5)

Once more, the interest earned is given by (3.2). On the other hand, if W is the
amount withdrawn per unit time, the amount withdrawn in time Az is

WAz, (3.6)
Thus,

Pt 4+ 48— Py = rP(1)Ar — WA:
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We can compute the derivative using the limit quotient definition:

apP P £) —
dP _ . Pl+AD-P@)
dt N0 At
. TPWAr— WAL
= lim . "
At At
=rP-W.
H_ence our model is
dP
—_—=rpP - W, .
=7 ()]

On the other hand, if we deposit D dollars per year, the equation becomes

P'=rP4D. (3.8)

Systematic use of dimensions and units

Another factor that can often be used to keep confusion at bay during the modeling
process is the careful and systematic use of dimensions and units. For example,
the difference between equations’(3.2) and (3.6) can be misleading. In particular, -
why doesn’t (3.6) read WP A in complete analogy to (3.2)? The answer is that
r and W have different dimensions. The interest rate r is usually referred to as
a percentage. It measures the fraction of a doliar earned per unit time. Since a
fraction has no dimension and we are measuring time in years, the dimensions of
are simply years™, On the other hand, the withdrawal rate W is expressed in terms
of dollars per year, Hence the units of W are dollars x years™!. The left-hand side
of (3.5) is measured in dollars. With the dimensions of » and W as found earlier, the
expressions of both (3.2) and (3.6) are also measured in doflars. On the other hand,
the expression W P At is measured in (doHlars)?, which does not match, _

The point is that by keeping careful track of the dimensions of the quantities
being used, it is possible to keep from making errors.

Systematic savings

Our next problem is to start planning for retirement. The same process models
savings towards any financial goal, such as the saving for the education of a child or
the purchase of a house.

Suppose you are just starting to work and you decide to save $2000 each vear.
Assuming that you have no savings to begin with and that your savings will earn
5% per year, compounded continuously, how much will you accumulate after 30
years?

We developed the model for this in equation (3.8). The equation in this case is
P =005P+2,

where P is the principal balance in thousands of dollars. This is a Knear equation.
Let’s work through the solution process carefully,
We first look for an integrating factor, and we know that one s given by

u(t) = ¢~ [005dr _ 005
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Hence
[¢70% P] = ¢™0% [P/~ 0.05P] = 2700, (3.10)
Integrating both sides yields
e~ 00 p 1)y = —40e7 0% 4. C,

or
P(t) = —40+ ™.

The initial condition becomes
| 0=P0)=—-40+C,
so C = 40 and the sojution is
P(t) = 40("% — 1).
To answer the question, we evaluate this when ¢ = 30 to get
P(30) = 40("* — 1) = 139.2676.

Our balance is measured in thousands of dollars, so we learn that our balance after
30 years is $139,268. @

Planning for retirement

That’s not a bad start for retirement. After all, the amount of money put into savings
was $2000 per year for 30 years, for a total of $60,000. Because of the compounded
interest, this has grown to more than double that amount.

Now, however, let’s turn the question around, How much money do you need
to retire on? i

After some thought, you have decided that you will need $50,000 each year to live
on after you retire, and that you should plan on living 30 years after your retirement.
Assuming that your retirement account will eamn 5% interest while you are taking
out $50,000 each year, how much money must be in the retirement account when
you retire?

Let P(¢) be the balance in your retirement account at time ¢ after retirement. Let
P, denote the balance in your retirement account when you retire. Then P(0) = Fo.
The problem is to find Py so that P(30) = 0. Once more we will use a thousand
dollars as our unit.

According to the model developed in equation (3.7},

P’ =0.05P - 50.
The integrating factor we used in (3.10) will also work here. Thus we have
[ 0050 P]’ — 50005

Intégrating, we get
e-—O.OSIP(I) - 1000€w0.05t + C,

or
P(t) = 1000 + %%,
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If we let P(0) = P, denote the balance at the time you retire, then we can evaluy,
the constant C,
Py = P{0) = 1000 + C.

Therefore, € = Py — 1000, and the solution is
P () = 1000 + (P; — 1000)e%",

Since you want to have that $50,000 each year until you die 30 years after
retiring, you will want P(30) = 0. If you spend your last cent the day you die, yoy
will want

0 = P(30) = 1000 + (P; — 1000)e*.

We can solve this equation for Fy, getting
Py = 10001 ~ e™1%) = 776.8698.

Thus, vou will need to have saved $776,870 before you retire in order to have the
retirement you want, @

Saving for retirement

‘Well, that $139,000 we saved in Example 3.9 doesn’t seem so great any more. You
are going to have to do much better than that. But just how are you going to accu-
mulate the funds needed to finance a comfortable retirement?

After some more thought prompted by the previous example, you decide that you
should put a fixed percentage p of your salary into your retirement account. The
guestion is, what value of p will achieve our goal?

First, you realize that your current salary of $35,000 per year will not stay at
that level forever, hopefully for no mare than one year. We need a model of how
your salary will grow over time. Let’s assume that your salary will grow at 4%
per year. That’s only a little more than the inflation rate. This thought leads to the
differential equation §" = 0.045, where S(¢} is your annual salary in thousands of
dollars. We are very familiar with the exponential equation, so we easily solve this
equation to get

S() = 3509,

Now vou notice that with this model, your salary in year 40 will be over
$173,000. This seems excessive, but you are assured by your financial advisors
that this type of increase over a lifetime is not at all unusual. Remember, we are
including inflation in our forecasts, and the 4% per year increase we are projecting
hardly covers the historical inflation rate. However, there is another concern. If your
salary at retirement is this large, what kind of income should you plan for in yoar
retirement years? Clearly the $50,000 in the previous example is too little. You
decide that $100,000 is a more reasonable figure. This means that the size of your
retirement account at retirernent has to be double that found in the previous example.
(Why?) You decide to be cantious and aim for a retirement fund of $1,600,000.

We will assume once more that your retirement account will eam an interest
rate of 5%. Let P(r) denote the balance in thousands of dollars in your retirement
account at time t. The balance P will grow between times ¢ and 1 + Af from two
sources, the interest on the balance, which is 0.05 P (£} At, and from your investment,
which is p S(z)At. Hence we have

Pt + Aty — P{t) = 005P ()AL + pS()YAL.
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Therefore,

Pt + A —
P) = lim (t + A1) — P(t)
Af-0 Af

= 0.05P(1) + pS(r)

= 0.05P () + 35004

We solve this linear equation as before. A

gain, the integrating factor u(t) =
e~0%" ysed in (3.10) will work here. We get

[E—-{).OSI P]’ — 35‘06--0.(}1:_

Integrating, we get

e PPty =350 f e @t = 3500060 . ¢,

ar
P(t) = ~3500pe"% 1 p005

We will again assume that you are starting with no money in your retirement
account, so this initial condition says

0= P(0) = -35000 + C,

which allows us to conclude that ¢ = 35000, and
P() = 3500p (£20% . £004)

We can now compuite what p has to be by comparing this with our goal, which
is that P(40) = 1600. Completing the computation, you find that you must save
18.77% of your salary to ensure a comfortable retirement. @

Saving almost 19% of your salary every year seems like a lot. You decide to
explore other strategies.

When your salary is low, at the beginning of your career, saving this much of your

salary will be hard. Perhaps even while you are young you should enjoy more of

the fruits of your labor. What would happen if you were to start saving at a more

modest rate and slowly increase your savings rate over time? You decide that the
percent to save in year ¢ is

Rt
p(t) = W

With this choice, R will be the savin,

gs rate just before you retire after 40 years of
work. What does R have to be in ord

er to achieve your retirement goal?

The model in this case is similar to what it was in the previous example, but it
has to change to accommodate the variability of your savings rate:

P'=0.05P + p§
Rt
= 0.05 -t 0.04¢
O5P + 0 % 35¢
=0.05P + 0.875Rre0%%
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Again this equation is linear, and again the integrating factor u(f) = ¢

~0.05¢ used

in (3.10) will work. Integrating, we get

o get

[e70%% p] = 0.875Rre™0%,

"% p(r) = 0.875R [ re~ 00 gy

or

= —87.5R(t + 100)e™ " 4. C,

Pty = —875R(t + 100)30.04: + Cet05%

Using P (0) == 0 to compute that C = 8750R, we end up with

P(t) = 87.5R (100¢"%" — (r + 100)e>*}

Finally, we use our goal P(40) = 1600 to compute that R = 0.4021. This
means that with this plan, although your savings rate in your early career will be
small, in the last vear before your retirement you will have to save over 40% of your

salary.

&

Of course other strategies are possible. In particular, you might think about
exploring ways to increase the income on your investments. Didn’t you hear some-
where that over the long term, stocks retwrn more than 8%7? We will explore some
other cases and strategies in the exercises.

EXERCISES

L

Suppose that $1200 is invested at a yearly rate of 3%, com-
pounded continuously.

{a) Assuming no additional withdrawals or deposits, how
much will be in the account after 10 years?

(1) How long will it take the balance to reach $50007

. Jamal wishes to invest an unknown sum in an account

where interest is compounded continuously. Assuming
that Jamal makes no additional deposits or withdrawals,
what annual interest rate will allow his initial investment
to doubie in exactly five years?

. Alicia opens an account that pays an annual rate of 6%

compounded continuously with an initial investment of
$35000, After that, she deposits an additional $1200 per
year, Assuming that no withdrawals are made and she
continues with the same yearly deposit over a period of
10 years, how much will be in the account at the end of
the 10-year period?

. On the day of his birth, Jason’s grandmother pledges 10

make available $50,000 on his eighteenth birthday for
his college education. She negotiates an account paying
6.25% annual interest, compounded continucusly, with no
initial deposit, but agrees to deposit a fized amount each
year, What annual deposit should be made to reach her
goal?

. Andre inherits $50,000 from his grandfather's estate. The

7

money is in an account that pays 5% annual interest, com-
poinded continuousty. The terms of the inheritance re-
quire that $8000 be withdrawn each year for Andre’s edu-
cational expenses. If no additional deposits are made, how
long will the inheritance last before the funds are com-
pletely gone?

. Clarissa wants 1o buy a new cat. Her loan officer tells her

that her annual rate is 8%, compounded continuously, ovet
a four-year term. Clarissa informs her loan officer that she
can make equal monthly payments of $223. How much
can Clarissa afford to borrow?

David and Mary would like to purchase a new home. They
borrow $100,000 at 8% annual interest, compounded con-
tinzously. The term of the loan is 30 years. What fixed,
annual payment will satisfy the terms of their loan?

. Don and Heidi would like to buy 2 home. They've ex-

amined their budget and determined that they can afford
monthly payments of $1000. If the annual interest is
7.25% and the term of the loan is 30 years, what amount
can they afford o borrow?

. José is 25 years old. His carrent annual satary is $28,000.

Over the next 20 years, he expects his salary to increase
continuously at a rate of 1% per year, He establishes
a fund paying 6% annual interest, compounded contin-
nously, with an initial deposit of $2500 and a promise

e e ]

—




050 used ' to deposit a fixed percent'age of his annual income each
: car. Find that fixed percentage if José wants his balance
to reach $50,000 at the end of the 20-year period.
. Adriana opens a savings account with an initial deposit of
$1000. The annual rate is 6%, compounded continuously.
Adriana pledges that each year her annual deposit will ex-
ceed that of the previous year by $500. How much will be
in the account at the end of the tenth year?
Discrete versus continuous You may have cast a somewhat
skeptical eye at our financial models involving continuous
compounding of interest. After all, no one pays off their loans
continuously. It would be difficult to imagine how that could
be accomplished. Payments are made at regular intervals, per-
haps yearly, but more likely monthly. Let’s examine how accu-
rately our continuous models reflect the real world of finance.
11. The recursive definition,
21. This an+ 1) =ra(),  a(0) = a,
r will be
% of your is called a first-order difference equation and generates
@ the sequence
nk about ag, rag, r(rao), r{r{rag), ...
ar some- A little simplification shows that the nth term of this se-
Jre some quence is
a(n) = agr’.
Now suppose that ] represents the annual interest rate, but
the interest is awarded in discrete packets, m times per
year. Then the rate awarded during each compounding
rest, com- pericd is I/m. Consequently, if the initial investment is
ltance re- Py, the balance is Fy(1 4 I/m) at the end of the first com-
dre’s edu- pounding period, Py(l + I/m)? at the end of the second
nade, how compounding period, and so or.
fre com- (a} Give a first-order difference equation with an initial
condition that generates a sequence describing the
1 teils her balance in the account at the end of each compound-
usly, over ing period.
{3{ that Shﬁ {b) Find a formula for the nth term of the sequence gen-
OW Hue erated by the first-order difference equation created in
part (a).
me. They . Arkady invests $2000 in an account paying 6% annual in-
nded con- terest. :
if; fixed, {a) If the interest is compounded continuously and no ad-
i ditional deposits or withdrawals are made, how much
ey’ve ex- will be in the account at the end of 10 vears?
san afford (b) If the interest is awarded in discrete annual packets,
aterest 1S then you want to use the discrete formula generated
at ams)unt in Exercise 11. In this case, m = 1, 50
0.06\"
: $28,000. P(10) = 2000 (i + —-) ~= §3, 581.70.
» increase 1
stabhs}}es Calculate the balance in the account at the end of the
«d contin-

. 10-year period if the interest is compounded
1 promise

13,

14

by

15.

3.3 Personal Finance 127
* semiannually (twice per year)
e monthly (12 times per year)
o daily (365 times per year)
(c) Write a short paragraph explaining the point of this
preblemn.
The first-order difference equation
alp+ D =raln)+b, all)=a
generates the sequence

do, Fag + b, r(rag + 534+ b,rr{rag + 6+ k) + b, .. ..

A little simplification shows that the nth term of this se-
quences is

a(ny =agr" + b (1 +r4rf 40

b Ny b
1—r 1—r"

{b) Let I represent the annual interest rate, m the num-
ber of compounding periods in a year, Py the initial
investment, and d the fixed deposit at the end of each
compounding period. Then the balance at the end of
each compounding period is generated by the first or-
der difference equation

(a) Show that

a(n) = (ﬂo -

Pin+1)= (i + —:;) Pmy+d, FPO)=PF.

Use the result of part (a) to show that the balance at
the end of # compounding periods is given by

md " md
P(n)ﬂ(PO"‘“”F’") (14";) -7

Demetrios opens an account with an initial investment of
$2000, The annual interest rate is 5%.

(a) If the interest is compounded continuously and
Demetrios makes an additional $1000 deposit every
year, what will be the balance at the end of 10 years?

{b) If the interest is compounded quarterly (four times per
year) and $250 is deposited at the end of each com-
pounding period, what will be the balance after 10
years?

{c) What happens if the interest is compounded daily?

Chieh-Hsien purchases a new car and finances $12,000 at

an annual rate of 8% for 5 years.

(a) If the-interest is compounded continuously, what are
his monthiy payments?

(b) If the interest is compounded monthly, what are his
monthly payments?
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three equilibrium points (not including s = 0 in your
count). Discuss the ecological significance of these re-
gions. Which region leads to a stable, manageable hud-
worr population? Which region leads to a serious out-
break of the budworm population?

6. Pick an (R, ¢) in each region determined by the bifurca-
tion curve in Exercise 5 and use your numerical sobver to
sketch the fate of u versus ¢ for various initial population
sizes. [Use equation (5.3).1

If you wish to pursue this mode} in greater depth, here are son, ¢
resources you will find useful.
* Ludwig, Jones, and Holling, “Qualitative Analysis of}, -
sect Qutbreak Systems: The Spruce Budworm and Fo'

est,” Journal of Animal Ecology (1978}, 47, 315-332, =

* Murtay, J. Mathematical Biology (1993), Springy -
Verlag (New York).
Strogatz, S. Nonlinear Dynamics and Chaos ( 1994
Addison-Wesley (Reading, Mass.),

L d

PROJECT 3.6 Social Security, Now or Later

In the spring of 2000, a change in the Social Security law al-
lowed individuals over their full retirement age'® to continue
to work full time and stil] receive full social security retire-
ment benefits. However, they could choose to delay the start
of their refirement benefits until a later time, in which case the
monthly benefit would be larger. In May 2000, ali working in-
dividuals over fuil retirement age had an important decision to
make: Should I take social security now or later? Anyone who
continues to work after their ful] retirement age will face the
same question, -

Many peaple faced with this decision find it an easy choice
to make. If the government will give you money, take it. That
is not bad logic, but others will want to examine the Situation
a little more deeply. They ask the Question, Which way maxi-
mizes my financial situation?

It is not easy to see what this question means, but here ig
one way to approach the problem. It is based on the idea of
setting up an account in which the Social Security benefits are
deposited, which Pays a certain fixed rate of return and from
which taxes are paid on the benefits and on the return, Of
course, such an account would be purely hypothetical. No one
would actuaily do this. However, if we postulate two such ac-
counts, one with balance P, (t) set up at full retiremnent age and
another with balance Py (t) set up at the true retirement age, say
70, we can compare the balances over time.

Of course, Py (1) = 0 for ¢ < 70 while P,(¢) is increasing,
Then starting at ¢ = 70, Py will start increasing at a faster rate
than P; because of the larger benefits. The question is, At what
age will P, catch up with P17 This “catch-up” age might help
someone make the decision on when to start receiving Social

Security. I the caich-up age is low, then it might be a good

idea to delay taking Social Security. On the other hand, if the
catch-up age is high, then the opposite strategy might be best.
Of course, it is Up to each person to say what ig high and what
is low.

To carry out the modeling of the account balances, it is nec-
£s5ary to accumulate some data,

¢ The most important data is the monthly benefit amounts
for retirernent at the fu]l retirement age and 70, The cor-

rect figures depend in 2 fairly complicated way on ongl .
entire income history. However, it is possible to make eg
timates. Use your Internet browser to visit the Social Sel
curity Administration (http://www.ssa.gov/). There yoi :
will find calculators that wil] compute the monthly hep '
efit for you, once you provide it with income data, The
point is to find the monthly payment amounts starting -
at both full retirement age and at 70 based on the same
income data. Perhaps the easiest thing to do s to fing -
the maximum benefits for each age. Let A; be the annuy
benefit starting at full retirement age, and A; that starting
at 70, Forthermore, let Ty be the time in years betwegq
full retirement age and 70. .

* Itwili be hecessary to deduct the taxes paid on each of the
accounts. Consult with IRS documents to discover what
portion of the benefits is taxable. In addition, taxes wil
have to be paid on the income into the accounts, Make
an assumption about the marginal tax rate, which we wil] .
denote by p. '

* The only other item of information needed is r, the rate '
of return on the investment accounts. Since this is up.
certain, the computation should be done for a range of
return rates varying from 0 to a maximum that will be
cormputed,

With the data you have coilected, perform the following
tasks.

1. Along the lines of the derivations in Section 3.3, construct
a differential equation model for the growth of the two ac-
counts. Assume that alf payments are made continuously.
Be sure 10 account for taxes and return on investments,

2. Solve the differential equations exactly.

3. Show that if

P> Py =

1
m———In{Az/A,), {6.1)
Tt (Az/4,
then P, (z) > Py(z) for all ¢. Tn other words, if the return
on investment is large, the account started at the fuj] retire-
ment age is always larger than the one started at 70,

"% As aresult of the same change in the Social Security law, the ful] retirement age was also changed. 1t used to be 65 for everyone, but now it varies
depending oz a person’s birth date. For individuals bormn in 1937 or earlier it is stil] 65, but for younger people it increases graduaily 1o the point

where for people born in 1967 or later it js 67,
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Show that for 0 < r < ro the catch-up time T is

1 n Ay — Ay
T=a=pr "\ Gt —a)°

plot the catch-up time T versus the investment rate » with
the data you got from the Social Security Administration,

5.
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Redo the whole exercise with r == 0. In other words, as-
sume that there is no return on investment. Show that the
catch-up time is

T34y
Ag - Ag )
What would you advise an older relative or friend who asks
you if he or she should delay receiving Social Security?

T o=




