Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —WINTER SESSION

Wednesday, January 17, 2007

Instructions: Read carefully!

1. This closed-bookexamination consists of 20 problems (sorry, no choices)h egorth 5
points. The passing grade has been set é%iGPartial credit will be given as appropriate;
each part of a problem will be given the same weight. If youwarable to prove a result
asserted in one part of a problem, you may still use that résdielp in answering a later
part.

2. You have been provided with a syllabus indicating the saufthe exam. Our purpose is to
test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedlear, logically justified steps The grading will reflect
that broader purpose.

3. The problems have not been grouped by topic, but thereoaghly equally many mainly
motivated by each of the four areas identified in the syllgboear algebra; real analysis;
probability; discrete mathematics and operations rebéaptimization). Nor have the prob-
lems been arranged systematically by difficulty. If a prabkirects you to use a particular
method of analysis, yomust use it in order to receive substantial credit.

4. Start your answer to each problem on a NEW sheet of papete @frly on ONE SIDE of
each sheet, and please do not write very near the marginsyoshapt. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eackeh

5. The examination will begin at 8:30 AM; lunch and refresimtsewill be provided. The exam
will end just before 5:00 PM. You may leave before then, bubat case you may not return.

6. Paper will be provided, but you should bring and use wgiiimstruments that yield marks
dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Letn be a positive integer. Prove that
(2n)(2n—1)(2n—2)---(n+1)

is divisible byn!

Solution: We know that(zn”) is the number ofh-element subsets of an2lement set, and is
therefore an integer. Note that

<2n) (2n)!  (2n)(2n—1)---(n+1)

n

nnl n!

and the result follows.

2. Let(x,Vi), i =1,2,3 be three points in the plane. Define

1 1 1
A= X1 X X3
Y1 Y2 Y3
and letSbe defined as the set of poirfts y) for which
1 1 1 1
det X X1 X2 X3 -0
y Y1 Y2 Y3

Ry B4yE B+ys XB+Y3

Show that if def # 0 thenSis a circle (with positive radius) that passes through athef
three pointgx;, ;).

Solution: Observe thatx;,yi) € Sfor i = 1,2, 3 since substitutingx;,y;) for (x,y) in the
4 x 4 matrix leads to a pair of equal columns hence a vanishirgyehtant.

We can expand the determinant of the 4 matrix using the first column and the resulting
equation forStakes the form
a(x®*+y?) +bx+cy+d=0

with a = detA. Sincea # 0 we can complete the square and the defining equatidbtkes
the form

(x=U)?+(y-V)? =W,
for some constantd,V andW. We know thatS # 0 so it must be the case that > 0.
Furthermore, sinca # 0 the points must be distinct, and we can conclude\ifiat O soS
forms a circle with radius/W > 0 that contains all of théx;, y;).
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3. LetX andY be independent Bernoulli random variables with parameterl/2. LetU =
X+YandV = X -Y]|.

Compute the correlation betwebhandV. AreU andV independent?

Solution: SinceV = 0 or 1, we have/ =V? = X +Y — 2XY. We haveE(U) = 1 and
E(V)=1-2/4=1/2. We havdJV = (X +Y)2 —2XY(X +Y) = X +Y +2XY — 4XY =
X+Y —2XY =V so thatE(UV) = 1/2 and coyU,V) = O: the variables are uncorrelated.

They cannot be independent sinde= 0=V =0 so thatP(U =0V =0) = P(U = 0) #
P(U =0)P(V =0).

4. Letl C R be an interval and let : | — R be increasing oh. Suppose that € | is not an
end point ofl. Show that lij}_,.- f = sup{f(x) : xe€ |,x< c}.

Solution: First note that ik € | andx < ¢, thenf(x) < f(c). Thusthe seff(x):xel,x<c},
which is non-void becauseis not an end point of, is bounded above bf/(c). Hence the
indicated supremum exists; we denote itlbylf € > 0O is given, therL — € is not an upper
bound of this set. Hence there exigtsc |, ye < ¢ such thal. — € < f(ye) < L. Sincef is
increasing, we deduce thatdfe) :=c—y,, and if 0< c—y < d(¢), theny, < y < c so that
L—e < f(ye) < f(y) <L. Therefore f(y) —L| < € when O< c—y < d(¢). Sincee >0 is
arbitrary we infer the desired result.

5. LetA={aj,ay,...,am} be distinct “demand points” iiR", and letW = {wy,W», ..., Wn}
be a corresponding set of positive numerical “weights”. Weber Plant Location Problem
with these dataP(A,W), calls for determining a point in R" with a minimum sum of
weighted Euclidean distances from the demand pointscaés for

Minimize f(X) := wq|X—ag| +Wa|X—ag| + - - - +Wm|X— am|.

Show thatP(A,W) is a convex program, and that it has at least one optimaliealut

Solution: We first show that the functiori is both continuous and convex. That's true
because these properties of functions are preserved bdér addition and under multipli-
cation by a positive constant. Thus it suffices to use thegat@s of the Euclidean norm to
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show that functions of the forix — a| have the properties. Applying the Triangle Inequality
to {x,y,a}, gives the continuity-exhibiting

Ix—al—ly—al| < |x—yl.
And for allt € [0,1] we have

[(A-t)x+ty) —al =[(1-t)(x—2a) +t(y—a)|
<|A-t(x—a)|+t(y—a)|
= [1-tfx—a|+]t|ly—a
=(1-tx—a+tly—al,

exhibiting convexity.

The problem is a convex program, since it involves miningzanconvex function over the
convex sefR". To assure existence of an optimal solution, it suffices tmstinat the mini-
mization of the continuous functiohcan be confined to a closed bounded subs&"of

To obtain such a subskt, choose any poinp € R", and define
K:={xeR": f(x) < f(p)}.

Then the minimization can be confinedKosince any point not ik is “worse” than mem-
ber p of K. The subset is closed as a “lower level set” of the contindonstion f, and is
bounded because

f(x) — o as|x| — o,

this “coercive” property holding becaudéx) > w;|x — a;| and because, by the Triangle
Inequality applied to the origin angck, az),

|X—ag| — o as|x| — co.

. Recall that the Frobenius norm of real matvix= [mj;] is given by

M2 =3 .

A standard decomposition of a real square (1) matrix M into symmetric and antisymmet-
ric parts is given byM = S+ A, whereS= (M +MT)/2 andA= (M —-MT)/2.

Prove thaf[M||Z = ||S|Z +||A/[Z.

Solution: ForM a 1x 1 matrix (or for the diagonal, in general), we see th?pt: mz, +02. For
the off-diagonals, in general, we see thit+m; = 2((my; +mji) /2)%+2((myj —mji) /2)%,




7. The probability of being dealt a full house in a single hahgoker is approximately .0014.
Find an approximation for the probability that in 1000 indegdent hands of poker you will
be dealt at least 2 full houses.

Solution: Since the poker hands are assumed to be Bernoulli trialsatislom number of
hands which are full houses has a Binomial(1000,.0014jibligton. Sincen is large and

p is small, this Binomial distribution is well-approximatég a Poisson distribution with
meannp = 1.4. The event of interest is the complement of the event thaethes 0 or 1 full

houses, so the probability is approximately

1-e—(14et=1- (2414

8. Assume thaa, b, c,d are real numbers if-1,1] such thata+c| <1 and|b+d| < 1. Show
that|ad — bc| < 1.

Solution: Assume thaad > 1+ bc. Then,aandd must have same signs, and we can assume
that they are positive (otherwise, change the sign of therdbaus together). Alsdy andc
must have opposite signs, and we can assumebthad since we can swap the paiia, c)
and(d, b) to reduce to this situation. Thus<Ob+d < 1 andd < 1— b which yields

l+bc<a—ab

or 1+ b(c+a) < a. Addingc to both terms yields 4 c¢ < (1—b)(c+a). This implies that
c+a> 0 (otherwisec < —1), butifc+a> 0, thena> 1+ b(c+a) > 1 which is impossible.
Thusad — bc < 1. The fact thatd — bc > —1 comes from this result, by changing the sign
of aandc.

9. Show that the simplex method will terminate in a finite nembf iterations if degeneracy
never occurs.

Solution: To solve a linear program mjre’ x : Ax= b, x> 0}, the simplex method searches
along the vertices of the polyhedrdnc : Ax=b,x > 0}. If degeneracy does not occur, the
new vertex has a strictly smaller objective function vahetthe previous vertex; therefore,
no vertex will be repeated in the search. Because there &redimite number of vertices,
the method will terminate either at an optimal solution aredethat the objective function
is unbounded below in the feasible region.



10.

LetA= S 3 . Does there exist a matri such thaPAP~1 is a diagonal matrix? If not,

prove that no such matrix exists and if so, give such a matrix.

Solution: Observe that if such B were to exist, its columns would be eigenvectorsdof
with eigenvalues given by the diagonal entriesP8P~1. A has characteristic polynomial
(A —2)?2 which has a single rogt = 2. We can solve for the corresponding eigenspacg of

ALel-2li)
X2 X2
givesxy = 0, so the eigenspace is the spanD]. It follows that there do not exist a pair of
linearly independent eigenvectors so a diagonali#mtpes not exist.

11.

In a probability space, suppose tfigh, n > 1} and{F,,n > 1} are increasing sequences of
events having limit&€ andF respectively. Show that E, is independent of, foralln> 1
thenE is independent of.

Solution: By independence, for each P[E,NFy] = P[En|P[R).

Since{En,n> 1} and{F,,n > 1} are increasing sequences of events, and the intersection of
two events is an everfE, N Fy,n > 1} is also an increasing sequence of events, which has
alimitof ENF.

Taking limits, using the continuity property of a probatyilmeasure for each of the expres-
sions in the independence equation, we obRhN F| = P[E|P[F].

12.

LetA be an x n symmetric, nonsingular real matrils,c R" anda € R. Show that ifXis a
stationary (critical) point of the functioh(x) = x" Ax+2b" x4+ a then

det([g\T 2])

detA)

f(R) =

Solution: Sincex’is a critical point, we hav&X+ b = 0. From the first determinant below,
we multiply the i-th column by;"and add it to the last column to get the equalities:

det({A 2}):det({A AX+b

o7 T BT+ ) = det(A)(b" %+ a).
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Therefore, the result follows from

f(R) =T (AR+Db)+b"R+a=b"%+a.

13. Consider the two graphs in the figure. Prove that they @iresamorphic.

Solution: The graph on the right is Petersen’s graph which is known twooglanar. Proof :
Show that it contains a subgraph homeomorphi€4g or contract the five “radial” edges to
show that it has &5 minor.]

The graph on the left is clearly planar.
Therefore, they are not isomorphic.

14. (a) Prove that a real symmetric matfixs positive definite if and only iA = BB, whereB
is a real, non-singular matrix.

(b) If a real symmetric matri’ is positive definite, show that dat> 0.

Solution: (a) Assume that = BTB. Then,x" Ax = ||Bx||3 > 0 and= 0 iff Bx= 0. SinceB is
nonsingular, equality holds only ¥= 0.

For the converse, note that all the eigenvallesf a real, symmetric matrix are real and the
eigenvector® may be chosen to be real and orthogonal. By the spectral deasition

n
A=Y Aeg .
2,
If Ais positive definite, then all; > 0. Defining
n
B=YS VAeag
2,

givesA = BTB with B real and non-singular (and symmetric).
(b) Using (a), note that dét= detB'B) = (detB)? > 0.
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15. LetX be a positive random variable with densftgx). Show that

E(X) = /Om P(X > t)dt.

Solution:

- /OP(XZt)dt.

16. Consider the spacg[0, 1] of real-valued continuous functions on the domginl]. For
f € C[0,1], define the functiod f by indefinite integration:

X

(IH)(x) ::/ f(t)ydt, xe0,1].

0

(a) Does] mapC|0,1] intoC[0,1]? Is it one-to-one? Is it ontB[0, 1]?

(b) For which functions does the sequendd"f) converge uniformly to a limit function
belonging taC[0, 1]? HereJ" denotes theth iterate ofJ.

Solution:

(a) By the fundamental theorem of integral calculligs a one-to-one map &[0, 1] onto
the space of continuously differentiable functionsg/@ri] that vanish at the origin. So
the answers are yes, yes, and no.

(b) We claim thatl"f converges uniformly to the zero function fevery f € C[0,1]. To
see this, first observe that
@D <IFlx, xe[0.1];
here|| f|| < c denotes the supremum norm faf By induction,

He < 1S < yeon
- n— n’ B

and the claim follows.



17.

LetT be atree and lai andv be distinct vertices o that are not adjacent. Prove that
contains an edgesuch thaf{T —e) +uv s also a tree.

Note: The notatioT — e) + uv means the graph formed fromby deleting the edge and
then adding in the edgev.

Solution: SinceT is a tree there is a unique path franto v. Sinceu andv are not already
adjacent, adding the edge to T creates a cycl€; indeed, this is the only cycle af + uv.
Let e be any edge of on this cycle. Note thal + uv is connected sinc€ is connected.

Becauseis on a cycle tdr + uv, eis not a cut edge, and @ + uv) — eis connected. Also
(T 4+ uv) — e has the same number of edgesTasand therefore is a tree. Note, the graph
(T —e) +uvis exactly the same 43 +uv) —e.

18.

Suppose that A is amx n matrix with distinct eigenvalued;, i = 1,..,n. If e(t) is then-
vector with components (t) = el and ifV is the Vandermonde matrix with entrigy =

)\ij’l, then prove that

Z dj(t)A -1
where the coefficients are the components ofrttvector
d(t) =V le(t).

Hint: Use the Cayley-Hamilton theorem.

Solution: By the Cayley-Hamilton theorem,
A"+ A" en 1At cnl =0,
where defzl —A) =2"+ c1Z" 1+ .. 4cn_1z+ ¢y is the characteristic polynomial &f It is

then an easy proof by induction that

N
—tkAk dM @A ()
2 Z

for scalar coefficientslj(N)(t), j =1,....,n. Applying this matrix equation to the eigenvector
u; for eigenvaluel; gives

N 1 n .
= A 1M (1)
PR R



fori=1,..,n,o0r
e (t) =vdM(t).

wheree™ (t) = Yo & (Ait)K. Since all the eigenvalues are distinct, the Vandermondexmat
is invertible and
dN ) =v-1eMN(t).

Because lim &N (t) = e(t), we get

lim dN)(t) =V le(t) = d(t),

N—oo

and then the desired result follows by passing to the INnit: c in (*).

19.

Show that ifX; and X, are independent Poisson random variables with paraméieasd
6,, respectively, theiX; + X, has a Poisson distribution with paramefier- 6,.

Solution:

K
PX1+Xo=k) = %P(XlJer: K, Xy =)
i=

K
= PXo=k—],X1=])
2,
k e*929'2"j e*elelj
e (01+8) k .
——0
k! J;(k—j)!J! 172

g (61+62)

= g (B0

20.

Letf : RP — R be differentiable at.
(a) Express the directional derivative bfat c in the direction of a given unit vectay =
(Wi,...,Wp). Do this in terms of the partial derivatives bf

(b) Show that there is a direction in which the directionaigsive is maximum and that
this direction is uniquely determined if at least one of thetial derivatives is nonzero
atc.

10



Solution:
(a) The directional derivative df atc in the direction ofw is given by
fw(c) = fr(c)wi +- - + fp(c)Wp,

where, forj = 1,...,p, the notationfj(c) denotes the evaluation atof the partial
derivative off with respect to itgth argument.

(b) By the Cauchy—Schwarz inequality,

o 1/2
fw@) < | Y }f;(c)\zl ,

=1

with equality if (and when at least one partial derivativedhzero at, only if) wis a
multiple of the vecto( f1(c),..., fp(C)).
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