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Stochastic Monotonicity and Realizable Monotonicity

By JAaMES ALLEN FiLL ! AND MOTOYA MACHIDA

The Johns Hopkins University and Utah State University

We explore and relate two notions of monotonicity, stochastic and
realizable, for a system of probability measures on a common finite par-
tially ordered set (poset) S when the measures are indexed by another
poset A. We give counterexamples to show that the two notions are not
always equivalent, but for various large classes of S we also present con-
ditions on the poset A that are necessary and sufficient for equivalence.
When A = S, the condition that the cover graph of S have no cycles
is necessary and sufficient for equivalence. This case arises in comparing
applicability of the perfect sampling algorithms of Propp and Wilson and
the first author of the present paper.

1. Introduction. Preliminary note: Throughout this paper, all partially or-
dered sets are assumed to be finite unless otherwise stated.

We will discuss two notions of monotonicity for probability measures on a par-
tially ordered set (poset). Let S be a poset and let (Py, P») be a pair of probability
measures on S. (We use a calligraphic letter S in order to distinguish the set S
from the same set equipped with a partial ordering <.) A subset U of S is said to
be an up-set in S (or increasing set) if y € U whenever x € U and z < y. We say
that P, is stochastically smaller than P», denoted

(1.1) P =< B,
if
(1.2) P (U) < P,(U) for every up-set U in S.

The relation introduced in (1.1)—(1.2) is clearly reflexive and transitive. Antisym-
metry follows easily using our assumption that S is finite, so the relation defines a
partial ordering on the class of probability measures on S. (For a careful discussion
on the matter of antisymmetry in a rather general setting for infinite S, see [4].)

The following characterization of stochastic ordering was established by
Strassen [12] and fully investigated by Kamae, Krengel, and O’Brien [5]. Sup-
pose that there exists a pair (X;,X32) of S-valued random variables [defined on
some probability space (2, F,P)] satisfying the properties

(1.3) X1 <X,
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and
(1.4) P(X;€-)=PF() fori=1,2.
Then we have
PU)=PX,€eU)=P(X; €U, X; <X3) <PX;eU)=P(),

for every up-set U in S. Thus, the conditions (1.3)—(1.4) necessitate (1.1). More-
over, Strassen’s work shows that (1.1) is in fact sufficient for the existence of a
probability space (2, F,P) and a pair (X,X3) of S-valued random variables on
(Q, F,P) satisfying (1.3)—(1.4). [Equivalently, we need only require that (1.3) hold
almost surely.]

Now let A be a poset. Let (P, : @ € A) be a system of probability measures
on S. We call (P, : a € A) a realizably monotone system if there exists a system
(X4 @ a € A) of S-valued random variables defined on some probability space
(Q, F,P) such that

(1.5) Xy <Xg whenever a < g3
and
(1.6) P(Xy € ) = Po(-) for every a € A.

In such a case we shall say that (X, : a € A) realizes the monotonicity of
(Py : a € A). Since the conditions (1.3)—(1.4) imply (1.1), the conditions (1.5)—(1.6)
applied pairwise imply

(1.7) P, < P3 whenever a < g

The system (P, : a € A) is said to be stochastically monotone if it satisfies (1.7). We
have shown that stochastic monotonicity is necessary for realizable monotonicity.
In light of Strassen’s characterization of stochastic ordering, one might guess that
stochastic monotonicity is also sufficient for realizable monotonicity. It is perhaps
surprising that the conjecture is false in general, as the following example shows.

ExXAMPLE 1.1. Let

w
AN
(1.8) szA._y\O/Z
X

be the usual 2-dimensional Boolean algebra with z < y,z and y,2z < w (and,
of course, z < w by transitivity). Define a system (P,, P,, P;, P,,) of probability
measures on S by

unif{z,y} if £ =ux;
unif{z,w} if&=y;
unif{y, z} if £ = z;
unif{y, w} if £ =w,
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where unif(B) denotes the uniform probability measure on a set B. Clearly,
(P, Py, P;, P,) is stochastically monotone. Now suppose that there exists a system
(Xz,Xy,X;,X,) which realizes the monotonicity of (P, Py, P;, P,,). Considering
the event X, = y, realizable monotonicity forces

1
PX,=y)=PX, =y, X, =w, X, =y, Xw:w)zi.

Similarly, we find

1

7

Noting that the above two events are disjoint, we conclude P(X,, = w) = 1, which
is a contradiction. Thus, (P, Py, P;, P,,) cannot be realizably monotone. []

PX,=2)=PXy =2, X, =2, Xy =w) =

Given a pair (A,S) of posets, if the two notions of monotonicity—stochastic
and realizable—are equivalent, then we say that monotonicity equivalence holds
for (A,S). The counterexample in Example 1.1 was discovered independently by
Ross [8]; we are grateful to Robin Pemantle for pointing this out to us. Ross reduced
the question of monotonicity equivalence for general infinite posets A (and given S)
to consideration of the same question for every finite induced subposet of A. Thus we
regard our finite-poset work as a useful complement to his. As an historical aside,
we note that what we call a realizably monotone system, Ross called a coherent
family.

To give an example where monotonicity equivalence holds, we next consider the
case where § is a linearly ordered set.

ExXAMPLE 1.2.  Let A be a poset and let S be a linearly ordered set. Suppose
that (P, : a € A) is a stochastically monotone system of probability measures on
S. For each a € A, define the inverse probability transform P;! by

(1.9) P7l(t):=min{z € S:t < Fy(z)} forte[0,1),

[e%

where F), is the distribution function of Py [i.e., Fu(z) := Po,({{ € S : £ < z}) for
each z € S]. Given a single uniform random variable U on [0, 1), we can construct
a system (X, : a € A) of S-valued random variables via

X, = P;'(U) for each a € A.

Then (X, : a € A) realizes the monotonicity and therefore (P, : a € A) is realizably
monotone. Thus monotonicity equivalence holds for (A, S). O

The goal of our investigation is to determine for precisely which pairs (A, S) of
posets monotonicity equivalence holds. Let us discuss here the usefulness of such
a determination. It is (structurally) simple to say which systems (P, : @ € A) are
stochastically monotone. Indeed, one need only determine all up-sets U of S, and
then (P, : a € A) is stochastically monotone if and only if Py(U) < Pg(U) for
all such U whenever a@ < . For realizable monotonicity, an analogous result is
Theorem 2.9, but the necessary and sufficient condition there involves an infinite
collection of inequalities. We know how to reduce, for each (A,S), the infinite
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collection to a finite one, but (1) there seems to be in general no nice structural
characterization of the resulting finite collection, and (2) the computations needed
to do the reduction can be massive even for fairly small 4 and S (Chapter 7 of [6]).

If monotonicity equivalence fails, then testing a system (P, : a € A) for stochas-
tic monotonicity does not suffice as a test for realizable monotonicity. In this case,
for fixed (A,S) and a single numerically specified system (P, : a € A), we can
determine whether or not the system is realizably monotone by constructing a sys-
tem (X, : a € A) subject to the marginal condition (1.6) so as to maximize the
probability P(X, < Xz whenever a < ). Indeed, the system (P, : o € A) is real-
izably monotone if and only if the maximum value equals 1. The construction can
be carried out using linear programming with variables corresponding to the values
of the joint probability mass function for (X, : a € A).

For further discussion along these lines, see [6].

Of particular interest in our study of realizable monotonicity is the case A = S.
Here the system (P(z,-) : © € S) of probability measures can be considered as a
Markov transition matrix P on the state space S. Recently, Propp and Wilson [7]
and Fill [2] have introduced algorithms to produce observations distributed perfectly
according to the long-run distribution of a Markov chain. Both algorithms apply
most readily and operate most efficiently when the state space S is a poset and a
suitable monotonicity condition holds. Of the many differences between the two al-
gorithms, one is that the appropriate notion of monotonicity for the Propp—Wilson
algorithm is realizable monotonicity, while for Fill’s algorithm it is stochastic mono-
tonicity; see Remark 4.5 in [2]. Here the properties (1.5)—(1.6) are essential for the
Propp—Wilson algorithm to be able to generate transitions simultaneously from ev-
ery state in such a way as to preserve ordering relations. For further discussion of
these perfect sampling algorithms, see [2] and [7]. In Theorem 4.3 we show that the
two notions of monotonicity are equivalent if and only if the poset S is “acyclic”,
which is characterized by possession of a Hasse diagram (the standard graphical
representation of partial ordering) that is cycle-free. For example, the Hasse dia-
gram of a linearly ordered set is a vertical path such as the one in Figure 6.1(b),
and therefore has no cycle. On the other hand, the 2-dimensional Boolean algebra
whose Hasse diagram is displayed in (1.8) is not acyclic. See Section 2.1 for precise
terminology.

In the present paper we study the notion of realizable monotonicity when A
and S are both finite posets. In Section 2.3 we review a general result for the exis-
tence of a probability measure with specified marginals and present the extensibility
problem. Sections 2.1-2.2 are prepared to introduce definitions and several key no-
tions in studying posets. In Section 2.4 we formulate the monotonicity equivalence
problem from the viewpoint of the extensibility problem. Section 3 is rather short,
introducing four subclasses—Classes B, Y, W and Z—that partition the class of
connected posets S.

At this juncture we provide the reader with an overview of the main results of
this paper. In Section 4 we present the first case of our investigation, where § is in
Class B. Kamae, Krengel, and O’Brien [5] showed that if A is a linearly ordered set
then monotonicity equivalence holds for (A,S). We generalize this result (in our
finite setting) to the case of an acyclic poset A (Theorem 4.1); see Section 2.1 for
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the definition of an acyclic poset. Theorem 4.2 gives an exact answer to our central
question of monotonicity equivalence when S is a poset of Class B. In Section 5
we proceed to the second case of our investigation, where S is in Class Y. Our
monotonicity equivalence question in this case is answered by Theorem 5.1. If S
is a poset of Class Z, then we can show that monotonicity equivalence holds for
any poset A (Theorem 6.1). In Section 6 we give the proof by using a generalized
inverse probability transform. When S is a poset of Class W, we have devised a
further generalization of inverse probability transform, which results in constructing
a rather large class of posets A for which monotonicity equivalence holds. We refer
the reader to [6] and [3] for the results of our investigation of Class W.

2. Posets and the monotonicity equivalence problem. In Section 2.1 we
briefly summarize the material on posets that we need for our study. An important
assertion is that if a poset is non-acyclic then the poset has an induced cyclic sub-
poset. In Section 2.2 we prove this (Lemma 2.4) among other results concerning in-
duced cyclic posets. In Section 2.3 we review the well-known results of Strassen [12]
on the existence of a probability measure with specified marginals; our review is
tailored somewhat to fit our application to realizable monotonicity. In Section 2.4
we discuss realizable monotonicity in terms of the existence of a probability mea-
sure with specified marginals. Propositions 2.14-2.15 are presented in Section 2.4;
these allow A and S both to be connected posets in our later investigations.

2.1. Posets. We devote this subsection to introducing definitions and notation
related to partial ordering. By a poset S we shall (recalling the note at the outset of
the paper) mean a (finite) set S together with a partial ordering <. The (unordered)
set S is called the ground set of S. Most of the basic poset terminology adopted
here can be found in Stanley [11] or Trotter [13]. Throughout this subsection, &
and S’ denote posets.

(1) Dual poset, up-set, down-set. The dual of S, denoted S*, is the poset on the
same ground set S as S such that z; < x5 in §* if and only if z; > x5 in
S. A subset U of S is said to be an up-set (or increasing set) in Sif y € U
whenever ¢z € U and z < y. A down-set V in S is defined to be an up-set
in §*. Note that U is an up-set in S if and only if S\ U is a down-set in S.
For any subset B of S, we can define the down-set (B) generated by B in the
usual fashion:

(B) :={£ €S :¢& < nfor somen € B}.
We simply write {(z1,...,2,) for ({z1,...,z,}).

(2) Cover graph. For z,y € S, we say that y covers z if x < y in § and no element
z of S satisfies x < z < y. The Hasse diagram of a poset is the directed graph
whose vertices are the elements of the poset and whose arcs are those ordered
pairs (z,y) such that y covers z. [By convention, if y covers z, then y is drawn
above z in the Hasse diagram (as represented in the plane); this indicates the
direction of each arc.] We define the cover graph (S,Es) of S by considering
the Hasse diagram of & as an undirected graph. That is, the edge set £s
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consists of those unordered pairs {z,y} such that either x covers y or y covers
zin S.

Subposet. We shall need to distinguish among several, somewhat subtly differ-
ent, notions of subposet. We say that a poset S’ is a subposet of S if S’ is (or,
by extension and when there is no possibility of confusion, is isomorphic to) a
subset of S and z < y in &’ implies x < y in S for z,y € S’. When we speak
of an induced subposet S' of S, we mean that for z,y € S’ we have z < y in
S" if and only if z < y in S. On the other hand, we call a (not necessarily
induced) subposet S’ a subposet via induced cover subgraph of S if y covers
z in &' for z,y € S’ precisely when y covers z in S, that is, when the cover
graph (S',€s/) of S’ is an induced subgraph of the cover graph (5,Es) of S.
Clearly, a subposet via induced cover subgraph of S with ground set S’ is a
subposet of the subposet of S induced by ground set S’. In Example 2.1 we
illustrate differences between these two notions of subposet.

Let (S',E") be a (not necessarily induced) subgraph of the cover graph (S, Es) of
S. Then (5',&') is the cover graph (S, £s/) of a (not necessarily induced) subposet
S' of S. Here, y covers z in 8’ if and only if y covers z in S and {z,y} € £'. In this
sense, a subgraph (S',&") of (S,Es) can be considered as a subposet of S.

(4)

Chain, height. We call a poset S a chain if any two elements of S are com-
parable in S. When we say that a subposet S’ is a chain in S, we mean that
S’ is a chain and an induced subposet of S. The height n of a poset S is the
number of elements in a maximum-sized chain in S. That is, S has height n
if and only if S has an n-element chain, but no (n + 1)-element chain, as an
induced subposet.

Path, upward path, downward path. We call a (not necessarily induced) sub-
poset 8’ of S a path if the cover graph (S',€s) of &' is (i) a path (in
the usual graph-theoretic sense) and (ii) a (not necessarily induced) sub-
graph of the cover graph (S,Es) of S. A sequence (zg,1,-..,Tn_1) de-
notes a path from zg to z,_; with vertex set {zg,z1,... ,Zp—1} and edge
set {{z;—1,2;} : 1 <i <n—1}. We say that a path (zo,... ,2n—1) is upward
(respectively, downward) in S if z; covers z;—1 in S (z;—1 covers z;, respec-
tively) for each i = 1,... ,n — 1. Note that any upward or downward path in
S is a chain in &, but that the converse is not true. We illustrate chains and
paths in Example 2.1(iv)—(vi).

Cycle. We call a (not necessarily induced) subposet S’ of S a cycle (or a cyclic
subposet) if the cover graph (S',€s/) of &' is (i) a cycle (in the usual graph-
theoretic sense) and (ii) a (not necessarily induced) subgraph of the cover
graph (S, Es) of S. In Example 2.1 we demonstrate that a cyclic subposet may
be neither an induced subposet nor a subposet via induced cover subgraph. If a
poset S has a cyclic subposet, then we call S a non-acyclic poset. In keeping
with the foregoing definitions, we call the reference poset & itself a cycle
if the cover graph (S,&s) of S is a cycle. A sequence (zo,Z1,.-. ,Tn_1,%0)
with n > 4 denotes a cycle with vertex set {zo,1,...,2,—1} and edge set
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{{zi—1,2;} : 1 < i < n}. Here, indices are interpreted modulo n. (Note that
a cyclic subposet must consist of at least four elements.)

Connected poset, disjoint union. We say that S is connected if its cover graph
(S,Es) is connected. The components of S are its maximal connected induced
subposets. If S and S’ are disjoint, then we can construct the disjoint union
of S and &', denoted S + &', as a poset on the ground set SU S’ by declaring
z < yin 8§+ & precisely when either (i) z,y € S and ¢ < y in S, or (ii)
z,y € S and z < y in S'. Thus any poset S is the disjoint union of its
components.

Acyclic poset, leaf. We say that a poset S is acyclic if S has no cyclic subposet.
We call an element z of S a leaf in S if the edge set £s of the cover graph of
S has a unique element {z,y} for some y € S. Note that if z is a leaf in S
then z must be either maximal or minimal in S. If S is a connected acyclic
poset with |S| > 2, then there are at least two leaves in S (see, e.g., [15]).

z w IW w
X s /IN
X y “x Y Xy z
(a) Bowtie (b) a Y-poset (c) a W-poset
Yo Y1 Y Yo Y1
Xo X X X2 X1
(d) k-crown

Fi1Gg. 2.1. Some named posets

(9) Poset-isomorphism, some named posets, subdivision. S is said to be poset-

isomorphic to 8’ if there exists an bijection ¢ from S to S’ such that z <y
in S if and only if ¢(x) < ¢(y) in §’. In this paper, we call the 2-dimensional
Boolean algebra a diamond. [See the figure in (1.8).] Furthermore, we call the
posets of Figure 2.1 and their duals (a) the bowtie, (b) Y-posets, (¢c) W-posets,
and (d) the k-crown, respectively. The bowtie is the same as the 2-crown. We
may simply call S a crown if S is the k-crown for some k > 2. We say that
a poset S’ is a subdivision of S if the induced subposet of S’ on ground set
{z€ 8" :2<2<yin 8"} is a chain whenever y covers z in S.

EXAMPLE 2.1. Let
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be a poset. Here we give a number of examples to illustrate subtle distinctions in
the definitions of subposets, paths, and cycles. Let

><o/yO Os\ot '-:xo/yo Oi\ot an 1. X /\
\W><u/ serl e s \/\/

be subposets of S. Then, (i) §j is an induced subposet but not a subposet via
induced cover subgraph, (ii) S5 is a subposet via induced cover subgraph but not
an induced subposet, and (iii) S§ is both an induced subposet and a subposet via
induced cover subgraph. Let

Y, : y/ Y, Or\
/ \ and S := / \

s //

‘w

;ﬁo /

be subposets of S. Then, (iv) Sj is a chain but not a path in S, (v) S is a chain
and an upward path from w to r, and (vi) S§ is a path between w and u but neither
an upward path nor a downward path. Let

be cyclic subposets of S. Then, (vii) S; is neither an induced subposet nor a sub-
poset via induced cover subgraph, (viii) S§ is a subposet via induced cover subgraph
but not an induced subposet, and (ix) S§ is both an induced subposet and a sub-
poset via induced cover subgraph. We note that if a cyclic subposet is an induced
subposet, then it must be a subposet via induced cover subgraph. We will show this
(Lemma 2.2) in Section 2.2. [J

2.2. Induced cyclic subposets. For developments later in this paper, a study
of cyclic subposets turns out to be crucial, and for this we must also study path
subposets. Since the material here is irrelevant until Section 4, the reader may wish
to return to the present subsection after reading Section 3.

Let S be a poset. A path or a cycle V (with ground set V') in S is by definition
a subposet of the subposet V' via induced cover subgraph of S on V, and V' is in

—



STOCHASTIC AND REALIZABLE MONOTONICITY 9

turn a subposet of the induced subposet V" of S on V. So if this V is equal to V",
then ¥V = V'. Thus, we have established

LEMMA 2.2.  LetV be a path or a cycle in S and have ground set V. If V is the
induced subposet of S on V', then V is the subposet via induced cover subgraph of S
onV.

An upward (or downward) path is a chain and therefore it is both (i) an in-
duced subposet and (ii) a subposet via induced cover subgraph. As shown in Ex-
ample 2.1(vi), a path in general may be neither of these; however, we can always
devise a path with such properties which substitutes.

LEMMA 2.3.  Suppose that there exists a path from x toy in S. Then there is a
path V from x toy in S which is an induced subposet of S.

PRrROOF. Partially ordering the up-sets and (separately) the down-sets in S by
set inclusion, let Uy be a minimal up-set in S containing the vertices of some path
from z to y. (By assumption, S is an up-set containing such a path, so Uy exists.)
Let V4 be a minimal down-set in S such that Uy NV contains the vertices of some
path from z to y. (Again, S is a down-set satisfying this condition, so Vj exists.) Let
W be a path from z to y. We can label minimal and maximal elements of WW and
count, the segments of W alternating upward and downward as follows: As the path
W is traversed from z to y, the path traces out either an upward or a downward
path from zy = z to z, either a downward or an upward path from z; to z», etc.,
alternatingly, as illustrated in

m1

0 2 Zm—2 Zm= y

Then we can find a path W in Uy NV}, with ground set W, from x to y so that
m > 1is as small as possible, that is, a path W from z to y satisfying W C Uy NV}
such that the number m of segments alternating upward and downward is smallest
among such paths.

We first claim that any two minimal elements in WV are incomparable in S and
that any two maximal elements in W are incomparable in S. To see this, suppose
that z; > z; for two minimal elements z; and z; in YW. Then there is some downward

path (ug,...,w) in S from z; = ug to w; = z;. Let up < uo be the first element
among the u;’s with ¢ # 0 which belongs to W. So wi,... ,ur—1 € W. Since uyg,
ug are in Ug N Vg, all the vertices of the downward path (ug,...,u) are also.

Replacing the part of W between ug and uy by the path (ug,... ,ug) (possibly in
reverse order), we get a path from z to y with a lower value of m, which is impossible.
Thus, any two minimal elements in W are incomparable in S. The same holds for
any two maximal elements in W.
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To finish the proof, we claim that the path W is the induced subposet of S on
W, that is, that no pairs of elements of W are comparable in S, beyond those
specified by the poset W. To see this, suppose that there are elements w and w' of
W which are comparable in S but not in W. By a replacement scheme similar to
that employed in the preceding paragraph, we can get a path W' (with ground set
W') from z to y in Uy NV, which bypasses some z;. If we define Vj := (W') to be
the down-set in S generated by W' and (dually) U] to be the up-set

Up:={6€S:n<Efor somene W'},

then Uj C Up and Vj C Vo, and W' C UjNVy. If 2; is minimal in W, then (by
the preceding paragraph) z; is incomparable in S with any minimal element of W',
and therefore z; ¢ Uy. Similarly, if z; is maximal in W, then z; ¢ V{j. Thus, we have
contradicted the minimality of Uy or V) according as z; is minimal or maximal in
W, which completes the proof. [

The next three lemmas make it possible to construct an induced cyclic subposet
with specific properties when a poset S has a cycle. The first of these lemmas is
a simple corollary to Lemma 2.3 which ensures that any non-acyclic poset has an
induced cyclic subposet.

LEMMA 2.4.  Suppose that a poset S has a cycle (o, 21,--- ,Tn_1,%0). Then
S has an induced cyclic subposet (Yo,Y1,---,Ym—1,Y0) such that o = yo and
Tn—1 = Ym—1-

PRrROOF. Let &' be the poset on ground set S obtained by deleting the edge
joining z,_1 and z¢ from the Hasse diagram of S. Since (zg,Z1,--- ,%Zn—1) IS a
path from zg to z,—1 in &', by Lemma, 2.3 there is a path (yo,y1,-.. ,ym—1) from
Yo = To tO Ym_1 = Tp_1 which is an induced subposet of S’. Then, the cycle
(Yo,Y15--- ,Ym—1,Y0) is as desired. O

LEMMA 2.5. If a poset S has a pair (x,y) of elements such that there exist
at least two unequal upward paths from x to y in S, then S has an induced cyclic
subposet which is a subdivided diamond.

Proor. Let (ug,...,ux) and (vg,...,v;) be two unequal upward paths from
z to y in §. Without loss of generality, the two paths differ in their first step, i.e.,
uy # vy. Clearly u; and vy are incomparable. Let U := {£ € S : u; < £ and v; < &}.
Then U is nonempty because y € U. Let y' be a minimal (in S) element of U. Let
W1 and Ws be upward paths from u; to 3’ and from v; to g, respectively. Then,
for any £ € W1 \ {¢'} and n € Wy \ {y'}, £ and 7 are incomparable; otherwise,
the minimality of y' is contradicted. Thus, the ground set {z} U W; U W, gives the
desired induced subposet. [

LEMMA 2.6. If a poset S has a cycle with height at least 3, then S has an
induced cyclic subposet V with height at least 3.
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ProoOF. If S has a diamond as an induced subposet, then by Lemma 2.5 we
can find a subdivided diamond V which is an induced cyclic subposet of S. Clearly
V has height at least 3.

Suppose now that S has no diamond as an induced subposet. Let (zg,z1, ... ,
ZTn—1,To) be a cycle with height at least 3 such that 1 < zy < z,-1. Let
S':=8\{zo} and let &’ with ground set S’ be the subposet of S via induced
cover graph. So (z1,...,Z,—1) is a path in §'. By Lemma 2.3, there is a path
U = (ug,u1,--- ,up_1) in 8 from ug = x1 t0 up_1 = =1 which is an induced
subposet of S'. If U is an upward path from z; to z,_1, then S has two distinct
upward paths from z; to x,_; which, by Lemma 2.5, contradicts our assumption.
Thus, U is not an upward path and in particular x; and z,—; are incomparable
in U but comparable in S. This implies that I/ is not an induced subposet of S.
Let U' = (wi, Wit1,-..,uy) be a minimal segment of the path & which is not an
induced subposet of S, that is, a segment U’ such that (i) &' is not an induced
subposet of S, and (ii) any proper segment of U’ is an induced subposet of S.
Then w; and uy must be incomparable in &/ but comparable in S. Without loss
of generality, we may assume that u; < u; in S. Then there is a downward path
W = (wo,wy,... ,w;—1) in S from wo = uy t0 w1 = u;.

Let V := (Wi, Uig1,--- ,Uir,W1,-.. ,wi—1) be a cycle in S. Since U is an induced
subposet of §’, we must have zo € W and in particular V has height at least 3. We
claim that V is an induced subposet of S; establishing the claim will complete the
proof of the lemma. To prove the claim, suppose that u; and wj; are comparable
in S but incomparable in V for some u; € U’ \ {u;,uy} and wjr € W. Then u; is
comparable with u; or uy in S according as wj < uj or wjr > u;. If the pair (either
Uj,u; Or uj,u;) are comparable in V, then there are two unequal upward paths (the
one through wj and the other consisting of a segment of V) with common ends
in §. By Lemma, 2.5, this contradicts our diamond-free assumption. If the pair is
incomparable in V), then some proper segment of U’ is not an induced subposet of
S, and this contradicts the minimality of &'. [

Lemma 2.4 implies that if a poset S is non-acyclic then it has an induced cyclic
subposet. The next result gives various sufficient conditions for S to be non-acyclic.

PROPOSITION 2.7.  If a poset S has an induced subposet S' poset-isomorphic to
any of the following posets, then S is non-acyclic:

(i) the diamond;
(ii) a subdivided crown with height at least 3;
(iii) the k-crown for some k > 3;

(iv) the following “double-bowtie” poset:
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Y, Y, Vs
SR %
X1 X2 X3

ProOOF. (i) If &' is the diamond as in (1.8), then there are at least two unequal
upward paths from z to w. By Lemma 2.5, S has a cycle (namely, a subdivided
diamond).

(ii) Suppose that S’ is a subdivision of the k-crown displayed and labeled in
Figure 2.1(d). Since by assumption S’ has height at least 3, without loss of generality
we may assume that there exists 2’ € S’ such that zg < 2’ < yo. Then we can find
an upward path (zg,...,2,2',...,%0) in S from z¢ to yo with height at least 3.
Since 2’ is incomparable in S with each of x;1,...,z,_1 and each of y1,... ,yr_1,
no upward path in S from any z; to any y; contains the directed edge (z,2') unless
(i,7) = (0,0). Let (S,Es) be the cover graph of S. Then xo and 2’ are connected in
the graph (S,E&s \ {{z,2'}}), which implies that S is non-acyclic.

(iii) Suppose that S’ is the k-crown for some k > 3, as displayed and labeled
in Figure 2.1(d). Since the set B:={{ € S 1290 < { <yoand zg < & < yp_1} is
nonempty, we can find a maximal element z{ in the set B. Then x| is incompa-
rable with x1,... ,Z5—1,¥1,.-- ,Yk—2 and therefore the subposet of S induced by
the ground set {z{,%1,...,Zk—1,Y0,--- ,Yk—1} i again a k-crown. Thus, we may
without loss of generality assume that the k-crown has no element £ satisfying
2o < &€ < yo and zg < € < yr_1. Let (z0,2,...,y0) (with z = yo possible) be
an upward path from zy to yo. By our assumption, an upward path from zy to
yx—1 does not contain the directed edge (zo, z). Furthermore, no upward path from
any z; to any y; [except when (i,j) = (0,0)] contains the directed edge (zo,2)
either; otherwise, S’ is not an induced subposet of S. Thus we see that zg and 2
are connected in the graph (5, Es \ {{o, 2}}), which implies that S is non-acyclic.

(iv) Suppose that S’ is the poset as in (2.1). Since the set B := {£ € S : 21 <
¢ < ypandz; < € < yo} is nonempty, we can find a maximal element z in
the set B. If 2] and z2 are comparable, then we have zo < 2. Noticing that z} is
incomparable with z3 and ys, the cycle (22,2}, y2, 23, y3, Z2) is an induced subposet
of & which is a subdivided 2-crown with height 3. Then (ii) implies that S is non-
acyclic. So we may assume that z} and z» are incomparable. But then an upward
path (z},z,...,y1) in S from z} to y; (with z = y; possible) does not share the
directed edge (z},z) with any upward path from x5 to either y; or y». Moreover,
an upward path from x] to y2 does not contain the directed edge (2}, 2); otherwise,
maximality of ) is contradicted. Thus, we see that z} and z are connected in the
graph (S, &s \ {{z,2}}), which implies that S is non-acyclic. OJ

2.3. Extensibility and Strassen’s theorem. Strassen’s pioneering work [12] on
the existence of probability measures with specified marginals has been influential
for the development of the theory and applications of stochastic ordering (e.g., [5, 9,
10]). We will treat briefly the general subject of probability measures with specified
marginals and review some results essential for our later development. Since we



STOCHASTIC AND REALIZABLE MONOTONICITY 13

restrict attention to finite sets in the present paper, some of the results presented
here are greatly simplified by our not needing to deal with topological and other
technical matters. (For an interesting review of the subject matter in a general
topological setting, see [9].)

Let A and S be finite sets and let S4 be the collection of all functions x =
(to : a € A) from A into S. For x € S4 and a € A, 7,(x) will denote the
a-coordinate of x. Let o € A be fixed. Then 7, the a-projection from S4 to the a-
coordinate space S, is a surjective map from S4 to S. Given a probability measure
Q on S, we define the probability measure @ o 7! on S in the usual way via
(Qom;Y)(B) := Q(n,1(B)) for any subset B of S.

Consider the set of all signed measures on S# as a normed vector space equipped
with a suitable topology. Strassen established the following theorem.

THEOREM 2.8. (Strassen [12]) Let A be a nonempty convex closed subset of
probability measures on S and let (P, : a € A) be a system of probability measures
on S. Then there exists a probability measure Q € A such that

(2.2) Qorm,' =P, foreveryac A

if and only if

(2.3)
Yo Y Pagh fal®) Ssup{ZQ({X}) (wam) (X):QGA}
acA \E€S xeSA acA

for any system (fo : a € A) of real-valued functionals on S.

Let A be a nonempty subset of S4. Then we say that a system (P, : a € A) of
probability measures on S is extensible on A if there exists a probability measure
Q on S4 satisfying (2.2) and

(2.4) Q(A) = 1.

Let Aa be the set of all probability measures on S4 satisfying (2.4). Clearly, Aa is
nonempty, closed, and convex, so Theorem 2.8 applies to it. Observe that Aa is the
convex hull of the set {dx : x € A} where dx denotes the point-mass probability at
x. Thus, the following theorem is a special case of Theorem 2.8.

THEOREM 2.9. Let A be a nonempty subset of S and let (P, : a € A) be a
system of probability measures on S. Then (P, : a € A) is extensible on A if and
only if

(2.5) YD Pal{ENfal® Ssup{ZfaOWa(X)¢X€A}

acA \E€S a€cA

for any system (f, : a € A) of real-valued functionals on S.
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REMARK 2.10. Throughout this paper, we use the term “system” in place of
“family” to refer to a collection of probability measures, random variables, or real-
valued functionals. When a partial ordering on the index set A is introduced in the
later discussion, the usage becomes more appropriate. We have co-opted the term
“extensibility” for a system of probability measures from a use by Vorob’ev [14]
in a slightly different setting. Vorob’ev’s “extensibility” problem is now generally
called the marginal problem in the literature (e.g. [9, 10]).

2.4. The monotonicity equivalence problem. Since realizable monotonicity al-
ways implies stochastic monotonicity, the monotonicity equivalence problem for a
given pair (A,S) of posets is to either verify or disprove Statement 2.11.

STATEMENT 2.11. For the given pair (A,S) of posets, every stochastically
monotone system (P, : a € A) of probability measures on S is realizably monotone.

We first formulate the monotonicity equivalence problem as a special case of
the extensibility problem of Section 2.3. Let A and S be posets. We say that an
element x = (z, : @ € A) of S4 is monotone if 2, < zp in S whenever a < 3 in
A. Define A to be the collection of all monotone elements of S4. Given a stochas-
tically monotone system (P, : a € A) of probability measures on S, we say that a
probability measure @ on S4 realizes the monotonicity if it satisfies (2.2) and (2.4).
Observe that a system (X, : @ € A) of S-valued random variables is merely an
S4-valued random variable distributed as a probability measure @ on S4. Clearly,
the existence of (X, : a € A) satisfying (1.5)—(1.6) is equivalent to the existence
of a probability measure @ on S4 satisfying (2.2) and (2.4). Thus, (P, : a € A)
is realizably monotone if and only if it is extensible on A. This formulation estab-
lishes that Theorem 2.9 provides a necessary and sufficient condition for realizable
monotonicity.

We now present, without proof, some first simple results on the monotonicity
equivalence problem. The upshot of these results is that we need only consider
connected posets in our investigation of monotonicity equivalence.

LEMMA 2.12.  Suppose that A’ is a (not necessarily induced) subposet of A. If
(Py : a € A) is realizably monotone, then so is (P, : a € A').

LEMMA 2.13.  Suppose that S' is an induced subposet of S. If monotonicity
equivalence holds for (A,S), then it holds for (A,S").

PROPOSITION 2.14.  Suppose that A is the disjoint union of nonempty posets
A1 and As. Then monotonicity equivalence holds for (A,S) if and only if it holds
for both (A;,S) and (A2, S).

PROPOSITION 2.15.  Suppose that S is the disjoint union of nonempty posets
S1 and Sy. Then monotonicity equivalence holds for (A,S) if and only if it holds for
both (A, S1) and (A,Ss).
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The next proposition is an immediate consequence of the observation that the
collection A of all monotone elements of S4 for (A, S) is equal to the corresponding
collection for (A*,S*).

PROPOSITION 2.16.  Monotonicity equivalence holds for (A,S) if and only if it
holds for (A*,S*).

3. Subclasses of connected posets. As explained by Propositions 2.14
and 2.15, we assume without further notice that A and S are connected posets
throughout the remainder of the paper. We partition the collection of connected
posets S into the following four subclasses. We say that

(a) Sisin Class B, denoted S € B, if S has either a cycle or an induced bowtie;

(b) S isin Class Y, denoted S € Y, if i) S ¢ B, and (ii) S has an induced
Y-poset;

(¢) Sisin Class W, denoted S € W, if (i) S ¢ BUY, and (ii) S has an induced
W-poset;

(d) Sisin Class Z, denoted S € Z,if S BUY UW.

Note that a poset S in Class B may be acyclic. For example, let
b2
o N/
I\
X %

be an acyclic poset. Then the subposet of S induced by {z1, 2, 21, 22} is the bowtie;
thus, § € B. If the cover graph (S, Es) of a given poset S has an element z whose
degree is at least 3, then S must have either a Y-poset or a W-poset as an induced
subposet and therefore S € BUY UW. This implies that Class Z consists precisely
of those posets S whose cover graph (S,&s) is a path (and the nature of whose
Hasse diagram is therefore “zig-zag,” which explains our choice of “Z”).

Given a poset S, we call A a poset of monotonicity equivalence or of monotonicity
inequivalence (for S) according as Statement 2.11 is true or false for the pair (A, S).
The question of monotonicity equivalence raised in Section 1 can be recast as that of
determining, for each S, the class M(S) of all posets A of monotonicity equivalence
for S. For a poset S in Class B, Y, or Z, we can characterize the class M(S)
precisely. Furthermore, the class M(S) is the same for every S of the same class
among Classes B, Y, and Z. In the rest of this paper, we will show that

e for every S € B, M(S) is the collection of all acyclic posets A (Theorem 4.2);

(S)
e forevery S € Y, M(S) is the collection of posets A such that A is enlargeable
to an acyclic poset (Theorem 5.1);

e for every S € Z, M(S) is the class of all posets A (Theorem 6.1).

For a poset S of Class W, we can exhibit a large subclass of M(S). But the
assertion that the class M(S) is the same for every S of Class W is false. Our
investigation of Class W is presented in the companion paper [3] (see also [6]).
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4. The monotonicity equivalence problem on Class B. In this section,
we solve the monotonicity equivalence problem when S is a poset of Class B. The
main results of this section are summarized in the following two theorems.

THEOREM 4.1. If A is an acyclic poset, then monotonicity equivalence holds
for (A,S) for any S.

THEOREM 4.2. Let S be a poset of Class B. Then monotonicity equivalence
holds for (A,S) if and only if A is an acyclic poset.

In Section 4.1 we briefly review a well-known characterization of stochastic order-
ing and then prove Theorem 4.1. Theorem 4.1 establishes a sufficient condition for a
poset A of monotonicity equivalence which is applicable to any poset S. But further
generalization is not possible when S is a poset of Class B. In Section 4.2 we present
various counterexamples where monotonicity equivalence fails for a pair (A,S) of
non-acyclic posets. In Section 4.3 we build on these counterexamples to complete
the proof of Theorem 4.2. Theorems 4.1 and 4.2 can be immediately combined to
settle the monotonicity equivalence question for Markov transition matrices, where
A =S8 (cf. the end of Section 1):

THEOREM 4.3. If A =S8, then monotonicity equivalence holds for (A,S) if and
only if S is an acyclic poset.

4.1. Stochastic ordering and acyclic index posets A. To supplement the char-
acterization of stochastic ordering described in Section 1, Kamae, Krengel, and
O’Brien [5] introduced an equivalent condition in terms of upward kernels. Using
their condition, they showed that, for a sequence (Py, Pa,...) of probability mea-
sures on a common poset S, we have P; < P14 for i = 1,2,... if and only if there
exists a sequence (Xi,Xs,...) such that X; < X;;1 and P(X; € ) = P(:) for
i =1,2,.... We will show (Theorem 4.1) that this result can be generalized to a
system (P, : a € A) of probability measures whenever A is an acyclic poset.

Let S be a poset. A function k from S x 2% to [0,1] is called a stochastic kernel
on S if k(z,-) is a probability measure on S for every x € S. A stochastic kernel k
on S is said to be upward if

(4.1) k(z,{¢€S:2<fin8S})=1 foreachz € S.

We collect several characterizations of stochastic ordering in the following proposi-
tion.

PrOPOSITION 4.4. (Kamae, Krengel, and O’Brien [5]) Let (Py, P2) be a pair of
probability measures on S. Then the following conditions are equivalent:

(a) Pr X Py
(b) P (V) > Py(V) for every down-setV in S;

(c) there exists a pair (X1,Xs) of S-valued random variables satisfying (1.3)—
(1.4);
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(d) there exists an upward kernel k such that

(4.2) Py() =) Pi({z})k(s,-).

€S

Now consider the monotonicity equivalence problem. The equivalence of (a) and
(c) in Proposition 4.4 can be extended to equivalence between stochastic mono-
tonicity and realizable monotonicity in the case that A is acyclic. The precise result
has already been stated as Theorem 4.1.

PrOOF OF THEOREM 4.1. We prove the claim of Theorem 4.1 by induction
over the cardinality of A. The claim is vacuous when |A| = 1. We now suppose that
the claim is true for an acyclic poset A’ when |A'| = n — 1 for fixed n > 2, and
consider an acyclic poset .4 with cardinality |A| = n. Let a be a leaf in A. Without
loss of generality, we assume that a is maximal in A; thus, there is a unique element
b which is covered by a. We consider the subposet A’ of A induced by the ground
set A' = A\ {a}.

Let (P, : a € A) be a stochastically monotone system of probability measures
on S. Then the subsystem (P, : a € A') is stochastically monotone. Since A’
is an acyclic poset and |A'| = n — 1, by the induction hypothesis there exists a
probability measure Q' on S’ which realizes the monotonicity. Since P, < P,, by
Proposition 4.4 there exists an upward kernel k satisfying (4.2) for the pair (P, P,)
of probability measures. We can define a probability measure Q on S4 by

QUx}) = Q'({ma (x)}) - k(my(x), {ma(x)})  for x € 54,

where 74 denotes the projection from S4 to S4" and 7, denotes the a-projection
from S4 to S for each a € A. In words, this says simply that we couple together
the probability measures P,, a € A’ using Q' and then extend the multivariate
coupling to P, using the upward kernel k from P, to P,. Observe that Q' couples
the probability measures (P,: a € A") correctly, and that a > a € A’ in A implies
b > «ain A'. So coupling P, to Py correctly automatically couples P, to each P,
(a € A") correctly. Thus, @ realizes the monotonicity of (P, : @ € A), and therefore
the claim holds for A. O

4.2. Monotonicity inequivalence on Class B. The objective of this subsection
is to present several examples of monotonicity inequivalence. To establish such an
example we must exhibit a pair (A, S) of posets and a specific system (P, : a € A)
of probability measures on S which is stochastically but not realizably monotone.
We have already done this when both A and S are diamonds: see Example 1.1.
Our simple examples, including Example 1.1, will serve as building blocks for more
complex counterexamples that establish quite general negative results.

EXAMPLE 4.5. Let
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- X

be the bowtie and let S be the diamond as in (1.8). Define a system (P, : o € A)
of probability measures on S by

unif{z, w} if & = ag;

i o= ar
13) Py o= e} e =a;
unif{y, w} if a = bo;
unif{z, w} if a = by.

The system is clearly stochastically monotone.

To see that it is not realizably monotone, suppose that there exists a system
(Xq : a € A) of S-valued random variables which realizes the monotonicity. Con-
sidering the event {X;, = y}, in order to maintain monotonicity we must have

1
]P)(Xbo = Z’J) = ]P(Xao =z, Xal =Y Xbo =Y Xb1 = ’U)) = 5
Similarly, we must have
1
P(Xo, = w) = P(Xy, = w, Xp, =w, Xp, =w) = 7

Since the above two events are disjoint, we must have P(X;, = w) = 1, which
contradicts P(X, = w) = £. O

EXAMPLE 4.6. Let A be the bowtie and let S be a k-crown with k& > 2.
The posets A and S are displayed and labeled in Example 4.5 and Figure 2.1(d),
respectively. Define a system (P, : a € A) of probability measures on S by

(4.4)

ELunif(Sy \ {z1}) + % unif({yo, z1}) if & = ay;
P %unif({a:o}) + k—;l unif(S \ {zo,y0}) if @ = ay;
«r 2 unif({yp—1}) + £2 unif(S \ {zo,yr—-1}) if o = bo;
bt unif({zo} U (S2 \ {yo, yx—1})) + § unif({yo,yx—1})  if a = by,

where

Sl = {xO;wla"' axk—l} and 52 = {210,1/1;--- ayk—l}-

Then (P, : a € A) is stochastically monotone.
Now let A be the collection of all monotone elements of S4 and let

{yo} if a = ay;

,_ S2\ {yo} if a =a;
)8\ {zo} if a = by;
{.’L’o} ifa= bl.
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This builds a system (Iy, : a € A) of real-valued functions on S, where Iy, denotes
the indicator function of a subset U, of S. It is not hard to verify that

Z (Iy, oma) (x) <1 for any x € A.
a€cA

Since

1
Y P(Us) =1+ TR

a€cA

by Theorem 2.9 we have shown that (P, : a € A) is not realizably monotone. [

REMARK 4.7.  The specific systems (P, : a € A) of probability measures on S
presented in Examples 4.5 and 4.6 will be used in our later discussions. We further
define probability measures F and P; on S for each example.

(i) In Example 4.5, let Py := §, and P; := d,,. Clearly, Py, < P < P; for any
probability measure P on S.

(i) In Example 4.6, let Fy := unif(S;) and P; := unif(S3). Then we have
Py < P, < P; for every P, defined at (4.4).

EXAMPLE 4.8. Let

d
(45) A= b O<O>O C
a

be the diamond and let S be a k-crown for k¥ > 2 as in Figure 2.1(d). Define a
system (P, : a € A) of probability measures on S by

unif(Sy) if a =a;

p . unif({yo} U (S1 \ {z0})) if a=0b;
T Y umif({yr-1} U (S \ {=0})  ifa=g
unif(Ss) if a =d,

where S; and S are defined as in Example 4.6. Then (P, : @ € A) is stochastically
monotone.
Now let A be the collection of all monotone elements of S4 and let

{zo} ifa=agq

_ o) fa=b
S Hm-du S\ {ze})  ifa=g
(%] ifa=d.

Then we have

Z (Iy, oma) (x) <2 for any x € A.
acA
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To see this, suppose that the sum is 3 for some monotone element x. Then we must
have (7, (%), m(x), 7 (X)) = (%0, Y0, Yr—1), which is impossible. Since

1
Y Pu(Us) =2+,
k
aEA
we deduce from Theorem 2.9 that (P, : a € A) is not realizably monotone. []
Examples 1.1 and 4.5 both employ a certain probabilistic argument which as-
sumes the existence of certain random variables and leads to a contradiction. Here
we introduce a lemma which is useful in conjunction with such probabilistic argu-

ments when we extend monotonicity equivalence beyond our previously considered
counterexamples.

LEMMA 4.9.  Let S be a poset and let (X1,X2) be a pair of S-valued random
variables. If P(X; € ) =P(X5 € -) and P(X; < X3) =1, then P(X; = X3) = 1.

PRrROOF. Notice that for any £ € S,
P(X; <& =P(X1 <& X1 <Xo) 2P(X2 <6 +P(Xq =& < X).
Since P(X; < &) = P(Xy < £), we deduce P(X; = £ < X3) = 0. Thus we obtain
P(X1 < Xp) =) P(Xy =£<X3) =0,

ges
which completes the proof. I
Now let
bo b, b, bz B
(46) .Ak = -

H & & &
be a k-crown. If we have a known case of monotonicity inequivalence for a pair
(Ag,S) of posets, then we can apply Lemma 4.9 to extend monotonicity inequiva-
lence to (Agr,S) whenever k' > k.

PROPOSITION 4.10.  Let Ay, be a k-crown as in (4.6). Given a pair (Ag,S) of
posets, suppose that there exists a stochastically monotone system (P, : a € Ag) of

probability measures on S which is not realizably monotone. Then if k' > k, we can
define

p .= P, ifa € Ak;
« Pbk—l ifae Ay \Ak,

to enlarge (Py : @ € Ag) to a stochastically monotone system (Py : a € Ayr) which
is not realizably monotone for the pair (A, S).
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Proor. Since By,_, = P, = ---=PF,,, , = B,,_,, we see that the system
(P, : @ € Ay) is stochastically monotone. To see that it is not realizably monotone,
suppose that there exists a system (X, : @ € A/) of S-valued random variables
which realizes the monotonicity of (P, : @ € Ay). By applying Lemma 4.9 repeat-
edly, we (almost surely) have X, _, = X,, = --- = X,,,_, = Xp,,_,- But then
(after perhaps taking care of null sets) (X, : a € Ag) realizes the monotonicity of
(P, : a € Ag), which is a contradiction. [

As an immediate corollary to Proposition 4.10, we can extend Examples 4.5
and 4.6 to allow A to be the k-crown for arbitrary £ > 2. In summary, from the
counterexamples in Example 1.1 and Examples 4.5-4.8 we have derived

PROPOSITION 4.11. Let A and S each be either a diamond or a crown. Then
monotonicity equivalence fails for (A,S).

4.3. The proof of Theorem 4.2. Let S be a poset of Class B. Then we can find
either (i) a 2-crown as an induced subposet of S or (ii) a cycle as a (not necessarily
induced) subposet of S. If S has a cycle, then, by Lemma 2.4, $ has an induced
cyclic subposet V. It is possible to label the cycle V and to fix a starting point and
orientation of the cycle so that, as the cycle is traversed, it traces out an upward
path from zg to 21, then a downward path from z; to 2z, then an upward path from
z2 to z3, etc., finishing with a downward path from zs;_; to zg, as illustrated in

Zyea

Z0 Z,

If kK =1, then V is a subdivided diamond; otherwise, V is a subdivided k-crown
(k > 2). This observation gives a different characterization of Class B.

z

2k-2

LEMMA 4.12. A poset S is in Class B if and only if S has either the diamond
or a crown as an induced subposet.

ProoF. We have already seen that a poset S of Class B has either the diamond
or a crown as an induced subposet. If S has an induced 2-crown, then § is in
Class B by definition. If $ has an induced subposet which is either the diamond or
a k-crown for some k > 3, then, by Proposition 2.7, S is non-acyclic and therefore
S is in Class B, again by definition. [

Now we turn to the proof of Theorem 4.2. If 4 is an acyclic poset, then, by
Theorem 4.1, monotonicity equivalence holds for (A, S). Thus, the remaining task
is to show that if A is a non-acyclic poset, then monotonicity equivalence fails for
(A, S). By Lemmas 2.13 and 4.12, it suffices to show that monotonicity equivalence
fails for (A, S') whenever S’ is either the diamond or a crown. We complete the
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PRrROOF OF THEOREM 4.2. Let A be a non-acyclic poset and S’ be either the
diamond or an m-crown for some m > 2. We will construct a stochastically mono-
tone system (P, : @ € A) of probability measures on S’ which is not realizably
monotone, by dividing the construction into two cases.

Case I. Suppose that A has a diamond A’ as an induced subposet. Let A’ be

labeled as in Example 4.8. By Examples 1.1 and 4.8, there exists a stochastically

monotone system (P, : a € A') of probability measures on S’ which is not realizably

monotone. It then suffices by Lemma, 2.12 to show that the system can be enlarged

to a stochastically monotone system (P, : @ € A) of probability measures on S’.
For this, define a partition A,, Ay, A., and Az of A by

A\{a€ed: b<aorc<a} ifa=agq

A= {b} if @ =b;
{c} if a =g
{a€d: b<aorc<a} if a =d.

Then we can extend (P, : a € A') to (P, : a € A) by putting
P, := Pg, o€ Aﬂ

for each 8 € A'. It is routine to check that this extension maintains stochastic
monotonicity, that is, that if a; < as, then P,, < P,,. This is true if a;,as € Ag
for some § and also if a; € A, or ay € Ay. If a3 € {b,c} and a; < az, then
as € Ag. f oy € Ay and oy < ag, then as € Ay. So stochastic monotonicity is
clear.

Case II. Suppose that A4 has no diamond as an induced subposet. By Lemma 2.4,
A has an induced cyclic subposet A’. In the same way as what we did in (4.7), we
can label the cycle A’ as illustrated in

A=

% a 3 g2  Ga

By our Case II assumption, A’ must be a subdivided k-crown for some k > 2.
Let A" be the k-crown (ag, bo,a1,b1,... ,a5—1,bx—1,0a0). By Example 4.5 and 4.6
(and then further using Proposition 4.10, if necessary), there exists a stochastically
monotone system (P! : a € A") of probability measures on S which is not realizably
monotone.

Let Pé' and Pi” be defined as in Remark 4.7 so that Pé’ < P! < Pi” for all
a € A". Consider the partition {Af: B € A"} of A’, where

A;i ::{CMEAI: ai§a<b,~,1oraz~§a<b,~}
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and Aj :={b;} for i =0,... ,k — 1. By letting
A; ={a €A\ A" :a > pfor some g € A'}

and Ay := A\ (A'UA;), we can define a system (P, : o € A) of probability measures
on S by
Py if @ € Aj for some 3 € A"
P, = Pi" if o € Ay;
Pél ifa € Aﬁ;
this system extends (P) :a € A").

We claim that (P, : a € A) is stochastically monotone. Let a; < ap. If iy € A
or as € Aj, then Py, <X P,,. This is also trivial if oy, s € A'. If o € A', then
ay € A'UA;, 80 Py, X Py, If a1 € A, then ap € A'U A;. We need only show that
it is impossible to have both a; € A; and as € A'. Indeed, then oy ¢ A’, but for
some 3 € A’ we have 8 < a1 < as. But then there are two distinct upward paths
from (3 to ay in A, namely the one using edges in the cover graph (A’,€4/) and
one containing «; ¢ A’. This violates Lemma 2.5, since we are assuming that A
has no induced diamond. Thus, we have established the claim and, by Lemma, 2.12,
(Py : a € A) cannot be realizably monotone. [J

5. The monotonicity equivalence problem on Class Y. In Section 5 we
investigate the monotonicity equivalence problem when & € Y. The goal of this
section is to prove the following theorem. Two reformulations of the necessary and
sufficient condition here are given in Proposition 5.11.

THEOREM 5.1.  Let S be a poset of Class Y. Then monotonicity equivalence
holds for (A,S) if and only if there exists an acyclic poset A which has A as an
induced subposet.

Thus, some posets A of monotonicity equivalence may be non-acyclic. As an
instructive example, let

b, b, -_. b
(5.1) A= I I}fi ii{fI\
- ~ o)
a  a, " gy, &,
be a poset where a; < b; foralli =1,...,mandall j =1,...,n. Then Ais a

poset of monotonicity equivalence for any S ¢ B. To see this without resorting to
Theorem 5.1, grant the following proposition for now.

PROPOSITION 5.2.  Suppose that S € B. Let Py 1,... ,Pom, Ps1,...,FPon be
probability measures on S satisfying
FP,; 2 PF,; foralli=1,... mandalj=1,...,n
Then there exists a probability measure Py on S such that

Poi PP, foralli=1,..., mandall j=1,...,n.
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Now suppose that (P, : a € A), with A given by (5.1), is a stochastically
monotone system of probability measures on S. Proposition 5.2 implies that there
is a probability measure Py on S such that P,;, X Po X P, foralli=1,... ,m and
all j =1,...,n. Define an acyclic poset .4 on the set A = AU {c} by means of the
Hasse diagram

(5.2) A= =
& & g &

Then the poset A is an induced subposet of A. By letting P, := Py, we can enlarge
the system (P, : a € A) to the system (P, : a € A), which remains stochastically
monotone. By applying Theorem 4.1 and then Lemma 2.12, we see that both (P, :
a € A) and (P, : a € A) are realizably monotone. Thus, we have shown that
monotonicity equivalence holds for (A, S).

In Section 5.1 we attend to the proof of Proposition 5.2. A large class of posets
A of monotonicity inequivalence is presented in Section 5.2, leading to the proof of
Theorem 5.1 in Section 5.3.

5.1. Probability measures on an acyclic poset. The goal of this subsection is to
prove Proposition 5.2. We begin this subsection by introducing a natural partial
ordering on a connected acyclic graph (i.e., a tree) when one vertex is specified to
become a top element, that is, to be made larger than every other vertex. Let S
be a connected acyclic poset and let 7 be a fixed leaf of S. Declare z <, y for
z,y € S if and only if the (necessarily existent and unique) path (7,...,z) from 7
to z contains the path (7,... ,y) from 7 to y as a segment. This introduces another
partial ordering <, on the same ground set S (see [1]). We call this new poset
(S, <:) a rooted tree (rooted at 7). (Comparison of the poset S and a rooted tree is
illustrated in Example 5.4.) The element 7 is clearly the maximum of the rooted tree
(S,<;) and is called the root. If x covers y in (S, <;), then y is called a successor
of x, and z is called the predecessor of y.

For each x € S, we define a section of rooted tree by

(2] ={{e€S:{<r o},

that is, the down set in (S, <,) generated by z [cf. Section 2.1(1)]. Every section
(¢, z] is either a down-set or an up-set in S, and which of these holds can be
determined from the cover relation of S. We state this as the following lemma.

LEMMA 5.3.  Let S be a connected acyclic poset. For every x € S, (+,x] is
either a down-set or an up-set in S. If x # T, then there is a unique predecessor w
of z, and the edge {z,w} belongs to the cover graph (S,Es) of S. Moreover, (+,z]
is (1) o down-set or (ii) an up-set in S according as (i) w covers z or (i)  covers w

mS.
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Proor. If z = 7, then (+,7] = S is both a down-set and an up-set in S. If
z # 7, then z <, 7 and there is a unique predecessor of z; otherwise, the uniqueness
of the path is contradicted. Let w be the predecessor of z. Clearly, {z,w} belongs
to the cover graph of S. Suppose that w covers z in S. We claim that (+,z] is a
down-set in S, that is, that n € (+, 2] whenever n < £ in S for some £ € («, z].
[Since we have the same rooted tree (S, <) for the dual §*, in proving the claim we
will also settle the case that z covers w in S.] To see this, look at the paths from the
root 7 to & and 7, say, (ug,--- ,Un_1) from 7 = ug to u, 1 = £ and (vg,... ,Vm_1)
from 7 = vg to v, 1 = 1. For some k, the two paths descend the same vertices
until the kth vertex, then split at the (k + 1)st vertex. The path from & to 7 is then
(Up—1y-++ Ukt1, Uk, Vt1,--- ,Um—1), which is downward in S by assumption. That
¢ <, z implies that (u;—1,u;) = (w,z) for some i. Furthermore, we have i < k;
otherwise, the downward path from £ to n contains the directed edge (z,w), which
is impossible. Thus, the path from 7 to i contains the vertex x, which implies that
n<;z. O

1N
s= , \Iq/ (S, <) =

(a) a poset of Class Y (b) a rooted tree with root 7

o u oV
S

X

Fic. 5.1. The comparison of two posets

ExAMPLE 5.4.  Let S be the poset of Class Y displayed in Figure 5.1(a). By
choosing the leaf 7 of S as the root, we obtain the rooted tree (S, <) illustrated
in Figure 5.1(b). For example,  covers its predecessor ¢ in S. By Lemma 5.3, the
section (+,7] = {r,p,t,z,y, 2} is an up-set in S, which we can confirm immediately
from Figure 5.1(a). O

Now let P be a probability measure on S. We define the distribution function of
P by

(5.3) F(z) := P((+,z]) foreachz e S.
It satisfies

(5.4) F(r)=1
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and

(5.5) Z F(¢) <F(x) foreveryzeS,

£eC(x)
where C(z) denotes the set of all successors of z (and the summation is defined
to be zero if C(z) = &). Conversely, if a nonnegative function F' on S satisfies the
properties (5.4)—(5.5), then it is the distribution function of the probability measure
P determined uniquely via

(5.6) P({z}) :== F(z) — Z F(¢) foreachz e S.

£€C(x)
Furthermore, stochastic ordering can be characterized in terms of distribution func-
tions, as stated in the following lemma.

LEMMA 5.5. Let P; be a probability measure on S and let F; be the distribution
function of P;, for each i = 1,2. Then P, < Ps if and only if for every x € S we
have

(i) Fi(z) < Fa(2) if (+, z] is an up-set in S, and
(il) Fi(z) > Fa(z) if (+,z] is a down-set in S.

ProOF. By (1.2) and its trivial consequence Proposition 4.4(b), P; < P, clearly
implies the conditions (i)—(ii). We proceed to the converse. Since any up-set U in
S is the disjoint union of the components Vi,...,V;, of the subgraph of (S,&s)
induced by U and Vi,...,V,, are all up-sets in S, to prove P, < P; it suffices
to show (1.2) for every up-set U which induces a connected subgraph of (5,&s).
If a set U induces a connected subgraph of (S,Es), then we can find x € U and
incomparable elements yi, ...,y of («,z] in (S, <;) so that

k
U= ((_75”] \ <U(<_ayl]> )

i=1
where (as usual) the union is empty if ¥ = 0. Furthermore, suppose that U is an
up-set in S. If x = 7, then (+, 2] = S is trivially an up-set in S; otherwise, & covers
its predecessor w in S and, by Lemma 5.3, (+—, z] is an up-set in S. Similarly, (+,y;]

is a down-set in S for each ¢ = 1,... , k. Therefore, we have
k k
P(U)=Fi(z) = Y Fi(yi) < Fa(a) = Y Fa(yi) = R(U),
i=1 i=1

which establishes the sufficiency of the conditions (i)—(ii). O

Because of Lemma 5.5, we write F; < F; if a pair (Fy, F») of distribution func-
tions on S satisfies Lemma 5.5(i)—(ii) for every z € S.

We now turn to the proof of Proposition 5.2. Let S ¢ B and let F, 1,... , Fom,
Fy1,...,Fym be the distribution functions satisfying

FoiXF,; foralli=1,..., mandalj=1,...,n.
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Then define the function 8 on S by

F,; i=1,..., if ,x) i _cot i :
(5.7)  b(z) = {maX{ ilx) i m} if (¢, ] is an up-set in S

max{F; ;(x):j=1,...,n} if (¢, 2] is a down-set in S.

for x € S. We first present the following lemma.

LEMMA 5.6. Let S € B. Suppose that x € S and that vy, ... ,v; are mutually
incomparable elements of (<, z] in (S,<;).

(a) If (-, z] is a down-set in S and v1,... ,v; <z in S, then

l

20(111-) < Foj(x) forallj=1,...,m.
i=1

(b) If (¢, ] is an up-set in S and v1,... ,u; > x in S, then

1
Ze(vi) <Fyj(z) forall j'=1,...,n.

i=1

PROOF. Suppose that the hypotheses in (a) hold. If v; = z, then | = 1 and
the inequality clearly holds. Otherwise, v; # x for every ¢ = 1,...,l. Since the
path (v;,u4,... ,x) is upward and u; covers v; in S, by Lemma 5.3(b) (+,v;] is a
down-set in S. Therefore we have

l

1
Zﬁ(vi) < ZFa,j(Uz') < Fy j(z)

i=1
for all j = 1,...,m, as desired. The case (b) is reduced to (a) by considering the
dual §*. O

We now define a nonnegative function Fy on S inductively. If z is a minimal
element in (S, <;), then assign Fy(z) := 6(z). If z is a nonminimal element in
(S,<;) and Fy(&), € € C(x), have all been assigned, then set

Fy(z) := max< 6(x), Z Fy(¢)
£eC(z)

Clearly Fj satisfies (5.5). We complete the proof of Proposition 5.2 by showing that
F, satisfies (5.4) and

(5.8) FoiFy2F,; foralli=1,...,mandallj=1,...,n.

Thus, Fp is a distribution function with the desired property.
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PROOF OF PROPOSITION 5.2. We first claim that for every z € S, there are
incomparable elements v1,...,v; of (+,z] in (S, <;) which satisfy both the hy-
potheses of one of Lemma 5.6(a),(b) and also

1
(5.9) Fo(z) =) 0(vi).
i=1

We will show this by induction over the cardinality of («,z]. If |(+, z]| = 1, then
z is a minimal element in (S, <;) and indeed Fy(z) = 6(z).

Suppose that the claim holds for any z € S such that |(+,z]| < n — 1. Let
z € S satisfy |(«,z]| = n > 2. If £ = 7, then recall that 7 is a leaf in S so that
C(7) is a singleton, say {y}. By the induction hypothesis, we can find incomparable
elements vy, ... ,v; of («,y] in (S, <,) which satisfy both the hypotheses of one of
Lemma 5.6(a),(b) and (5.9) for y. If Lemma 5.6(a) obtains, then

l
Fo(y) = Zo(vj) < Foa(y) <1
7j=1
A similar derivation concludes that Fy(y) < 1 when Lemma 5.6(b) obtains. There-
fore, we have Fy(7) = 6(7) = 1, which proves (5.4). Furthermore, the claim holds
for x = 7.

If x # 7, then z has a predecessor yo and successors ¥, ...,y for some k > 1
(recalling our assumption |(+,z]| = n > 2). Without loss of generality, we may
assume that yo covers z in S. (We can treat the case that x covers yo in S in
exactly the same way by considering the dual §*.) Then, by Lemma 5.3, (+, ] is
a down-set in S. Since S cannot have a bowtie as an induced subposet, only the

following three cases can occur: (I) x covers yy,... ,yx in S, or (II) y1,... ,yr cover
zin S, or, with k > 2, (ITI) yy, ... ,yx_1 cover x, and x covers yi, in S. The induced
subposet of S on {z,yo,y1,--- , Yk} for each of these three cases is illustrated in the

following figure.

Yo Y1 Yo %o
I Y % % % %
X Q - -- o o \
/& \% X
- - O OX

A Yir Y %
Case 1 Case II Case III

Case I. If Fy(x) = 6(z), the claim is obvious. Otherwise, we have Fy(z) =
Ele Fy(y;). For each i = 1,...,k, the section (+,y;] is a down-set in S by
Lemma 5.3, and therefore by the induction hypothesis we have incomparable
elements v{", ... ,vl(f) of («,y;] in (S, <,) satisfying Lemma 5.6(a) and (5.9) for
y;. Thus we have

. _
%wzzﬂm=zzw%,
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and z > v](-i) for all ¢, j. Since the UJ(-i)’s are incomparable in (S, <;), the claim holds
for x.
Case II. For each i = 1,... , k, (¢, y;] is an up-set in S by Lemma 5.3, and therefore
by the induction hypothesis we have incomparable elements vy), - ,vl(:) of («,yi]
in (S, <;) satisfying Lemma 5.6(b) and (5.9) for y;. By applying Lemma 5.6(b)
to (5.9), we have

k1 k

k
S Foly) =D D 00 <3 Foi(yi) < Fia(2) < 6(a),
=1

i=1 j=1 i=1
which implies that Fy(z) = 6(z). Thus the claim holds for z.

Case III. By Lemma 5.3, (<, yx] is a down-set in(S) and th(eliefore by the induction
k k

hypothesis we can find incomparable elements v;"’,... ,v; " of (+,yx] in (S, <;)
satisfying Lemma 5.6(a) and (5.9) for yi. Since S has no bowtie as an induced
subposet and yo,y1 > yx > vy ... ,Ulk) in S, we have [, = 1. Thus, we can find

some jo so that

Fo(yr) = 0(wi") = Fy 3, (v{?) < Fy 5, (yn).-

For each i =1,... ,k — 1, the section (+,y;] is an up-set in S by Lemma 5.3, and
therefore by the induction hypothesis we have incomparable elements v§z), ... ,vl(:)
of («,y;] in (S,<;) satisfying Lemma 5.6(b) and (5.9) for y;. By applying

Lemma 5.6(b) to (5.9), we obtain

k k=1 I;
S Folwi) < Figo () + 3.3 60}
i=1 i=1 j=1
k
<Y Foo(yi) < Fijo(@) < 6(),
i=1

which implies that Fy(z) = 6(x). Thus, we have established the claim.
In order to show (5.8), it suffices to show that if (+—,z] is an up-set in S then we
have

F,i(z) < Fy(z) < Fp;(x) foralli=1,...,mandallj=1,... n.

(Again, we can verify the case that (+,z] is a down-set in S by considering the
dual §*.) Suppose that (+,z] is an up-set in S. Then we can find incomparable ele-
ments vy, ... ,v; of («—, ] in (S, <;) satisfying Lemma 5.6(b) and (5.9). By applying
Lemma 5.6(b) to (5.9), we have

1
Foi(z) <6(z) < Fo(z) = Zo(vi) < Fyj(x).

i=1

This completes the proof. [J
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5.2. Monotonicity inequivalence on Class Y. In this subsection, we present var-
ious examples, each with a poset & from Class Y, of posets A of monotonicity in-
equivalence. The next example turns out to be a building block for all the other
examples.

ExAMPLE 5.7.  Let Ag be the diamond given in (4.5) and let Sy be the Y-poset
as in Figure 2.1(b). Define a system (P,, Py, P, P;) of probability measures on Sy
by

unif{z, y} if o = a;
(5.10) P, = un%f{m,w} ?f a=1b
unif{y, w} ifa=c

unif{z, w} if a =d.

It is clearly stochastically monotone with respect to (Ao, Sp). We can prove that
it is not realizably monotone by contradiction. Assume that there exists a system
(X4 : a € Ag) of Sp-valued random variables which realizes the monotonicity. Then
we have

PXy=2z)=PX, =z, Xp =2, X, =w, Xy =w) =

Y

N N =

P(xc:y) :P(Xa:yaxb:waxc:yaxd:w) =

Therefore, we have P(X; = w) > 1, which contradicts the requirement P(X; =
w) = Py({w}) = 1/2. Thus monotonicity equivalence fails for (Ag, So). O

In Example 5.7, the dual Aj is the diamond again. By Proposition 2.16, mono-
tonicity equivalence fails for both (A§,Sp) and (Ag,S3). Now let S be any poset
of Class Y. Since S has either the Y-poset Sy or its dual S as an induced sub-
poset, by Lemma 2.13 monotonicity equivalence fails for (Ag,S). Thus, there exists
a system (Pa,Pb,Pc,Pd) of probability measures on S which is stochastically but
not realizably monotone with respect to (Ag,S). In the next three examples (Ex-
amples 5.8-5.10), we take S to be any poset of Class Y.

EXAMPLE 5.8.  Suppose that A has a cycle with height at least 3. Then mono-
tonicity equivalence fails for (A, S).

To see this, observe by Lemma 2.6 that A has an induced cyclic subposet A’ =
(ag,ai, ... ,an_1,a0) with height at least 3. Without loss of generality we may
assume that A’ has a maximal upward path (ag:, @k 4+1,--- ;0n—1,00,01,--- ,ak)
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with height at least 3 for some 1 < k < k' < n — 1, as illustrated in

ak’/ \
O/' o‘\a.k"'l
(5.11) Al = g O\
AN
\O/’
ak,

Note that k + 2 < K/, since ay does not cover ag. Then we can define a system
(P, : @ € A) of probability measures on S by

Pb ifa= aop

P ifag <
P, = "d ! 0

P, if a < ag

P, otherwise.

Then the system is stochastically monotone.

We now show by contradiction that it is not realizably monotone. Suppose that
we have a system (X, : a € A) of S-valued random variables which realizes the
monotonicity. Then we have X,,, < X,, < X,,. Since Py, ,, = -+ = Py, |, =
P,, by applying Lemma 4.9 repeatedly we obtain (almost surely) X,, g ==
X, _,- Since apy1 < ap and ap < ap—1, we have X,,, < X,,, | = X, ,, <
X, - Therefore, the system (X,,,, Xaor Xas tl,{(akz of S-valued random variables

realizes the monotonicity of the system (P,, Py, P, P;) in terms of (4g, S). But this
contradicts Example 5.7. [

EXAMPLE 5.9.  Suppose that A has a k-crown Ay, as an induced subposet for
some k > 3. Then monotonicity equivalence fails for (A4,S).

To see this, let Ay, be as labeled in (4.6), let U := {a@ € A : ap < a} be the up-set
in A generated by ag, and let V := (by_1) be the down-set in A generated by bg_1.
Then we define a system (P, : a € A) of probability measures on S by

151, ifaeUNV
Pd ifaeUNVe
P, ifacUNV

P, otherwise (i.e., a ¢ U U V).

P, =

Suppose that & < 8in A. If a € U° NV, then P, = P, < Ps. If a € UNV, then
B € U and Pj is either P, or Py; thus, P, = P, X P3. fa U UV, then 8 ¢V
and Pg is either P, or Py; thus, P, = P. R Ps. If a € UNV®, then § € UNV*®, and
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P,=P;<P;= Pg. In each case that a < 8, we have shown P, <X Ps. Therefore,
the system is stochastically monotone.

Suppose now that we have a system (X, : a € A) of S-valued random vari-
ables which realizes the monotonicity. Since P,, = P, _, = 151,, by Lemma 4.9
we (almost surely) have X,, = X, , and therefore X,, , < X,, < Xj,. Since
P, =F, =--=PF,_, =PF,_, = 150, by applying Lemma 4.9 repeatedly
we obtain (almost surely) X,, = X3, = --- = X,,_, = Xy,_, and therefore
Xap; < X4, < Xy, which implies that the system (X,,_,, Xqq, Xa,, Xb,) Of S-
valued random variables realizes the monotonicity of the system (P,, By, P., Py)
indexed by the diamond (4.5). But this contradicts the discussion following Exam-
ple 5.7. Hence (P, : a € A) is not realizably monotone. [

EXAMPLE 5.10.  Suppose that A has

bl b2 b3
(5.12) A= I><I><I
a;, 8, &

as an induced subposet. Then monotonicity equivalence fails for (A, S).
To see this, define a system P = (P, : a € A) of probability measures on S by

.l?b ifae <b1) \ <b3)
P - P, ifa € <b3> \ <b1>
“=\B, ifae (b)N (bs)

P;  otherwise (i.e., a & (b1, b3)).

Suppose that a < 8 in A. If a € (by) N (b3), then P, = P, < Py. If e € (by) \ (b3),
then 8 ¢ (b3) and Py is either P, or Py; thus, P, = Py < Ps. If a € (b3) \ {by),
then B ¢ (b)) and Py is either P, or Py; thus, P, = P, < Ps. If a & (by,b3), then
B & (b1,b3); thus, P, = P, <X P = Pg. Therefore, the system is stochastically
monotone.

Suppose now that there exists a system (X, : a@ € A) of S-valued random
variables which realizes the monotonicity. By Lemma 4.9, we (almost surely) have
Xa = Xp, and X,, = Xj,. Thus we have found a system (X,,, Xq,, Xas, Xby)
of S-valued random variables which realizes the monotonicity of the system
(P,, Py, P., P;) indexed by the diamond (4.5). But this again contradicts the dis-
cussion following Example 5.7. Therefore, (P, : a € A) is not realizably monotone.
O

5.3. The proof of Theorem 5.1. At the beginning of this Section 5, we saw that
a non-acyclic poset .4 can sometimes be enlarged to an acyclic poset A. But such an
enlargement is not always possible. In fact, by Proposition 2.7, if A has an induced
subposet which is one of the posets (i)—(iv) in Proposition 2.7 [i.e., (i) the diamond,
(ii) a subdivided crown with height at least 3, (iii) the k-crown for some k > 3, or
(iv) the double-bowtie poset], then such an enlargement is not possible. It turns
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out that a non-acyclic poset can be enlarged to an acyclic poset if and only if none
of the posets (i)—(iv) in Proposition 2.7 is an induced subposet; this relates the
examples in Section 5.2 to Theorem 5.1.

PROPOSITION 5.11.  Let A be a connected poset. The following conditions (a)-
(c) for A are equivalent:

(a) there exists an acyclic poset A which has A as an induced subposet;

(b) any induced cyclic subposet of A is a 2-crown, and no induced subposet of
A is the double-bowtie (5.12);

(c) no induced subposet of A is one of the posets (i)—(iv) in Proposition 2.7.

PROOF OF (a) = (c) AND (¢) = (b). Suppose that there exists an induced
subposet B of A which is poset-isomorphic to one of the posets (i)—(iv) in Proposi-
tion 2.7. If there is an acyclic poset A which has A as an induced subposet, then
B is also an induced subposet of A; by Proposition 2.7, this is impossible. We have
thus shown that (a) = (c).

To prove (¢) = (b), observe that a cycle is simply a subdivision of either the
diamond or a crown. So if A has an induced cyclic subposet B which is not a 2-
crown, then we can find an induced subposet of B (automatically, of course, an
induced subposet of A) that is one of the posets (i)—(iii) in Proposition 2.7. Thus,
the failure to satisfy the condition (b) implies the existence of an induced subposet
which is one of the posets (i)—(iv) in Proposition 2.7. O

In preparation for proving (b) = (a), we introduce a new operation that welds
two posets into one, as follows. Suppose that two posets A’ and A" share a single
element ¢ (i.e., that A’ N A" = {c}). Then the two Hasse diagrams of A’ and A"
can be drawn in the same plane with their own vertices and arcs independently
except for the vertex c to be shared by the two diagrams; this introduces a merged
diagram on the vertex set A’ U A"”. We call the poset represented by this Hasse
diagram the union of A" and A" joined at ¢ and denote it by A’  A". We list some
easily verified properties of the welding operation here:

1) If A" and A" are connected, then A’ (1 A" is connected.

If A" and A" are acyclic, then A’ 0 A" is acyclic.
Both A’ and A" are induced subposets of A’ 0 A

Suppose that two posets Aj, and Aj share a single element ¢ and that A’ and
A" (also sharing c¢) are induced subposets of Aj and Af, respectively. Then

c c
A’ A" is an induced subposet of Aj LI Ag.

2

3
4

—_ — — —

(
(
(
(

We now continue our preparation for the proof of (b) = (a) in Proposition 5.11.
Lemma 5.12 provides machinery to split a poset into two smaller ones; this enables
us to devise induction arguments in proving both Theorem 5.1 and (b) = (a) in
Proposition 5.11.
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LEMMA 5.12.  Let A be a connected non-acyclic poset. Suppose that A satisfies
the condition (b) of Proposition 5.11. Then we can construct a pair Ay and A of
connected posets (with ground sets A}y and Ay, respectively) such that, for some c,

(1) both Ay and Aj satisfy the condition (b) of Proposition 5.11;
(i) AN AL ={c}, (AU AY) \{c} = A4, and |A}|,|Ay| < |Al; and
iii) A is the subposet of Ag = A! 0 A induced by A.

0 0

PROOF. Let G be the collection of all subsets B of A such that the subposet
via induced cover subgraph of A on the ground set B is a poset of the form (5.1)
for some m,n > 2. Note that if a subposet B via induced cover subgraph is of the
form (5.1) then B is an induced subposet. By Lemma 2.4 and the condition (b) of
Proposition 5.11, 4 has an induced cyclic subposet which is necessarily a 2-crown;
thus, G is nonempty. Choose a maximal subset By from G. Then let By be the
subposet of A induced by By and label it as in (5.1).

Consider the Hasse diagram of A as represented in the plane. First remove the
arcs from each of aq,... ,an to each of by, ... ,b,. Since the elements b1, ... ,b, are
all drawn above the elements aq,... ,a,, we can insert a new vertex ¢ above the
elements ay, ... ,a, but below the elements by, ... , b,, and then add new arcs from
ai,... 0y, to cand from ¢ to by, ... ,b,. This creates a new poset Ag with ground
set Ag := AU {c}, as illustrated in

IR R
0.

N /

Ag = T
0= 7

O QO

7 SN a N
N

Sa az\__',’ an1 8y

The subposet of 4y induced by A introduces the arc from each of ay,...,a,, to
each of by, ... ,b,, thus restoring the Hasse diagram of A.

We claim that Ag does not have any cycle which contains an upward path
(ai, c,b;) with a;,b; € By. Granting the claim for the remainder of this paragraph,
we define

A = {a € Ag : apath (c,as,...,a) exists in Ay for some a; € By};
Ay :={a € Ay : apath (¢,bj,...,a) exists in Ay for some b; € By}.

By convention, we include ¢ both in Aj and in Aj. Let A} and A{ be the subposets
of Ay induced by A} and Aj, respectively. Clearly, Aj and Aj are both connected
posets. By observing that A4y is connected, we find Aj U A = Ao. The claim
implies that Aj N Af = {c} and that there are no edges between A’ := A} \ {c}
and A" := AJ \ {c} in the cover graph of 4q. Therefore, Ay = A} ¥ Ag, which
implies (iii). Since {a1,...,am} C Ap, {b1,...,b,} C Ay, and m,n > 2, we have
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|A4g], |Ag] < |A|, as desired in (ii). To see (i) for A} (the same argument works for
Ay, suppose that A} has an induced subposet V which violates the condition (b) of
Proposition 5.11. If V-.C A', then let V' := V; otherwise, let V' := (V \ {c}) U{b1 }.
Then the subposet V' of A induced by V' is poset-isomorphic to V. Furthermore, if
V is a cycle in Ajf), then V' is so in \A. But the existence of such an induced subposet
of A contradicts the assumed condition (b) of Proposition 5.11. So (i) holds, and
Lemma 5.12 is established modulo a proof of the claim.

Now we show the claim. To prove this by contradiction, we further enlarge the
poset Ag as follows. We first remove the arcs from ¢ to each of by, ... ,b, from the
Hasse diagram of Ag. Then a new element ¢’ is drawn above ¢ but below each of
bi,..., by, and the arc from ¢ to ¢’ and the arcs from ¢’ to each of by,... ,b, are
introduced in the diagram. This creates a new poset 4, as illustrated in

/
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Clearly, Ay is an induced subposet of A;. If we can show that 4; has no cycle which
contains the edge {c,c'}, then Ay has no cycle which contains an upward path
(ai, c,bj) for some a;,b; € By, establishing the claim and Lemma 5.12. Thus, to
obtain a contradiction, suppose that A; has a cycle which contains the edge {c,c'}.
By Lemma 2.4, we may assume that such a cycle, say (a1,¢,c',b1,u1,... ,ug,a1),
is an induced cyclic subposet of 4;. Then the cycle (a1,b1,u1,...,ux,a1) in A is
an induced subposet of A, and therefore by condition (b) of Proposition 5.11 the
induced cyclic subposet (a1, b1, u1,... ,ug,a1) of A must be a 2-crown, and therefore
k = 2. Note that u; € Bg for i = 1,2; otherwise, the cycle (a1,¢,c',bi,u1,u2,a1)
cannot be an induced subposet of A;.

Write ag := u; and by := uz. Now consider the comparability in A between
{ao,bo} and By. If ag is comparable with some a; of By, then either ag < a; < by
or a; < ag < by, contradicting our knowledge that {ag, b; } and {a;, by} are edges in
the cover graph of A. Thus ag is incomparable with each of ay, ... ,a,,. Similarly
we can see that by is incomparable with each of by, ... ,b,. If ag is comparable with
some b; of By with j > 2, then ay < b;; otherwise, b; < ag < by, contradicting the
assumption that b; and b; are incomparable. Suppose that there is an upward path
(vi,...,v) in A from vy = ag to v; = b; with I > 3. Then it is not hard to see that
the cycle (ag,va,- .. ,v;,a1,bp,a0) in A is an induced subposet of A with height
I, contradicting condition (b) of Proposition 5.11. Therefore, b; must cover ag in
A. Note that ag cannot be comparable with all of by, ... , by, since By U {ao} ¢ G.
Similarly, by cannot be comparable with all of as, . .. ,a,, (but by may cover some of
them). Thus, we can find some elements a;, b; of By so that ag is incomparable with
b; and bo is incomparable with a;. We have now found the subposet of .4 induced
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by {ao, a1,as, b, b1, b;} to be poset-isomorphic to the poset (5.12). This contradicts
condition (b) of Proposition 5.11. O

We now give the proof for (b) = (a) in Proposition 5.11, by induction over the
cardinality of A. The idea of the proof is to build up an acyclic poset by using
Lemma 5.12.

PRrROOF OF (b) = (a) IN PROPOSITION 5.11. Suppose that a poset A satisfies
the condition (b). We will make an inductive argument over the cardinality of A.
But if A is acyclic, then the argument is vacuous. In particular, 4 with cardinality at
most 3 is acyclic. Now let A be a connected non-acyclic poset with cardinality n > 4.
By Lemma 5.12, there exists a pair Aj and Aj of connected posets satisfying (i)—
(iii) in Lemma 5.12. Then, by the induction hypothesis and (i)—(ii) in Lemma 5.12,
Al and AJ can be enlarged to acyclic posets A’ and A", respectively.

Since AN Al = {c}, the ground sets A’ and A" can be given so that A’ N A" =
{c}. Let A := A & A". Then A is acyclic. Furthermore, A = Aj ¥ Aj is an
induced subposet of A. By (iii) in Lemma 5.12, A is an induced subposet of A, as
desired. [

Now we turn to the proof of Theorem 5.1. The proof will parallel that of (b) =

(a) in Proposition 5.11 somewhat. Let A be a connected poset and let S be a poset
of Class Y.

PrOOF OF THEOREM 5.1. Suppose first that a non-acyclic poset A is not en-
largeable to an acyclic poset. Then, by Proposition 5.11, A has an induced subposet
B which is one of the posets (i)—(iv) in Proposition 2.7. If B is the diamond, then
by Lemma 2.5 A has a cycle with height at least 3. Thus Example 5.8 implies
that monotonicity equivalence fails for (A, S). If B is either the k-crown for some
k > 3 or the double-bowtie poset (5.12), then by Examples 5.9-5.10 monotonicity
equivalence fails for (A4,S). Suppose now that B is a subdivision of the k-crown
as displayed and labeled in (4.6) and has height at least 3. Then we may assume
that there exists ¢g € B such that ag < ¢y < by in B. So we find an upward path
(ag,---,c,co,c",... ,bp) in A from ag to by with height at least 3. Since ¢q is in-
comparable in A4 with each of a;,...,ar_1 and each of by,...,bx_1, no upward
path in A from any a; to any b; contains either {c¢’,co} or {co,¢"} as an edge un-
less (i,7) = (0,0). Let (A,&4) be the cover graph of A. Then there exists a path
(u1,...,ug) from u; = " to up, = ¢ in the graph (4,4 \ {{c,c0},{co,c"}}).
Thus, A has a cycle (¢’,co,¢” = u1,...,ur) with height at least 3. Therefore, by
Example 5.8 monotonicity equivalence fails for (A4,S).

Suppose now that a poset A is enlargeable to an acyclic poset. We will prove that
monotonicity equivalence holds for (A4, S) by induction over the cardinality of A. If
A is acyclic, then, by Theorem 4.1, A is a poset of monotonicity equivalence. Thus,
if |A| < 3, then A is acyclic and therefore a poset of monotonicity equivalence.
Now let A be a non-acyclic poset with cardinality n > 4 and let (P, : a € A) be a
stochastically monotone system of probability measures on S. By Lemma 5.12, there
exists a pair Aj and Aj of posets satisfying (i)—(iii) in Lemma 5.12. Let a1,. .. ,amn
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be all the elements covered by ¢, and let by,...,b, be all the elements covering ¢
in Ay = Aj N Ag. Since A is an induced subposet of Ag, we have P,;, < B, for
alli=1,... ,mandall j =1,...,n. By Proposition 5.2, we can find a probability
measure Fy on S such that Py, < By X By, foralli=1,... ,mandallj=1,... ,n.

Let P, := Py. Then we can enlarge the system (P, : a € A) to a system (P, : a €
Ap), maintaining stochastic monotonicity. Note that the subsystems (P, : a € Aj)
and (P, : a € Aj) are also stochastically monotone. Since [by Lemma 5.12(i) and
Proposition 5.11] Aj [respectively, Aj] is enlargeable to an acyclic poset, by the
induction hypothesis there is a system (X[, : o € Af) [respectively, (X : a € Ap)]
of S-valued random variables which realizes the monotonicity of (P, : a € Ap)
[respectively, of (P, : @ € Af)]. Let A’ := A} \ {c} and A" := A} \ {c}. We can
define a probability measure ) on S4° = SA" x glet x g4” by

QUK &x"M}) = Q' (X[OQ"(&,x") for (x',&,x") € S x StF x 47,
where
Q'(X[§) := P(X,, = ma(x') Va € A'[ X[ = §);
QII(&-’XII) = P(xlcl — E, Xg — 71_a()cll) Va E A”).

Then @ realizes the monotonicity of (P, : a € Ap). By Lemma 2.12, (P, : a € A)
is realizably monotone; thus, monotonicity equivalence holds for (A,S). O

REMARK 5.13. In the second part of the proof of Theorem 5.1, we invoke
Proposition 5.2, which requires only & ¢ B. Thus, we have actually proved that if
S ¢ B and A is enlargeable to an acyclic poset then monotonicity equivalence holds

for (A,S).

6. Probability measures on a path. In Section 5 we have seen that, when
S ¢ B, stochastic ordering can be decided from the distribution function (5.3). In
this Section 6 we establish that the inverse probability transform (6.1) can be used
to realize monotonicity when S € Z; this result extends Example 1.2. As a result,
we will obtain

THEOREM 6.1.  Let A be any poset and let S be a poset of Class Z. Then
monotonicity equivalence holds for (A,S).

Let S be a poset of Class Z. As we observed in Section 3, S is poset-isomorphic
to a path, say (x1,...,%,). So a natural linear order <,, of the path is introduced
by declaring z; <, z; if and only if i < j. In other words, (S, <) is a rooted tree
with root z,, (see Section 5.1). Note that such a linear order <,, is not consistent in
general with the partial order < of the poset S. In Figure 6.1 we give an example
of (a) a poset S of Class Z and (b) its linear order <,,. For every z; € S, the section
(«,2;] == {z; € S : z; <, z;} of the path is either an up-set or a down-set in S,
which is obvious pictorially in Figure 6.1. In fact, the linearly ordered set (S, <,)
is a rooted tree with root z,,; thus, Lemma 5.3 applies.
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397 xo 797 xo Xs
S:= X / s\ ® (S,<n) = X5

X1
(a) a poset of Class Z (b) a linear order of the path

FiG. 6.1. The comparison of two posets

For a probability measure P on S, the distribution function F' of P is given
by (5.3), that is, F(z;) = P((+,z;]) for each z; € S. Furthermore, we can define
the inverse probability transform P~! from [0,1) to S by

(6.1) P (u) :=min{z;, :u < F(z)} foru €0,1),

where the minimum is given in terms of the linear order <,,. Then we can state an
equivalent condition for stochastic ordering as the following lemma.

LEMMA 6.2.  Let (P1, P2) be a pair of probability measures on S € Z. Then
P, < Py if and only if

(6.2) Prl(u) < Py(u)in S forall u € [0,1).

PROOF. Suppose first that P, < P,. Let F; and F, denote the distribution
functions of P, and P, respectively. Let u € [0,1) be fixed, z; := P; !(u), and
zj := Py Y(u). If ; = x;, then (6.2) obviously holds. If z; <, ;, then we have

Fy(zp) < Fa(wj—1) <u < Fi(z;) < Fi(z)

for all z, such that ; <, 2 <, z;. By Lemma 5.5, the section (+, ] is a down-
set for every k =4,i+1,...,7 — 1, which implies, by Lemma 5.3, that z; < ;41 <
o< zjq <z in S. If x; <, x;, then we have

Fi(z) < Fi(zi—1) < u < Fa(z;) < Fa(wk)

for all z;, such that z; <, z} <, ;. Again by applying Lemmas 5.5 and 5.3, we
obtain x; > xj41 > --- > 241 > x; in S. In any case, (6.2) holds.

Now suppose that (6.2) holds. Then we can construct a pair (X;, Xs) of S-valued
random variables satisfying (1.3)—(1.4) via

X;:= P ' (U) foreachi=1,2

2

with a single random variable U uniformly distributed on [0, 1). By Proposition 4.4,
we have P; < P». This completes the proof. [



STOCHASTIC AND REALIZABLE MONOTONICITY 39

Lemma 6.2 is exactly the property needed to generalize Example 1.2 to the case
where § is a poset of Class Z. We complete the

PROOF OF THEOREM 6.1. Let (P, : a € A) be a stochastically monotone sys-
tem of probability measures on S. Let U be a random variable uniformly distributed
on [0,1). Then we can construct a system (X, : @ € A) of S-valued random vari-
ables satisfying (1.6) via

X, = P, 1(U) forac A.

By Lemma 6.2, the system (X, : o € A) satisfies (1.5); thus, (P, : @ € A) is
realizably monotone. [

Acknowledgments. We thank Keith Crank, Persi Diaconis, Alan Goldman,
Leslie Hall, Robin Pemantle, Edward Scheinerman, and an anonymous referee for
providing helpful comments.

REFERENCES

[1] BoGART, K. P. (1996). Introductory Combinatorics. Harcourt Brace Jovanovich, New York.

[2] FiLL, J. A. (1998). An interruptible algorithm for perfect sampling via Markov chains. Ann.
Appl. Probab. 8 131-162.

[3] FiLL, J. A. AND MACHIDA, M. (2000). Realizable monotonicity and inverse probability
transform. Technical Report #610, Department of Mathematical Sciences, The Johns
Hopkins University. Available at http://www.mts.jhu.edu/"fill/.

[4] KAMAE, T. AND KRENGEL, U. (1978). Stochastic partial ordering. Ann. Probab. 6 1044-1049.

[5] KaMAE, T., KRENGEL, U., AND O’BRIEN, G. L. (1977). Stochastic inequalities on partially
ordered spaces. Ann. Probab. 5 899-912.

[6] MacHIDA, M. (1999). Stochastic monotonicity and realizable monotonicity. Ph.D. disserta-
tion, The Johns Hopkins University.

[7] Propp, J. G. AND WILSON, D. B. (1996). Exact sampling with coupled Markov chains and
applications to statistical mechanics. Random Structures and Algorithms 9 223-252.

[8] Ross, D. A. (1993). A coherence theorem for ordered families of probability measures on a
partially ordered space. Unpublished manuscript.

[9] RUSCHENDORF, L. (1991). Fréchet-bounds and their applications. In: Advances in Probability
Distributions with Given Marginals. Eds. Dall’Aglio, G., Kotz, S., and Salinetti, G.
151-187. Kluwer Academic Publishers.

[10] SHORTT, R. M. (1989). Combinatorial methods in the study of marginal problems over
separable spaces. J. Math. Anal. Appl. 97 462-479.

[11] STANLEY, R. P. (1986). Enumerative Combinatorics, Volume 1. Wadsworth & Brooks/Cole,
Monterey, California.

[12] STRASSEN, V. (1965). The existence of probability measures with given marginals. Ann.
Math. Statist. 36 423-439.

[13] TROTTER, W. T. (1992). Combinatorics and Partially Ordered Sets: Dimension Theory.
The Johns Hopkins University Press, Baltimore, Maryland.

[14] VoroB’Ev, N. N. (1962). Consistent families of measures and their extensions. Theory of
Probab. Appl. 7 147-163.

[15] WEsT, D. B. (1996). Introduction to Graph Theory. Prentice Hall, New Jersey.

JAMES ALLEN FILL MoToYyA MACHIDA

DEPARTMENT OF MATHEMATICAL SCIENCES DEPARTMENT OF MATHEMATICS AND STATISTICS
THE JOHNS HOPKINS UNIVERSITY UTAH STATE UNIVERSITY

BALTIMORE, MD 21218-2682 Logan, UT 84322-3900

E-MAIL: jimfill@jhu.edu E-MAIL: machida@math.usu.edu



