Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —FALL SESSION

August 27, 2008

Instructions: Read carefully!

1.

This closed-bookexamination consists of 15 problems, each worth 5 point®e @dssing
grade has been set at 50 points, i.e. 2/3 of the total poiragiaPcredit will be given as
appropriate; each part of a problem will be given the samghtelf you are unable to prove
a result asserted in one part of a problem, you may still usterésult to help in answering a
later part.

. You have been provided with a syllabus indicating the samfdhe exam. Our purpose is to

test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedlear, logically justified steps The grading will reflect
that broader purpose.

. The problems have not been grouped by topic, but thereoaghly equally many mainly

motivated by each of the three areas identified in the sydldlivear algebra; real analysis;
probability;). Nor have the problems been arranged sydieatly by difficulty. If a prob-
lem directs you to use a particular method of analysis, iyo& use it in order to receive
substantial credit.

Start your answer to each problem on a NEW sheet of papete @frly on ONE SIDE of
each sheet, and please do not write very near the marginsyoshaet. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eackeh

. The examination will begin at 8:30 AM; lunch and refresimtsewill be provided. The exam

will end just before 5:00 PM. You may leave before then, bubat case you may not return.

Paper will be provided, but you should bring and use wgifimstruments that yield marks
dark enough to be read easily.

. No calculators of any sort are needed or permitted.



1. The Legendre transform of a convex functiofx) onR" is another convex function dR"
defined by

() = Sur(x.y) ~F ()

where(X,y) is the standard Euclidean inner productQHK(x) = %(X,AX) is a quadratic form
defined by a non-singular real, symmetnig n matrix A, calculateQx(y).

2. Find the inverse of the x n matrix A :=J—1, whereJ is the matrix with every entry equal
to 1 andl is the identity matrix.

3. Fixaninteger > 1. LetX be a random variable with the Gamnd.) distribution, i.e., with
density
_ 1 —X—1
fx(X) = (r—1)!e X5, x>0

(a) Calculate the moment generating functMrof X. For which values of € R do we
haveM(t) < c?

(b) For areal numbea > r, derive the best Chernoff bound on the tail probabiify< >
a}. [REMINDER: “Chernoff bound” refers to a bound d{ X > €2} for somet > 0
obtained using Markov's inequality.]

4. The characteristic function of a random variakles
o (t) = E(é), —0 <t < 0.
(a) Computepx(t) if X has the uniform distribution of®, 1].
(b) Identify a random variable with characteristic funatio

o(t) 2(1—tzcost)

by considering two independent random variables, eaclotmién|0, 1].

5. Let{as,ap,...} be a sequence of real numbers for which

lim a, =0.

n—oo
Prove that

1 n
lim = =0.
n—e nk;ak



10.

11.

12.

Suppose thak is an x nreal matrix such that botA andl + A are nonsingular. Show that
@ (1 +A) " =1—(At+1)™

(b) tracél +A)~1+tracd A 1+1)"1=n.

Show that for any rearrangemdmt - - - , b, of the positive numberay, - - - , ay,

l/ag & an
(2L ) >
n<b1+b2+ +bn)_

Consider a sequeng®, n= 1,2, ... of elements ofRY with the following properties:

(i) limn—w(x” —x") = 0forall 1<i,j <d,
(i) maxi<i<qg xi(n), n=12,...,is anonincreasing sequence, and
(iif) minq<i<qg xi(”), n=12,...,is anondecreasing sequence.

(Herexi(n) denotes thé-th coordinate ok™.) Prove thaixi(n), n=12,... converges to the
same limitfori=1,...,d

Let X; and X, be independent and identically distributdai form(0,1) random variables.
LetY = min(Xy, X2) andZ = max(Xy, X2). Give the conditional density & givenY =y.

Prove that there exists arx n real matrixA with A2 = —1 if and only if nis even.
If X is a Poisson random variable with parameétewhere 0< A < 1, find E[X!].

LetV be the vector space of real polynomials with degree 2 or {&ésasider the dot product
onV

1
P-Q:—/o P(X)Q(X) Inxdx.

3



(a) Prove that this dot product is well defined and provideesatie definite linear form
onV.

(b) If the polynomialQ = ax+ bis orthogonal td® = 1 what linear relation do the constants
a andb satisfy?

13. For positive integens, mwith n < mdefine

f(n m)—i—l—;-l- -i—i
7 n? (n4-1)2 e’

Prove that for every positive real numbzethere must exist an integé&rso that ifT <n<m

thenf(n,m) < ¢.

14. Letf be a nonnegative continuous function wjtfi,, f (x)dx < +co. Prove that

1 n
lim = xf(x)dx = 0.

n— N Jx=0

Hint: Write the integral as a double-integral.

15. The lifetime of a lightbulb has an exponential distribntwith parameter 1. If lightbulbs
have independent lifetimes and all are turned on simultasigowhat is the expected value
of the time at which the first bulb fails?



