Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —SPRING SESSION

January 23, 2008

Instructions: Read carefully!

1. This closed-bookexamination consists of 20 problems (sorry, no choices)h egorth 5
points. The passing grade has been set é%iGPartial credit will be given as appropriate;
each part of a problem will be given the same weight. If youwarable to prove a result
asserted in one part of a problem, you may still use thattrésdielp in answering a later
part.

2. You have been provided with a syllabus indicating the sadffthe exam. Our purpose is to
test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedl@ar, logically justified steps The grading will reflect
that broader purpose.

3. The problems have not been grouped by topic, but thereoaghly equally many mainly
motivated by each of the four areas identified in the syllgboear algebra; real analysis;
probability; discrete mathematics and operations rebéaptimization). Nor have the prob-
lems been arranged systematically by difficulty. If a prablirects you to use a particular
method of analysis, yomust use it in order to receive substantial credit.

4. Start your answer to each problem on a NEW sheet of papete bfily on ONE SIDE of
each sheet, and please do not write very near the marginsyoshaet. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eacketh

5. The examination will begin at 8:30 AM; lunch and refresimtsavill be provided. The exam
will end just before 5:00 PM. You may leave before then, bubat case you may not return.

6. Paper will be provided, but you should bring and use wgitimstruments that yield marks
dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



Spring 2008 Problems and Solutions

1. Alice and Bob play a game with four balanced dice. At eacimdoof the game, both players
roll two dice. If both of Alice’s dice show larger numbers thiaoth of Bob's, then Alice is
the winner of the game. If both of Alice’s dice show smallemters than both of Bob'’s,
then Bob is the winner. Otherwise, another round is playad,the game continues until
there is a winner.

What is the expected number of rounds played until there isvaev?

Solution

The student should assume that the dice rolls are indepeaddrequally likely. The ex-
pected number of rounds played is then a Geometric randoial@r so its expectation is
the reciprocal of its parameter. The parameter is the pibtyathat someone wins on a
single round.

Calculate the probability that Alice wins on a single roulg conditioning on the maximum
number rolled by Bob, denoted by M.
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Thus, the probability that Alice or Bob wins on a given rous%%, so the expected number

648
of rounds i ISTeE.-

2. Use the power series expansion of the exponential fumtdiprove that
ety =g

forall x,y € R.



Solution
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3. If AandB aren x nreal symmetric matrices, writ® < B if and only if B— A is nhonnegative
definite.
Show that ifA andB aren x n real symmetric matrices witA < B, thenCACT < CBCT for
anyC.

Solution B — A is nonnegative definite, and also symmetriB.— A symmetric nonneg-
ative definite impliesB — A =EET. ThenCBC" —CACT =C(B— A)CT =CEE'C' =
(CE)(CE)T. ThusCBCT —CACT is symmetric nonnegative definite, and we wiaC'™ <
CBCT.

4. Of the 100,000 five-digit sequences from 00000 to 99999 many do not have three
consecutive digits all the same?

Solution

Let A B,C be the set of 5-digit sequences whose first three/seconelldmethree digits are
identical, respectively. We seek to calculat@ 2JAUBUC].

Apply inclusion-exclusion:

|JAUBUC| = |A|+ |B| +|C| — |ANB| — |ANC| — |IBNC|+|ANBNC]
=10°4+10°+10°— 10 — 10— 10°+ 10
= 3000—200= 2800



and so there are $6- 2800 or 97,200 sequence that do not have three consecutit® i

the same.

. Use duality to check if vector x=(1,0,1,0) is an optimaluson of the following linear

program:
min  —X1 + 2X2 — X3 — Xa
St Xg+Xo—X3+2% >-2
X1+2% —X3+X4 =0
—X1—Xo—Xzg—X4 =>-—2
X1,X%2,%X3 >0 X4 unrestricted
Solution

We first consider the dual problem and find a correspondingstiation tox = (1,0,1,0).

min
S.t.

—2W;  —2wW3

W1 -+ W — W3 <-1

Wy +2Wp —wWg <2
—Wi—Wr—wg < -1

2W1+Wo —wz = -1

Wy, w3 > 0 W, unrestricted

By x1 > 0 andxg > 0, we have the first and the third constraints of the dual aslemps
‘W1 +Wo —W3 = —1 and—w; —w» — w3 = —1. The fourth constraint@; +w, —wz = —1

is another equality. Solve the system to get the dual salwtie- (0,0,1). Then we check
(1) x is feasible to the original problem, (8) is feasible to the dual, (3) the two objective
function values have the same value -2, theretasean optimal solution.

. A numberX is chosen uniformly from the séd, ...

,n}. FindE(X) and Va(X).

Solution

The easiest way to find the expected value is to note the symwighe uniform distribution

about(n+1)/2; thuseX =

(n+1)/2. Next,

i

(n+1)(2n+1)
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Therefore,

VarX — EX2— (EX)? = (n+1)(2n+1) (n+1)° (n+1)[(4n+2)—(3n+3)]
6 4 12
_ (n+1)(n-1) n*-1
B 12 12

7. Letf : R — R be the function defined bf(x) := x|x|. (In answering the following questions
aboutf, you may find it notationally convenient to refer to the “sigm’ function sgn, which
has value 11,0 according as its argument is positive, negative, or zero.)

(a) Show thaff is differentiable and strictly increasing.

(b) By part (a),f must have a continuous and strictly increasing inversetiomg. Obtain
and justify a formula fog(y).

Solution

(a) On the positivec-axis, f(x) = x* so thatf’(x) = 2x > 0; thus f is differentiable and
(strictly) increasing there, and also positive. Similady the negative-axis, f(x) =
—x2 so thatf’(x) = —2x > 0, implying thatf is differentiable and increasing, as well
as negative, there. Becau§f) = 0, while sgnf(x)] = sgnx) for x # 0, it follows
that f is increasing throughour.

It remains only to show thétis differentiable at 0. Indeed, we will show thidf0) = 0.

As x — 0 we have
f(x)

—f
Xx—0
giving the desired derivative.

(b) Reversing the axes in the graphfgfand staring at the result, leads to the claim that
g(y) = sgn(y)+/|y|- Indeed, with this choice,
e for x=0we havgy(f(0)) =g(0) =0=x,
e for x > 0 we haveg(f(x)) = sgnx?)/|x?| = 1 x x = x, and finally
e for x < 0 we haveg(f(x)) =sgn—x%)y/] —x2| = (~1)V*2 = (—1)(—x) = x.

Sog(f(x)) = xfor all x, showing thag is the inverse of.

O XM _ o,
X




8. LetA be ann x n matrix with the properties:

° A27é0,but
e A3=0.

Prove than > 3.

Solution

Trivially, n# 1, so suppose (for contradiction)= 2. Since every matrix is similar to an
upper triangular matrix, wolo# is upper triangle. The eigenvaluesAdmMmust be zero for if
v is an eigenvector with eigenvalde then 0= A%v = A2v which impliesA = 0. Since the
eigenvalues of an upper triangular matrix are on the didgamamust havé = [8 g] where

a# 0. But thenA? = 0, a contradiction. Thus > 3.

COMMENT: Although this is short, | think it might be a bit onedHdifficult side. Is there
an easier proof? Or should we give a hint such as: Recall tleay enatrix is similar to an
upper triangular matrix. But then, | fear, the problem beesntoo easy since its not hard to

show that
a x 3_ a3 *
0O bl |0 bd

forcinga = b = 0 (which skips the eigenvalue approach).

Alternate Solution: Sinc&® = 0, the minimal polynomiam(x) dividesx3, som(x) = xX for
somek. SinceA? and hencéA are nonzero, the minimal polynomial must ¥ However,
m(x) must divide the characteristic polynomjax) = det(A—xI ) which is of degree, (the
dimension ofA) so it must be the case that>= 3.

9. LetA be a reah x n symmetric matrix. Prove that & is sufficiently large, thei\+cl is
positive definite.

Solution

Clearly A+cl is a real symmetric matrix so we need only show that for sweifitty largec
we have
Vi(A+cl)v>0.

for all n-vectorsv. By the spectral theorem, we can wriRdP! = D whereP is n x n orthog-
onal andD = diag(dy, . ..,d) is diagonal. Then we can write

VH(A+cl)v= (PV)(P(A+cl)P)(Pv) = (PV)}(D+cl)( i (di +¢)(Pv)?,



which is nonnegative as long as> —min; d;.

10. LetX; andX; be independent random variables, each uniformly distibon{1,2,...,N}.
Express the mean of = max{ Xy, X2} as a function oN.

Solution
First,
PY<n=PX; <nX <n)=(=)% 1<n<N
As a result, 1 o 1
N, N 5 2n
= = | — — <
PY =) = ()~ (= )* =z 1<n<N
Therefore
N
E(Y) = > nP(Y=n)
n=1
ol n<2n—1)
n=1 N?
This can easily be evaluated:
N N
Pt
1 [.N N(N+1)
= W[ZE(N+1)(2N+1) T]
_ (N+D(@2N+1) N+1
B 3N 2N

11. LetSbe a set oh > 2 distinct points in the plane. We want to find a closed cincdlak of
minimum size that contains all these points.

Express this problem as a convex program. (Show explicitly wour formulation meets
the definition of “convex program”.)




Solution

Our mathematical program will have three variables: theusad of the disk and the two
coordinates ok, its center. Denote the points8by Xy, ...,X,. Then the problem reads:

Minimize r subject tox—x;| <r for all j,
wherel|v| denotes the Euclidean length of a veatar R?. The objective functionr{ is linear,
hence convex, in the variables. Since an intersection ofecogets is convex, the remaining
condition for a convex program can be verified by showing daath of then constraints

defines a convex set R®. Indeed, if each of¥,r’) and (x’,r") satisfiegx — x| < r, then
for 0 <t <1 the point(y,s) with

y=(1-t)X +tx’ and s=(1—-t)r' +tr”
also satisfies it, because
Y =] = [(1=)(X =) +1(X" = ))] < [(1=1)(X =x))] + [t (X" = x))]
=A-t)X —xj| +t|X' = x| < (1-t)r' +tr" =s.

12.

LetX; and Xz be two independent random variables such ¥at I'(ai,1), i = 1,2, with
a1,00 > 0.

LetY; = X1/ (X1 + X2) andY, = X3 + Xo. Prove thaly; andY, are independent and identify
their distributions.

Solution
The joint density of X1, X2) is

1 ar—1,0o—1_—x;—
X011y 02 e X1—X2
Moyl ™t 72

on (0,+)2. The transformatior{xy,x2) — (X1/(X1 + X2),X1 + X2) is invertible between
and one passes frofys,y») to (x1,%p) with (0,+)? and (0,1) x (0, +), with inverse
(Y1,¥2) — (Y1Y2,Y2 — Y1Y2). The Jacobian determinant of the inverse is

Y2(1—y1) —yi(=y2) =¥2
and the joint density distribution @¥1,Y>) is

1 a;—1 _ 02—1,-Y2
FlanT (az) (Yoy2) ™ (y2(1—y1))"2 " 2y,
Fo1+02) g1 w1 Yot
_ a1 raz) 1oyl 22 %
F(al)r(az)yg (1=y1) M(or+ay)

This proves thaY; andY; are independent, with distributiofgas, a2, 1) andl (a1 + a2, 1).




13. Inone version of “Keno”, a player chooses 7 (distincthbers from the sét = {1,2, ....,80}
and a machine chooses 20 (distinct) numbers flanin both cases, all subsets are equally
likely to be chosen. The player wins if all seven of the chas@mbers are among the twenty
chosen by the machine. What is the probability the playes®@in

Solution
We can regard the seven numbers as fixed and the randomnésscthoéce of the machine.
Therefore,

7

(13

P(win) = @.

We could also suppose the machine chooses first, so twentgarsrare set aside. Then:

vvin:ﬂ
P =y

These are in fact the same.

14. Letf, g be continuous real-valued functions®RA, with g nonnegative, supported in the unit
ball at the origin, andyndxg(x) = 1. For anyd > 0, definegs(x) = 6 "g(x/d) and

f50) = [ dyas)f(x-+y).

Prove that

lim f5() = 1(x)

uniformly on compact subsets &f'.

Solution
Note that B
f500 = 100 = | dygs)[f(x+y) = F(),

and thatg; is continuous, nonnegative, with unit integral, and supgzbin the ball of radius
0 at the origin. Sincd is continuous, it is uniformly continuous on compact g$€tsrhus,
for &5 > 0, there exists @y > 0, such thaty| < & implies that sup | f(x+Yy) — f(X)| < .
Choosingd < & and using the support of5 inside the ball of radiug gives

suplfo(x) — ()| < | dyas(y)suplf(x-+y) ~ 1] < g0 | _dyga(y) = o

xeK

Thus, f5(x) — f(x) uniformly onK asé — 0.




15. Let{a,---,an} be a basis for a vector spa¢eandn > 2. Is the set

{as+ap, ap+a3, -+, an—1+an, an+ a1}

also a basis fovy?

Solution
We only need to show that the second set is linearly indepgn@®nsider

/\1(&1 + a2) -+ +/\n(a1 + an) =0.
Equivalently, we have
(Ar+An)ar+ (Ar+Az)az+ -+ (An_1+An)an = 0.

It follows from the linear independence 6§} thatA; + A, =0, -+ ,An_1+ Ay = 0. This
system has nontrivial solution if and only if
100-- 01
der| 0 =ty
000 - 11
is equal to zero. Therefore, the set is a basid/fanly whenn is odd.

Alternate Solution: Here’s another solution to this problidnat does not use determinants.
Suppose

ci(ar+az)+Cx(ag+az)+---+Cho1(@8-1+an) +Ca(an+a1) =0.
Then we have
(C1+cCn)ag + (C1+C2)ax+ (C2+C3)ag+-- -+ (Ch_1+Cn)an = 0.

By linear independence we conclude that the coefficientsc,, ¢1 +C2, C2+C3, - -+, Ch_1+
Cn. are all zero. Thug;, = —C1,C3=—Cr=0C1,C4=—-C3=Cp=—C1 - Ch= (—1)(n+ 1)cs.
and we have an additional equation= —c;.

If nis even then this system has a nontrivial solution g.g= (—1)i, i=1,...,n. However,
if nis odd then the last two equations giye= ¢; = —C;1 S0C, = 0. Then it follows that all
¢i = 0. This, we get linear independence of

at+ag,a+ag, - ,ah-1+an,aht+ a1

if and only if nis odd.

10



16.

If Z1,...,Zn are iid Normal(0,1) random variables, the distributionydf ; Z? is called the
x? distribution withn degrees of freedom. SuppaXenhas ax? distribution with 50 degrees
of freedom. Compute an approximation®o ! (P[X < 70]) where® is the standard normal
cumulative distribution function.

Solution

We have thaK is distributed ag 2%, Z2. We get the mean and variance of each t&has
follows:
E[Z?] = Var(z) =1
Var(z)? =E[Z}] -E[Z??=E[Z"] - 1.

In addition,

E[ZY] = \/%T/_Zz“e%zzdz

and integration by parts with= z> anddv = 7637 gives

E[ZY) = ———Pe 2+ 3P Pdr—3

1 00
V21T \/27T/z:oo
SoVa(z?)=3-1=2.

The central limit theorem gives

>i/72r? 9 N(0,1)
so we have
P[X —S0_ t] = P[X < 50+ 10t] = ®(t).
V100 ~ -
Thus

®1(P[X <50+ 10t]) ~ 1.

Takingt = 2 gives
o L(PX <70)~2

17.

A continuous curve is a continuous functibn[0,1] — R?. An inscribed polygonal line in
f is a polygonal line with vertice§;, f(t;)) for some finite family(ty, ... ty) with 0 <t; <
- <th < 1 (nmay vary).

DefineL(f) = supL(q), the (possibly infinite) supremum being taken over all polyal
lines inscribed inf (the length of a polygonal curve is the sum of lengths of itges.

Prove that, forr € R, and two continuous curvefg and fp, L(a f1) = |a|L(f1) andL(f; +
f2) <L(f1)+L(f2).

11



Solution
The statement is obvious when= 0, so assume that # 0. If g is an inscribed polygonal
line in f, thenaqis a polygonal line i f andL(al phaq) = |a|L(q) so that

a|L(ag) <L(af)

and taking the supremum of the right hand si@glL(f) < L(af). But applying this with
1/a anda f yields

la|*L(af) < L(f)
which provega|L(f) =L(af).
For the sum, leg(tx) = f1(tk) + f2(tk),k = 1,...,n be a polygonal line inscribed ify +
fo. Then lettingg; (t) = fi(tx) for k=1,...,nandi = 1,2, g; and gy are polygonal line
respectively inscribed iy and f2 so thatl(q1) + L(02) < L(f1)+L(f2). But, since

|a(te) —a(tk—1)] < [da(tk) — qa(tk—1)| + |d2(tk) — G2(tk—1)|

we havel (q) < L(g1) +L(gz2) < L(f1)+L(f2) and taking the supremum ovelyields the
result.

18. Let
f(x) := lim (cosx)?".
(a) For all real numbers, show that this sequential limit exists and evaluie).

(b) Is the functionf Riemann integrable oved, 10]? Give a proof; and if your answer is
yes, what is the value of°f (x) dx?

Solution

(a) If xis not an integer multiple oft, then|cosx| < 1 and sof (x) = 0. If xis an integer
multiple of 11, then| cosx| = 1 and sof (x) = 1.

(b) The functionf is piecewise continuous ovéd, 10] and so is Riemann integrable. The
value of the Riemann integral of a piecewise continuoustfand defined on a com-
pact interval does not depend on the value$ af the points of discontinuity, sbhas
the same integral as the zero-function, namely, O.

12



19.

For any set ofi vectorsZy, ..., Zn in a finite-dimensional inner product space o{edefine
the Gramian matrix G = G[Z4, ..., —n] to have the matrix elements

Gij = (Zi,&j)-

(a) Show that every Gramian matrix is Hermitian, non-negatiefinite.

(b) Now show the converse: every Hermitian, non-negat@iade n x n matrix is the
Gramian matrix for some set of vectorsZy, ..., Zn in a finite-dimensional inner product
space.

Solution

(a) Since(Zi,<j) = (Xj,~i) is one of the defining properties of an inner produstjs
Hermitian. Furthermore,

Y ati(zi &) =1y czill? =0,
M T

so thatG is also non-negative-definite.
(b) By the spectral theorem,

n
G - z Aaeae*a,
a=1

whereAy are the eigenvalues amg the eigenvectors of thex n Hermitian matrix. Since
G is non-negative, all the eigenvalues are non-negatives,Thu

n
Gij= > ViaVia=(Zi %)),
a=1

wherey; is the element of" with components; o = (Vi)a = VAa(€q)i and(Zi, 5j) is the
standard Euclidean inner product GA.

20.

LetG be a planar graph in which each vertex has degree 3. Showifti@athas a planar
representation in which each face is bounded by preciselydosix edges, then there are
exactly six faces bounded by four edges.

Hint: Let x be the number of faces bounded by four edgesyabd the number of faces
bounded by six edges. Using graph relationships, write afssquations irx andy, which
has a unique solution forbut not fory!

13



Solution

Fact 1. By Euler’s formula,

or equivalently
Xx+y=I|E|—|V|[+2

Fact 2. By adding the numbers of edges around all the faces,
2|E| = 4x+ 6y,

giving
|E| = 3(X+Yy) —X.

Fact 3. By adding degrees of all the vertices,

2|E| = 3)V|.

Multiplying the first fact by 3, we obtain
3E| —3|V|+6=3(x+Y),
which, from the third fact, becomes
|E| =3(x+Yy)—6.

Comparison with the second fact gives the soluien6.

14



