Let X be a set equipped with (+, -, <).

Field Axioms :

1.

2.

For any a,b € X there is an element a+b€ X anda+b=>b+a.
For any a,b,c € X the identity (a +b) +¢=a+ (b+c) is true.
There is a unique number 0 € X so that, forallae X, a+0=0+a =a.

For any number a € X there is a corresponding number denoted by a with the property that a+(a) =0.

. For any a,b € X thereis an element a-be X anda-b=1"b-a.

For any a,b,c € X the identity (a-b)-c=a- (b-c) is true.

There is a unique element 1 € X sothata-1=1-a=aforalla e X.

. For any number a € X, a # 0, there is a corresponding number denoted a! with the property that

a-a"l=1.

. For any a,b,c € X the identity (a+b)-c=a-c+b-cis true.

Order Axioms :

1.

2.

3.

4.

For any a,b € X exactly one of the statements a = b, a < b or b < a is true.
For any a,b,c € X if a < b is true and b < c is true, then a < c is true.
For any a,b € X if a < b is true, then a + ¢ < b+ ¢ is also true for any c € X.

For any a,b € X if a < b is true, then a- ¢ < b- ¢ is also true for any ¢ € X for which ¢ > 0.

Consequences from class for an ordered field X:

1.

2.

0-a=0foranyacX.
(a+b)?=a’+a-b+a-b+b?
(-a)-(b) = —(a-d)
(a+b)(a+ (=b)) = a® + (—b?)

—(—a)=a

. 0 < z? for any = € X such that z # 0

0<1
0 < a if and only if —a < G

Ifa>0andb>0,thena-b>0. fa<O0andb>0thena-6<0. Ifa<0andb<Othena-b>0.



1. (5 pts) (a) Let X be an ordered field and E C X. Define precisely the
least upper bound for E.
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(b)(5 pts) Write down the axiom of completeness for defining the real
numbers.

Ll A b an ordoud  Lald %W

adgl E SR K /wmwm
o fus o bal  gppn Lowrd

(c) (5 pts) Write the negation of the following statement :
Vee R VyeR,z+y=>5.
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2. (10 pts) Consider the set X = R x R, i.e., the set of all tuples (a,b)
where a,b € R. We define two operations + and - on this set as follows :
(a,b) + (d',V) = (a+a',b+¥) and (a,b) - (a,b') = (a-a’,b- V). Clearly,
(0,0) satisfies the field axiom 3. Also, (1,1) satisfies the field axiom 7. Is
X equipped with these operations (+, ) a field 7 Why or why not 7
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3. (10 pts) Show that for all natural numbers n € N, the following identity
holds for any real number r € R such that r # 1.
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4. (10 pts) Let A, B be sets.
Prove that A C B if and only if B= (B\ A) U A.
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facts without proof : (i) It A C B then |A| < |B|, (ii) [N x N| = |N|, (iii)
Countable union of countable sets is countable )
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6. Show the following for an ordered field X using the field axioms, order
axioms and the consequences from class.

(a) (7 pts) Show that a < b if and only if —b < —a.
a< b
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(c) (6 pts) Show that a > 0 if and only 1f a”! > 0. (Recall that a™! is
an element in X such that a-a™! = a=1)
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(d) (5 pts) Define 2 = 1+ 1. Show that (a+b?2=a*+2-a-b+b%
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7. (a) (5 pts) Given an example of an ordered field X which does not satisfy
the axiom of completeness. This means you have to give an example of
a subset E C X which has an upper bound, but does not have a least
upper bound. You do not have to prove that a least upper bound does

not exist.
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(b) (10 pts) Consider the following instances of an ordered field X and a
subset E. State in each case if E has a maximum, minimum, least upper
bound and greatest lower bound. If they exist, write the value. You do
not have to justify your answers.

() X=R. E={zeR:0<z<5}
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(i) X=Q. E={zeR:0<z <5}
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