Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —SPRING SESSION

January 22, 2009

Instructions: Read carefully!

1.

This closed-bookexamination consists of 15 problems, each worth 5 point®e @dssing
grade has been set at 50 points, i.e. 2/3 of the total poiragiaPcredit will be given as
appropriate; each part of a problem will be given the samghtelf you are unable to prove
a result asserted in one part of a problem, you may still usterésult to help in answering a
later part.

. You have been provided with a syllabus indicating the samfdhe exam. Our purpose is to

test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedlear, logically justified steps The grading will reflect
that broader purpose.

. The problems have not been grouped by topic, but thereoaghly equally many mainly

motivated by each of the three areas identified in the sydldlivear algebra; real analysis;
probability;). Nor have the problems been arranged sydieatly by difficulty. If a prob-
lem directs you to use a particular method of analysis, iyo& use it in order to receive
substantial credit.

Start your answer to each problem on a NEW sheet of papete @frly on ONE SIDE of
each sheet, and please do not write very near the marginsyoshaet. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eackeh

. The examination will begin at 8:30 AM; lunch and refresimtsewill be provided. The exam

will end just before 5:00 PM. You may leave before then, bubat case you may not return.

Paper will be provided, but you should bring and use wgifimstruments that yield marks
dark enough to be read easily.

. No calculators of any sort are needed or permitted.



1. Let A be a Hermitian, tridiagonal, square matrix of oreemwith all its subdiagonals and
superdiagonals nonzero (i.& = (&j,i,j = 1,...,n) is such thag;; =0 if |i — j| > 1 and
aj # 01if [i — j| = 1). Prove that the eigenvaluesAfre distinct.

2. LetA= (aij)i i=1,..n be then x n matrix whose entries satisfy

1 ifj>i
gj=4q —1 ifj=i-1
0 otherwise
so that, for example, ih = 3 the matrix takes the form

1 1 1
-1 1 1
0 -11

What is detA)? Justify your answer rigorously.

3. Let f be ak times differentiable real-valued function on a nonemptytdimpen interval
(a,b), k being a positive integer. Show that if tketh derivativef® is bounded or{a, b),
thenf is uniformly continuous orfa, b).

4. Letf:[0,1] — [0,1] be continuous. Suppose there is a value|0, 1] such thatf [f(a)] = a.
Prove there is a value< [0, 1] (not necessarily different from) such thatf (b) = b.

5. Suppose thdt = (a, B, y) is a smooth, 1-1 function frod C R® ontoW C R3, whereV,W
are open neighborhoods. Use the coordinate functions toedtfio vector fields oN :

f(x) = Oa(x) x OB(x), 9(x) = Oy(x)

/Vf(x)-g(x)dx:i/wdy.

Prove that

6. LetX,Y be independent random variables, each with derfgity= x2,x > 1 andf (x) = 0
otherwise. Calculate the probability density functiontw zectorlU,V) where

X
U=XY,V=_.
’ Y



10.

11.

12.

13.

Let A and B be two matrices such th&— A, A1 andB~1 all have positive coefficients.
Show thatA—! — B! also has positive coefficients.

LetX andY be two random variables with respective probability dgniihctions fx and
fy, fx and fy being continuous functions defined Bn

Prove that, iffx(x) > 0 < fy(x) > 0 forx e R, then,P(X €1) >0« P(Y € ) > 0 for any
intervall in R.

Is the converse statement also true? Justify your answer.

. Your two friends are to meet you at a particular time. Tienfils independently arrive late,

by random amounts of time andY, which are exponentially distributed with a mean of
five minutes. What is the expected waiting time until the sedoiend arrives?

Letn be a fixed positive integer, and suppose Kand® are random variables such that
the conditional distribution oX given® = p is a binomial with parametersandp. Further
assume tha® has a beta distribution with parametersand 3 (a,3 > 0), i.e.,© has the
following p.d.f.

F@4B) a-1(q Bl i
fo(p) =4 Tar@P (=P if0<p<l
0 elsewhere

Determine the conditional distribution &f givenX = x.

Leta, b, c,d be distinct real numbers. Consider the four point&

a b C d
A= |a?|, B=|b?|, C=|c?|, and D= |d?
a3 b3 C3 d3

Prove that lineé&\B andCD do not intersect.

LetSandT be two subspaces iR" andA be an x n real matrix. Show that if dif) >
dim(T) andAx € T for anyx € Sthen there exists a nonzexe Ssuch thaidAx = 0.

In a laboratory, two types of insects are generated eda@yy Each new insect is equally
likely to be one of two possible types. Assume that, on angmivay, the total number of

3



14.

15.

insects generated is Poisson distributed with parametBor a certain day, lét;, denote the
number of insects of typethat are generated £ 1,2). What is the probability that; > 0
andN,; = 0? Express your answer as simply as possible in terms of

[HINT: One solution strategy is to condition on the valudNat= N; + No.]

Let(cn) be a decreasing sequence of positive numbers. If the Sgf@asinnx) is uniformly
convergent fok € R, show thanc, — 0 asn — . [HINT: Consider the sum of then+ 1)st
through(2n)th terms .]

Assume that : R — R is a continuous (but not necessarily differentiable) fiorctvithout
local minimum or maximum. Prove thdtis monotonic (either non-increasing ovRror
non-decreasing oveR).

(A function f is said to have a local maximum (resp. minimumXxat there existse > 0
such thaty — x| < e = f(y) < f(x) (resp.f(y) > f(x)).)



