Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —FALL SESSION

August 29, 2007

Instructions: Read carefully!

1. This closed-bookexamination consists of 20 problems (sorry, no choices)h egorth 5
points. The passing grade has been set é%iGPartial credit will be given as appropriate;
each part of a problem will be given the same weight. If youwarable to prove a result
asserted in one part of a problem, you may still use that résdielp in answering a later
part.

2. You have been provided with a syllabus indicating the saufthe exam. Our purpose is to
test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedlear, logically justified steps The grading will reflect
that broader purpose.

3. The problems have not been grouped by topic, but thereoaghly equally many mainly
motivated by each of the four areas identified in the syllgboear algebra; real analysis;
probability; discrete mathematics and operations rebéaptimization). Nor have the prob-
lems been arranged systematically by difficulty. If a prabkirects you to use a particular
method of analysis, yomust use it in order to receive substantial credit.

4. Start your answer to each problem on a NEW sheet of papete @frly on ONE SIDE of
each sheet, and please do not write very near the marginsyoshapt. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eackeh

5. The examination will begin at 8:30 AM; lunch and refresimtsewill be provided. The exam
will end just before 5:00 PM. You may leave before then, bubat case you may not return.

6. Paper will be provided, but you should bring and use wgiiimstruments that yield marks
dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Prove that there is no graph with 11 vertices such that 8athdG are planar.
Note: G denotes the complement Gf

Solution

Suppose, for the sake of contradiction, that there is a gnagphl1 vertices such th& and
G are planar.

SinceG andG are planar, they have at mosk31— 6 = 27 edges. So, taken together, they
have at most 54 edges. However, this does not account fc(rlzjth& 55 edges irK11. This
is a contradiction.

2. Let

Find thev € R that maximize the Euclidean noriimAv || subject to|| v ||°= 1.

Solution

We are maximizing™ AT Av subject tov" v = 1, and using Lagrange multipliers the solutions
satisfyAT Av = Av for some constant, that is, any solution must be an eigenvectoAdA.
Furthermore, a solutionsatisfiesv" (ATA)v = AvTv = A so the optimal choice is to take

to be a unit eigenvector corresponding to the largest eajaav

We calculate
O 0 O
AA=|0 2 2
0 V2 3

The characteristic polynomial of this matrixASA% —5A +4) = A (A —1)(A —4), so the
largest eigenvalue i& = 4. A quick calculation shows that the eigenspace correspgrtdin

this eigenvector is spanned by
0

V= \/é )
1

and we obtain the solution by normalizing

0
v==+| v2/V3
1//3



3. Afunctionf : RP — R is said to bdower semi-continuous at c if

f(c) <liminf f(x).

X—C

(a) Show that ifAis an open subset &P, then its indicator function is everywhere lower
semi-continuous.

(b) Is the converse true? If so, prove it; if not, give an esipkounterexample.

Solution

(a) Letf denote the indicator function &€ If c ¢ A, then the desired inequality is trivially
satisfied. Ifc € A, thenx € A, and consequently(x) = 1, for all x sufficiently close
to ¢; hence

flc)=1= )I(anCf(x) = Ilg(n_lgf f(x).

(b) The converse is true. IndeedciE A, then, by the definition of lower semi-continuity,
f(x) =1, i.e.,x € A, for all x sufficiently close ta.

4. 1) LetA,B,C be 3 events from a probability spa€eandP a probability measure of2.
Prove that

P((ANB)U(ANC)uU(BNC))=P(A)+P(B)+P(C)—P(AUBUC) —P(ANBNC)

2) For a given iliness, a patient is symptomatic when at least out of 3 symptoms is
present. The patient is at stage 2 of the illness when twoeo§yimptoms are present, and
stage 3 if all 3 are present. In the symptomatic populati@®¥ Jhave symptom 1, 45%
have symptom 2, and 60% have symptom 3. Moreover, 5% of tlpalpton have all three
symptoms together.

Compute the proportion of patients at stage 2 within the ggmptic population.

Solution

P((AnB)U(ANC)U(BNC)) =P(ANB)+P(ANC)+P(BNC)
—P((ANB)N(ANC)) —P((ANB)N(BNC)) —P((ANC)N(BNC))
+P((ANB)N(ANC)N(BNC))
=P(ANB)+P(ANC)+P(BNC) —2P(ANBNC)
Now

P(ANB)+P(ANC) +P(BNC) = P(A) + P(B) + P(C) — P(AUBUC) + P(ANBNC)
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which provides the result.

The previous result must be applied wh symptom 1 B: symptom 2 andC: symptom 3.

It provides the probability that at least two symptoms aespnt, which is
0.30+0.45+0.60—1—-0.05=0.3

(P(AUBUC) = 1 since one only considers the symptomatic population.)

The proportion of the population at stage 2 is obtained bgsabting the proportion at stage
3, andis 25%

5. Let||x|| denote the Euclidean norm of a vectoin R". Show that ifp andq are nonzero
vectors inR", then
H P g H __lp=dl
Il flall i = min{{{pll, [lall}

Solution

The inequality is obviously true ifp|| = ||q||. Without loss of generality, assurnig|| < ||q]|.
Then multiplying through by||p|| gives the equivalence of the above inequality and the

inequality
H Il

[IETH
Since both sides are nonnegative, squaring gives the fuetidivalence of the inequality

with )
| pll el
19]|2 all

2(1- 1) (o0 < (1- 1P

Dividing the above by 1 % > 0, we get another equivalent inequality:

q

'sllp—qll-

lall*~2

1Pl + (p.a) < [|plI*+ [lall* —2(p.a),

Hence

2p.) < (1+ %) 1al? = I1pllall + a2

The result then follows directly from Cauchy-Schwartz.

6. A primitive model for heat conduction leads to the equatio

A (14
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for temperatures, = u(nAt) andv, = v(nAt).

Find the limitsc, andcy,, whereu, — ¢, andv, — ¢, ash — o,
Proceed as follows:

(a) Find the eigenvalues &i

(b) RepresenA” asCDC~1, whereD is a diagonal matrix.

(c) Use this representation &f to find the limitsc, andc,.

Solution
(a) A has eigenvalues/8 and 2'3.
(b) A= CBC~! whereB = diag(8/9,2/3). Therefore,

A? = (cBC Y)(cBCY) =cB’C Y,

A’ = (cBC h)(cB*C ) =CB%,C Y,
and, in general,

A"=CB"C.

SinceB is a diagonal matrixB" = diag((8/9)", (2/3)").
(c) Since(8/9)" — 0 and(2/3)" — 0 whenn — o, the elements oB" approach 0 as limit

whenn — . SinceC andC~! are fixed, so do the elements&t = CB"C~* approach 0 as
limit whenn — oo. Thereforeu, — 0 andv, — 0 asn — . Thatis,c, = ¢, = 0.

. A standard Cauchy random variable has density function

f(x)—; —00 < X < 00
Co(14+x2)’ '
If X is a standard Cauchy random variable, find the density foncif the random variable
1
Y.
Solution
Fort > 0,

1 1 ® 1
—<t| = > = —— _dx
P{X_t} p{x_t] | s

By differentiating with respect to the lower limit of integffon, using the chain rule,

(7o)
g lal)
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nt?+1)

Fort < 0, since the density of is symmetric about 0, so is the density;gf

. (a) Find the two singular values of thex2 matrix

1l a
(o)
foranya e R.

(b) Find the product of the singular valueghout using the explicit valuesin (a).

Solution
(a) The eigenvalues of

2
A*A:<1+a a),
a 1

satisfy the characteristic equation
A2—(2+a®)A+1=0,

1 1
0% = Ay = 1+§azia\/1+ ZaZ,

wheregy. are the singular values.
(b) Since

with the solutions

0202 = de(AA) = [detA)]> =1
and since the singular values are, by definition, non-negiati

oro_ =1

. LetA be anm x nreal matrix,o € R™ andc € R". Consider the following linear program:
min c'x
st. Ax=Db

Show that the linear program has an optimal solution if angl nb € Range(A) andc €
Range(AT).



10.

Solution

If b € Range(A) then the feasible region is not empty. df Range(AT) then there exists
a vectorz such thatc = ATz then for any feasible point we havec'x = z' Ax = Z'b.
Therefore, the objective function is constant in the fdasibgion and hence an optimal
solution exists.

Conversely, if an optimal solutior éxists therb = AX andb € Range(A). For anyd €
Null (A), R+ ad is feasible for any read. It follows from c' (R + ad) > c"R thatc'd = 0.
Thereforec is in the orthogonal complement biull (A) and hence < range(AT).

Let A be a full-rankn x k matrix. Prove that the linear transformatidn: R" — R" by
T(w) = A(ATA)~1ATwis the orthogonal projection onto the column spacé.of

11.

Solution

LetV denote the column space Af For anyw € R", T(w) is of the formAu whereu =
(ATA)~IATw, which is a linear combination of the columnsAfThus,T mapsR" into V.
We need to check that — T (w) is orthogonal to every element @ffor everyw € R". If u
is any element of we can writeu = Av for somev € RK and we have

(W—T(W))Tu= (w=T(w))T (Av) = (W—AATA) IATW) T (AV) = (W" —wTA(ATA)1AT)(AV)
=wlAv—wWAATA) IATAV=wlAV—wT AV = 0.

Approximate the smallest number of people needed sdhbairobability that at least one
of them has the same birthday as you is greater than one{lvalf. may neglect February
29).

Solution

Assume that the individuals have birthdays which are umfgrdistributed over the 365
days of the year (neglecting February 29), independently.

If there are n other people, the number of birthdays idehticgour birthday among them
has a Binomial(n,1/365) distribution. Since the succesbalility is small, if n is large,
this distribution can be approximated by a Poisson(n/3&8jidution. If we denote such a
random variable by X, we want to find the smallest n suchfipgt> 1] > 1/2 or equivalently
P[X =0] < 1/2. Thus, we solve

e /365 _ 1 /2

to obtainn > 365log 2~ 253



12.

It is known thatv = (—1, 0) is an optimal solution to the dual of the following linear gram,
find the value ofr and an optimal solution of the probelm:

min axo +5x
St. X1—2% —Xx = —4
X2 —X3+Xa =
i > 0 (i=1,---,4)

13.

Solution
We first find the dual problem:

max —4wj; —W»

s.t. w, < 0
2w +wp, < o

-w < 0

Wi +w, < 5

Notice that the first and the fourth constraints are satisftedtly atw(—1,0), therefore it
follows from the complementary slackness principle that x4 = 0. Then usex; = x4 =0
and two equations in the primal constraints, we can solve famd getx, = 2 andxz = 3.
To find a we use the fact that the two optimal objective function valaee equal; that is
4 =2a. Henceo = 2.

For a nonnegative integeyrdefine

For example,

-9+ () () ()-rersraroros

The sequencé(0), f(1), f(2),...begins 11,2, 3,5,8,13 ..., and so we suspect thatn) is
thenth Fibonacci number. Prove that this is so.

Solution

The proof is by (strong) induction am The basis cases= 0 andn = 1 are trivial. We now
must show thaf (n+2) = f(n+ 1) + f(n) for all n. Suppose we have shown thigin) is



thenth Fibonacci number and th&tn+ 1) is the(n+ 1)st Fibonacci number. Observe that

f(n) = (0)+ ("2 (ale) (o)
oo (5 ()5

-(3)
o)
(37

et (5[ ()()(2)
()

where we have used Pascal'sidenty+ (,",) = (i71). Thereforef (n+2) is the(n+2)nd
Fibonacci number, and so the result follows by induction.

14. Suppose that v are elements of an inner-product space over the complex ffgl|d|| is the
norm defined by the inner product, are the following valuessgae?

lu+vl =1, lut+iv| =2, [lu=v|=1, [u—iv| =

If so, find an example. If not, prove that the values are imibtess

Solution
By the polarization identity, the inner product

1 1 : .
(uv) = Z(lu+ V2 = Ju=vi?) + Zi(lu+ivi* = flu—iv|}?).

Hence, with the above valuegy,v) = 0 andu,v must be orthogonal. But, in that case, all
the four given norms should equal the same va)(lgi[|2 + ||v||2. Thus, the stated values are
impossible.

15. Let{xp,n=1,2,...} and{yn,n=1,2,...} be two positive sequences of real numbers for

which
Xn+1 < Yn+1

Xn Yn
Show that ify ,yn is convergent then so 8, Xn.

,n=1L12 ..




Solution
We have

X X X
A L B L
X1 Y1 X2 Y2 Xn-1  Yn-1
Hence,
Xn <Cyph,N=1,2,...

whereC = % > 0, from which convergence follows easily.

. letn=2mwheremis a positive integer, and fqr < [0, 1] let X, be a Binomialq, p) random
variable. Fox € {0,---,n}, let
I:)[Xx/n = X]

A= B =

(a) Show that\ (-) is symmetric aboutn.
(b) Show thatA (-) is decreasing o0, - - - , m}.

Solution
O o
MR = 3 L/ = 2 X/ = 20 (=
()
Am+y) = 22((mey)/m)™Y(L— (m+y) /)
= Zn(l—(m—y)/n)n*(m*)’)«m_y)/n)m—y
= A(m-y)
(b)

7] 7]
ax logA (X) = a—x[nlog 2-+xlog(x/n) + (n—x)log((n—x)/n)]

= ((9)(n/x)(1/n) +log(x/n)) + ((n—x)(n/(n—x))(=1/n) —log((n—x)/n))
= 1+log(x/n)—1—log((n—Xx)/n)
= log(x/n) —log((n—x)/n)
= log((x/n)/((n—=x)/n))
= log(x/(n—x)).
Therefore,x/(n—Xx) <1 <= x < n/2 with strict inequality <= x < n/2, and thus

%Iog}\(x) <0 < x < n/2 with strict inequality <= x < n/2. It follows thatA (-)
is decreasing oKO0, - -- ,m=n/2} as desired.
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17. Must a (pointwise) nondecreasing limit of nonnegativenkann integrable functions on
[0,1] be Riemann integrable? If so, then prove this. If not, there gin explicit counterex-
ample.

Solution

The answer is no. For a counterexample {latr,,...} be an enumeration of the rational
numbers inl :=[0,1]. Forn > 1, definef, to be the indicator ofry,...,rn}. Thenf,is
Riemann integrable oh(with vanishing integral), and the sequer(dg) converges mono-
tonically up to the indicatof of the rationals. It is well known (and easy to prove) thas
not Riemann integrable.

11



18. The number of births per day in a small town’s hospitdbfes the following distribution

#births | O | 1 | 2 | 3 | 4
probability | .25| .45| .14 | .11 | .05

Assume that a baby has a probability 1/2 to be a girl. Whatesntiost likely number of
births in a day if it is known that exactly 2 girls are born ?

Solution

Let Y be the variable equal to the number of girls born during a d&f must compute
P(X=xY =2):

PX=x]Y=2) = P(X=xandY =2)/P(Y =2)

Since we need only the most likeky the computation oP(Y = 2) is not needed. We have
P(X =xandY =2) =P(Y = 2]X =Xx)P(X =X). This is (forx > 1)

P(X = xandY = 2) = (;) % 0.5 x 0.5 2P(X = X) = (;) x 0.5P(X = )

Forx =2, thisis 014/4. Forx=3:3(0.11)/8 and forx =4 : 6(0.05) /16. The maximum is
atx= 3.

19. Let{ay,...,am} be a set of positive real numbers. Show that

1 M
lim =In N— max Inan.
n—oo N nglam 1<m<M am

Solution
Leta= max,<m<mam. Then:

m=1
and consequently
_ 1, M In _
Ina<-In% an<——+Ina
n m=1 n

It follows that the limit exists and

D

qualsdn= max <m<m Inam.

20. LetAbe ann x nreal orthogonal matrix, that is—1 = AT,

(&) Show thatA, regarded as a linear transformation, preserves the {&aci) length of
every vector.

(b) Show that the only possible eigenvaluesfaforresponding to real eigenvectors are 1
and—1.
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Solution
(a) Since orthogonality impliea" A= 1, for any vectox € R" we have
1AX]12 = (A%) T (Ax) = xT AT Ax = xTx = ||x]%,

implying the desired resuJtAx|| = ||X|| .

(b) We will apply part (a) to a real eigenvectofor some eigenvectdr of A. It follows
from
AX = LX,

with at least one; # 0, thatL is real. Applying part (a) and using the above equation,
we have

X[ = [IAX]| = [[Lx]} = JILI[fIx]]
so that||L|| = 1, giving (sinceL is real) the desired result.

[NOTE to graders: For full credit in part (b), | feel it is nesary to show that is
real.]
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