Facility Location on Networks
Source: Larson, Richard C. and Amadeo R. Odoni.  Urban Operations Research. Prentice-Hall, Inc, Englewood Cliffs, NJ, 1981.
There are many real world examples where the location of one or more facilities is constrained to be on a pre-specified network of arcs (edges) and nodes (edges).  In the urban service context, we may wish to locate post offices, hospitals, fire/police stations, etc.

As one might expect, the “goodness” of a location depends on the measure of effectiveness being used.  To take an extreme example, the center of a town might be considered an ideal location for a post office, but it would certainly be a very poor location for a garbage-incineration plant.  Two of the most popular measures of effectiveness are:

1. Minisum (median).  Here a pre-specified number of facilities must be located to minimize the average (or total) distance (travel time, travel cost, etc.) to or from the facilities for the population of their users.
  Median problems arise very often in the context of facility construction for non-emergency services.

2. Minimax (center).  Here a pre-specified number of facilities must be located to minimize the maximum distance (travel time, travel cost, etc.) to or from the facilities that any user will have to travel.  Center problems arise very often in the context of facility construction for emergency services.

This document focuses on median problems.

Basic Assumptions:

1. Travel is only possible along the arcs of the network.

2. The facility may be located at any node or along any arc of the network.

3. Customers (demand) reside only at the nodes of the network.

4. We want to locate k new facilities where k is a whole number between 1 and the number of nodes in the network.

5. The network is undirected.

The k-Median Problem
Hakimi’s Theorem: At least one solution to the k-median problem exists solely on the nodes of the network.
The practical significance of this theorem is great.  It states in effect that the search for the locations for the k new facilities can be limited to the set of nodes.  (We don’t have to worry about an optimal location being on some arc at a location between the two endpoints!)

Example (1-Median)

A network of an urbanized area is shown in the figure below.  Nodes A through H represent points where demand for service are generated and/or points where major roads in the area intersect.  A single facility is to be located in the area and its prospective users will have to travel to the facility to partake of the service provided there.  Daily demand figures for the service (in units of 1000’s) are indicated by the figures in parentheses next to the nodes where they originate.  The lengths of the various road segments are also indicated (in miles).  Where should the facility be located so as to minimize the average travel distance to it?
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Solution

Because of Hakimi’s theorem, there are only eight candidate points on the network for the placement of the new facility; these are the eight nodes A through H.

Approach

1. Compute the all-pairs shortest path distance matrix.

2. If  a weighted-median is required, Multiply the j-th column of the all-pairs shortest path distance matrix by the weight wj associated with the demand at node j.

3. For each row of the weighted matrix, compute the row sum.  

4. Select the facility corresponding to the row with the smallest sum as the location for the new facility.

We can compute the all-pairs shortest path distance matrix by formulating and solving the shortest path problem using Excel for all pairs of nodes.  We have to be a little careful here since the shortest path problem assumes a DIRECTED network.  So, we create a to variables for each edge uv in the undirected network – Xuv, representing travel from u to v; and Xvu, representing travel from v to u. (See the worksheet short-path in the Excel file medians.xls).  The all-pairs shortest path distance matrix is shown below.
	To\From
	A
	B
	C
	D
	E
	F
	G
	H

	A
	0
	4
	3
	2
	6
	5
	8
	6

	B
	4
	0
	2
	3
	4
	4
	7
	5

	C
	3
	2
	0
	1
	3
	2
	5
	3

	D
	2
	3
	1
	0
	4
	3
	6
	4

	E
	6
	4
	3
	4
	0
	5
	8
	6

	F
	5
	4
	2
	3
	5
	0
	3
	1

	G
	8
	7
	5
	6
	8
	3
	0
	3

	H
	6
	5
	3
	4
	6
	1
	3
	0


Here is the weighted-distance matrix (numbers in 1000’s).

	To\From
	A
	B
	C
	D
	E
	F
	G
	H

	A
	0
	4
	6
	6
	6
	0
	32
	6

	B
	12
	0
	4
	9
	4
	0
	28
	5

	C
	9
	2
	0
	3
	3
	0
	20
	3

	D
	6
	3
	2
	0
	4
	0
	24
	4

	E
	18
	4
	6
	12
	0
	0
	32
	6

	F
	15
	4
	4
	9
	5
	0
	12
	1

	G
	24
	7
	10
	18
	8
	0
	0
	3

	H
	18
	5
	6
	12
	6
	0
	12
	0


	Facility Located at
	A
	B
	C
	D
	E
	F
	G
	H

	Total Travel Distance (Row Sum)
	60
	62
	40
	43
	78
	50
	70
	59

	Average Travel Distance

(= Row Sum / Total Users)
	4.0
	4.13
	2.67
	2.87
	5.2
	3.33
	4.67
	3.93


We see that row C has the smallest row sum (total weighted travel distance) so this is where the facility should be located.

Example (2-Median)
Suppose we would like to locate two new facilities.  Where should they be placed?  To solve the 2-median problem, we can still take advantage of Hakimi’s theorem and consider on sets of points composed of two nodes.  With a total of eight node, there are 28 = (8*7)/2 possible combinations.  We assume that demand from each node will be “assigned” to the facility closest to it.

For example, if the two facilities are located at A and G, then the users at A, B, C, D, and E will all be assigned to location A whereas the users at F, G, and H will be assigned to location G.

We list below the total distances associated with a few of the 28 combinations of locations:

A, B: 0 + 0 + 4 + 6 + 4 + 0 + 28 + 5 = 47
C, D: 6 + 2 + 0 + 0 + 3 + 0 + 20 + 3 = 34

D, G: 6 + 3 + 2 + 0 + 4 + 0 + 0 + 3 = 18

By exhaustive enumeration of all possibilities, we can reach the conclusion that the solution of the 2-median problem is “put the facilities at D and G.”  In this case, the demand from nodes A, B, C, D, and E will all be assigned to location D whereas the users at F, G, and H will be assigned to location G.  Thus, the facility at D assumes double the load of the facility at G.  Also notes that despite the considerable overall reduction in the average travel distance, service users from nodes B,C, and E now have to travel farther than they had to when there was only a single facility.

Formulating the k-median problem as an integer program
Notation:

1. Let wi represent the number of customers at node i.

2. Let d(u,v) represent the length of the shortest path from node u to node v.

3. Let xij equal 1 if the customers at i are assigned to the facility at j; 0 otherwise.

4. Let yj equal 1 if a facility is built at j; 0 otherwise.

Here is a generic model
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A model for our specific problem is included in the Excel workbook medians.xls.  (You’ll see it’s HUGE!)




















































































� The solution for the “minimize the average cost” problem is the same as the solution for the “minimize the total cost” problem since the objective functions are just constant multiples of each other.
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