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ABSTRACT

When algorithms for sorting and searching are applied to keys that are represented as bit
strings, we can quantify the performance of the algorithms not only in terms of the number
of key comparisons required by the algorithms but also in terms of the number of bit com-
parisons. Some of the standard sorting and searching algorithms have been analyzed with
respect to key comparisons but not with respect to bit comparisons. In this paper, we investi-
gate the expected number of bit comparisons required by Quickselect (also known as Find).
We develop exact and asymptotic formulae for the expected number of bit comparisons re-
quired to find the smallest or largest key by Quickselect and show that the expectation is
asymptotically linear with respect to the number of keys. Similar results are obtained for the
average case. For finding keys of arbitrary rank, we derive an exact formula for the expected
number of bit comparisons that (using rational arithmetic) requires only finite summation
(rather than such operations as numerical integration) and use it to compute the expectation
for each target rank.

AMS 2000 subject classifications. Primary 68W40; secondary 68P10, 60C05.

Key words and phrases. Quickselect, Find, searching algorithms, asymptotics, average-case analysis,
key comparisons, bit comparisons.

Date. March 2, 2009.

'Research for both authors supported by NSF grant DMS-0406104, and by The Johns Hopkins University’s
Acheson J. Duncan Fund for the Advancement of Research in Statistics.



1 INTRODUCTION AND SUMMARY 1

1 Introduction and Summary

When an algorithm for sorting or searching is analyzed, the algorithm is usually regarded
either as comparing keys pairwise irrespective of the keys’ internal structure or as operating
on representations (such as bit strings) of keys. In the former case, analyses often quantify
the performance of the algorithm in terms of the number of key comparisons required to
accomplish the task; Quickselect (also known as Find) is an example of those algorithms
that have been studied from this point of view. In the latter case, if keys are represented as
bit strings, then analyses quantify the performance of the algorithm in terms of the number
of bits compared until it completes its task. Digital search trees, for example, have been
examined from this perspective.

In order to fully quantify the performance of a sorting or searching algorithm and
enable comparison between key-based and digital algorithms, it is ideal to analyze the algo-
rithm from both points of view. However, to date, only Quicksort has been analyzed with
both approaches; see Fill and Janson [3]. Before their study, Quicksort had been exten-
sively examined with regard to the number of key comparisons performed by the algorithm
(e.g., Knuth [13], Régnier [19], Rosler [20], Knessl and Szpankowski [10], Fill and Janson [2],
Neininger and Riischendorf [17]), but it had not been examined with regard to the number
of bit comparisons in sorting keys represented as bit strings. In their study, Fill and Janson
assumed that keys are independently and uniformly distributed over (0,1) and that the keys
are represented as bit strings. [They also conducted the analysis for a general absolutely
continuous distribution over (0,1).] They showed that the expected number of bit compar-
isons required to sort n keys is asymptotically equivalent to n(Ilnn)(lgn) as compared to the
lead-order term of the expected number of key comparisons, which is asymptotically 2n Inn.
We use In and lg to denote natural and binary logarithms, respectively, and use log when the
base does not matter (for example, in remainder estimates).

In this paper, we investigate the expected number of bit comparisons required by
Quickselect. Hoare [8] introduced this search algorithm, which is treated in most textbooks
on algorithms and data structures. Quickselect selects the m-th smallest key (we call it the
rank-m key) from a set of n distinct keys. (The keys are typically assumed to be distinct,
but the algorithm still works—with a minor adjustment—even if they are not distinct.) The
algorithm finds the target key in a recursive and random fashion. First, it selects a pivot
uniformly at random from n keys. Let k denote the rank of the pivot. If k = m, then
the algorithm returns the pivot. If k& > m, then the algorithm recursively operates on the
set of keys smaller than the pivot and returns the rank-m key. Similarly, if k& < m, then
the algorithm recursively operates on the set of keys larger than the pivot and returns the
(k — m)-th smallest key from the subset. Although previous studies (e.g., Knuth [11], Mah-
moud et al. [15], Prodiner [18], Griibel and U. Résler [7], Lent and Mahmoud [14], Mahmoud
and Smythe [16], Devroye [1], Hwang and Tsai [9]) examined Quickselect with regard to
key comparisons, this study is the first to analyze the bit complexity of the algorithm.

We suppose that the algorithm is applied to n distinct keys that are represented as
bit strings and that the algorithm operates on individual bits in order to find a target key.
We also assume that the n keys are uniformly and independently distributed in (0,1). For
instance, consider applying Quickselect to find the smallest key among three keys ki, ko,
and k3 whose binary representations are .01001100..., .00110101..., and .00101010..., re-
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spectively. If the algorithm selects k3 as a pivot, then it compares each of k1 and ks to k3 in
order to determine the rank of k3. When k; and k3 are compared, the algorithm requires 2 bit
comparisons to determine that k3 is smaller than k; because the two keys have the same first
digit and differ at the second digit. Similarly, when ks and ks are compared, the algorithm
requires 4 bit comparisons to determine that ks is smaller than ko. After these comparisons,
key ks has been identified as smallest. Hence the search for the smallest key requires a total
of 6 bit comparisons (resulting from the two key comparisons).

We let p(m,n) denote the expected number of bit comparisons required to find the
rank-m key in a file of n keys by Quickselect. By symmetry, pu(m,n) = u(n +1—m,n).
First, we develop exact and asymptotic formulae for u(1,n) = u(n,n), the expected number
of bit comparisons required to find the smallest key by Quickselect, as summarized in the
following theorem.

Theorem 1.1. The expected number u(1,n) of bit comparisons required by Quickselect to
find the smallest key in a file of n keys that are independently and uniformly distributed in
(0,1) has the following exact and asymptotic expressions:

n—1 n— i 1 n
ullon) = 2l =1 +2) By, —]1>+<1 - 2(J3‘>
j=2

= cn—é(l n)* — <m2+1)lnn+0(1), (1.2)

where H,, and B; denote harmonic and Bernoulli numbers, respectively, and

00 2k
c:=2) 1+2_kZln— = 5.27938. (1.3)
k=0 j=1
With xi = QITQ’“ and v := Fuler’s constant = 0.57722, the constant ¢ can alternatively be
expressed as
28 17—-6 (1-— 1—
9 91nz7 ln2 2. T d T(4— X ((1— Xk))' (14)
veB0} xk) (1 — Xk

The asymptotic formula shows that the expected number of bit comparisons is asymp-
totically linear in n with lead-order coefficient approximately equal to 5.27938. Hence the
expected number of bit comparisons is asymptotically different from that of key comparisons
required to find the smallest key only by a constant factor (the expectation for key com-
parisons is asymptotically 2n). Details of the derivations of the formulae are described in
Section 3.

Complex-analytical methods are utilized to obtain the asymptotic formula (1.2) with ¢
in the form (1.4) and seem to be indispensable for obtaining asymptotics beyond the lead
term. [We remark that, although it involves the imaginary numbers xy, the expression (1.4) is
real because the terms with indices k and —k are complex conjugates.] In Section 3.2 we again
use complex-analytical methods to reexpress (1.4) in the form (1.3). Having done all this we
suspected that there must be a purely real-analytical way to obtain directly the lead-order
asymptotics p(1,n) ~ en with ¢ in the form (1.3). Indeed, there is: See Remark 3.3.
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In Sections 4 and 5 we move on to derive exact and asymptotic expressions for the
expected number of bit comparisons for the average case. We denote this expectation by
wu(m,n). In the average case, the parameter m in p(m,n) is considered a discrete uniform
random variable; hence p(m,n) = 13" | ji(m,n). The derived asymptotic formula shows
that p(m,n) is also asymptotically linear in n; see (4.48). More detailed results for p(m,n)
are described in Section 4.

Lastly, in Section 5, we derive an exact expression of p(m,n) for each fixed m that is
suited for computations. Our preliminary exact formula for p(m,n) [shown in (2.8)] entails
infinite summation and integration. As a result, it is not a desirable form for numerically
computing the expected number of bit comparisons. Hence we establish another exact for-
mula that only requires finite summation and use it to compute u(m,n) for m = 1,...,n,
n=2,...,25. The computation leads to the following conjectures: (i) for fixed n, u(m,n) in-
creases in m for m < 2 and is symmetric about “4; and (ii) for fixed m, p(m,n) increases
in n (asymptotically linearly).

2 Preliminaries

To investigate the bit complexity of Quickselect, we follow the general approach developed
by Fill and Janson [3]. Let Uj,...,U, denote the n keys uniformly and independently dis-
tributed on (0, 1), and let Uj;) denote the rank-i key. Then, for 1 <7 < j < n (assume
n>2),

( 2
—_— ifm <i
j—m+1
2
P{U; and Uy are compared} = i ifi<m<y (2.1)
j—i
2
_ if 7 <m.
\ m—i+1

To determine the first probability in (2.1), note that Up,), ..., U;) remain in the same subset
until the first time that one of them is chosen as a pivot. Therefore, U(;) and Uy are compared
if and only if the first pivot chosen from U,),..., U is either Uy or Ug;. Analogous
arguments establish the other two cases.

For 0 < s <t <1, it is well known that the joint density function of U;) and Uy;) is
given by

o) = () e (22)
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Clearly, the event that Uy and U(;) are compared is independent of the random variables

U(;) and U(;). Hence, defining

Pl(sa ta m, TL)

Py(s,t,m,n)

P3(57 ta m, n)

P(s,t,m,n)

2
) THfUqu(j)(S’t)’

m<i<j<n J

2
> j_l+1f UG (8:8);

1<i<m<j<n

2
Z m_i_l_lfU(i),U(]-)(S’t)a

1<i<j<m

Pi(s,t,m,n) + Py(s,t,m,n) + P3(s,t,m,n)

(2.3)

(2.4)

(2.5)

(2.6)

[the sums in (2.3)—(2.5) are double sums over i and j|, and letting ((s,t) denote the index
of the first bit at which the keys s and ¢ differ, we can write the expectation u(m,n) of the
number of bit comparisons required to find the rank-m key in a file of n keys as

p(mn) =

‘ZZ/ .

=0 I=1

/1/1ﬂ(s,t)P(s,t,m,n) dtds

(1—3)27*

12k
/ (k+1)P(s,t,m,n)dtds;
l,l —k

(2.7)

(2.8)

in this expression, note that k represents the last bit at which s and ¢ agree.

3 Analysis of u(1,n)

In Section 3.1, we derive the exact expression for u(1,n) shown in Theorem 1.1. In Section
3.2, we prove the asymptotic result stated in Theorem 1.1.

3.1 Exact Computation of u(1,n)

Since the contribution of Py(s,t,m,n) or Ps(s,t,m,n) to P(s,t,m,n) is zero for m = 1, we

have P(s,t,1,n)
Then

Pi(s,t,1,n) =

Y

1<i<j<n

S DY ’
; i—1,1,7—i—1,1,n—

2

J

n
i—1,1,j—i—1,1,n—j

1<i<j<n

[ee]
~ o / " n(n— 1)@ +y +n)" 2 dn
z

o0 t n—2
= 22"n(n— 1)/ 73 < + 1> dn.
z n

= Pi(s,t,1,n) [see (2.4) through (2.6)]. Let x :==s, y:=t—3s, z:=1—1.

> xl—lyj—l—lz—j

j> 2Ly =i =i gy

(3.1)
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Making the change of variables v = % + 1 and integrating, and recalling z = 1 — ¢, we find,
after some calculation,

Pi(s,t,1,n) = 22 <>t~7 2 (3.2)

From (2.8) and (3.2),

127k
p(l,n) = k—i—l Z/ / Pi(s,t,1,n)dtds
9—k
© 127k n\ i,
= 2 kE+1) / / J(,)tj dtds
Z Z 1)2—k -1 J

=0
0o n 12—k
= 2 (k+1) -2k —1)27 M dt
Z+;; ()/lw [0 — 32k — (- 1)27Y
R STEEL) 9 DL PRI
k=0 =1 j=2
_ (_1)j(?) - —kj = i—1 1yj—1
= T Lk - ®3)
j=2 J k=0 =1

B, [j—
T<‘7 1) if 7> 2
r \r—1
ifr=1
if r =0,

(3.4)

where B, denotes the r-th Bernoulli number. Let S, ; := >, 17=1. Then Snj = Zi;(l) ajyrnj_T
(see Knuth [13]), and

Qk 2k:
Z[lj_l — (=57 = Sy y—27U7Y 2(21 -1y
=1
- S2k - ( )<S2k+1 - 2'] 152k ) - 252k,j - 27(']'71)S2k+1’j
j—1 j—1
= 2 Z a;, 280" —9-0-1) Z a;j, 2000 = 9 Z a;, 2807 (1 =277y, (3.5)
r=0 r=1

From (3.3) and (3.5),

Z ) (k+1) 2—@2% okI=r) (1 — 27 7).
0 r=1

=2 k=
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Here
00 Jj—1 00 j—1
S k+127> 0, 2" (127 = (k+ 1)) a2 (1-277)
k=0 r=1 k=0 r=1
7—1 00 7j—1
Y a1 -2)> (k127 =) g (12777
r=1 k=0 r=1
Hence
Jj—1 n —1)3 (™
u(l,n) = 22 _E)Z aj (1 —27" _22 Ty ()_(f)J
j=2 ‘] r=1 j=r+1 J
=) 1B §n CV(G)ED)
2JZ2 Py +2Z rj:TZH 1

= 22 +2Z lB

S DR ] G I D 6
jz; ji—1 B rg)}‘

(3.6)

The sum 7, % can be simplified as follows:

200 - =R ()0 - ()0

r

()0

n+1l—r
= (-1)'——— 3.7
(- (37)
Plugging (3.7) into (3.6) and recalling Bok11 =0 for k > 1, we finally obtain
U7 (}) B |(=)'(n—r+1) (=1)"(})
1 = 2 2 1T r
p(1,n) JZ; j—1 + Z r—1 r—1
U7 (}) —j+1-(j)
- 9 S~ NS 2) J
Z j—1 T Z jG—1)(1—279)
Jj=2 j=2
= 2n(H, —1) + 2t,, (3.8)
where H,, denotes the n-th harmonic number and
n—1 n
B, [n—()
tn = - 22 _1]. .
jz;j(l—21)[j—1 ] i

The last equality in (3.8) follows from the easy identity

§H D

k
k=1
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3.2 Asymptotic Analysis of pu(1,n)

In order to obtain an asymptotic expression for (1, n), we analyze ¢, in (3.8)—(3.9). The fol-
lowing lemma provides an exact expression for t,, that easily leads to an asymptotic expression
for p(1,n):

Lemma 3.1. Forn > 2, let uy, := tp11 —t, (with to = 0) and vy, := up41 — uy. Let vy denote
Buler’s constant (= 0.57722), and define Xy, := 3% . Then

2
(4)

1 Hn+2_(i 1)

In2 n2 2 Dy
n

“hr1l’ (n+1)(n+2)

where

C(1—=xx)I'(n+ D1 — xp)
Z (In2)I'(n + 3 — xx)

keZ\{0}

(i)

Hp y—1 1\ 1 -
= _H - nt - )
i T Yyt 1) +< In2 2) i T

where

14 17—6y 2 1- 1-
¢ = g7 18ln;_ln2 2 : (4 X,fk><(1_>2'3)
kez\{0)

5 CA—x ) T(L—xx) T(n+1)
(In2)(1—xx) Tm+2—xx)

M
3
|

kez\{0}

(iii)

1 7

tn, = —(an—n—1)+a(n—2)—21n2 [HZ+HT(L2)—2]
y—1 1 3 =
oV (H, -2 ) b3
(0 - 3) (- 3) +o-En

— 2¢(1 = xi)T'(=xx)
B PR I i)

ST C(1 = xp)T(=xx)'(n + 1)
2> (In2)(1 = xp)l(n+ 1 —xx)’

where

keZ\{0}

and HT(LZ) denotes the n-th Harmonic number of order 2, i.e., H,(L2) =y %
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In this lemma, u,, and v, are derived in order to obtain the exact expression for ¢, in (iii).
From (3.8), the exact expression for ¢, also provides an alternative exact expression for
n(1,m).

Before proving Lemma 3.1, we complete the proof of Theorem 1.1 using part (iii).
We know

1

1 —4
H, = lnn+7+%—m+0(n ), (3.10)
21 1
H?® — T _ 24 L om?). 3.11

Combining (3.10)—(3.11) with (3.8) and Lemma 3.1(iii), we obtain an asymptotic expression
for p(1,n):

1 , [ 2
w(l,n) = 2an— m(lnn) <12 + 1> Inn 4+ O(1). (3.12)
The term O(1) in (3.12) has fluctuations of small magnitude due to ¥,,, which is periodic in
logn with amplitude smaller than 0.00110. Thus, as shown in Theorem 1.1, the asymptotic
slope in (3.12) is

28 17—67 C(1—xp)T(1 — xx)
ln2 Z

c=2a=—+ . (3.13)
keZN{0) L4 = xk)(1 = xx)

9 9In2

Let S denote the sum in c:

C(1 —xx)I 1_Xk)_ (1= i)
k%:{o} P4 —xi)(1—xx) k%:{o} B )2 — )l — ) (3.14)

where the formula I'(14x) = 2I'(x) is used to derive the second expression. Both expressions
involve the imaginary numbers xx, but S is a real number. We investigate S and express it
using only real functions. We have the following result:

Theorem 3.2. Let S be the sum defined at (3.14). Then

% —3_p, (3.15)
where
5= 2 Fh(@), Alm) = Smlum —mt —m) 42— Lt (3.16)
2 8 24
and
17—6v 1

©36In2 12
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Proof of Theorem 3.2. Choose and fix 0 < 6 < 1. We show that the integral

- 0+ioco C(l _ 5) )
= /Gioo (1-27°)3—5)(2—s)(1—5)? !

equals 27iS on the one hand and equals 27i[p + (S/1n2)] on the other hand. Equating these
two expressions gives the desired result.
To get the first expression for J, we calculate

0+ioco _ )Q—ks 1—6+ico C(t)th
/= Z/ (=) dS_ZQk/l L Parnesn

—6—ioco

But, for any positive integer m and any « > 1,

1—6+ico C(t)mt B a+ioco C(t)mt . C(t)mt
/191-00 Pa+nern = /am POty Y 2riResa [tQ(l T2 t)] ’

which follows from residue calculus, taking into account the contribution of the simple pole
of the integrand at 1. Here

QL _ 1
e [ i) = 6"

and
o0

/a“’m S(tym!

a-+1i00 (]/’I?’L)_t
a—100 t2(1+t)(2+t) /

P+ ™

j=1"¢
Further, since
1  —3/4 % 1 1/4
2+ 1)(t+2) Ot 2 t+1 t+2

we have by Mellin inversion that

1 a+100 CC_t
— - dt
omi /am 2(1+1)(2+1)
equals
3 1 15

for 0 <2 <1 and equals 0 for x > 1. (Note that this requires only o > 0.) So
e dom’ J 1 13 1
S s dt = 2mi LY Cori | 2tminm — lnm!) — - 3.1
/M,o B+ +1) “Zf(m> ™ [2(’” wm = lwml) = gm g = ogm

= 2mi {h(m) + ém} ,

where the sum is over 1 < j <m (or 1 < j <m — 1), and therefore

1—60-+ioco C(t)mt - .
/wm B+ )@+ =2
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Thus we obtain our first expression for .J. We remark that the series S converges geometrically
rapidly.

To obtain the second expression for J we move the horizontal (i.e., real) coordinate of
the vertical line of integration over from 6 to —C where C is large positive number (C' — o0).
By residue calculus, we find

I = 20 Rese | (s o) g =2 (P )
as desired. ]

Using Theorem 3.2 it is straightforward to derive the alternative expression

0o 2k .
- J
c=2)" 1+2k§jm§E (3.17)
k=0 j=1

for the linear coefficient ¢ in (3.13). Grabner and Prodinger [6] obtained an earlier draft of
this manuscript and independently conducted a similar analysis of S leading to (3.17). They
also showed how to compute c¢ efficiently to high precision and in particular computed ¢ to
50 decimal places.

Remark 3.3. The lead-order asymptotics p(1,n) ~ en with ¢ in the form (3.17) can also
be obtained simply using real-analytical arguments. Start with (2.7) with m = 1 and recall
that P(s,t,1,n) = Pi(s,t,1,n) is given by (3.2) to see that

1 t
11, ) :2/0 /Oﬁ(s,t)t_z[(l—t)"—l—i—nt] ds di.

An easy dominated-convergence argument then shows that p(1,n) ~ en with ¢ given in the

integral form
1 gt
c= 2/ /ﬂ(s,t)tl dsdt.
0 Jo

oo

B(s,t) = Z 1(s and ¢ agree in their first &k bits)
k=0

Writing

and breaking up the double integral according to the first k bits of ¢ leads to the summation
form (3.17) of c. We omit the details. We do not know how to obtain asymptotics for p(1,n)
beyond the lead term by this sort of approach.

Now we prove Lemma 3.1:

Proof of Lemma 3.1. (i) Since

B4
Un = tn+1_tn:Z. J




3 ANALYSIS OF p(1,n) 11

it follows that

oo “"“_“":_%j(j—lﬁi—%j) [(?jD_l%gj(j—l%—z—j) Kj:)_l]

=2
By,
- _Z< ) k+2) /-c+1)+[i—2f(k+2)]
n—1
_ C(=1—k)
N kzo ( > kot D[ — 2 (9] (3.18)
_ (=" ((=1—5s) n!
- 2m /C(S—i- D1 —2-62]s(s—1)--- (s —n) ds, (3.19)

where C is a positively oriented closed curve that encircles the integers 0,..., n — 1 and does
not include or encircle any of the following points: —2 + xj (where xi := 21;”2]“), keZ; —-1;
and n. Equality (3.18) follows from the fact that the Bernoulli numbers are extrapolated by
the Riemann zeta function taken at nonnegative integers: By = —k((1 —k). [The coefficients
(—1)¥ do not concern us since the Bernoulli numbers of odd index greater than 1 vanish.]
Equality (3.19) follows from a direct application of residue calculus, taking into account
contributions of the simple poles at the integers 0,..., n — 1.
Let ¢(s) denote the integrand in (3.19):

((—1—2ys) n!
(s+1D[1—2-6+D] (s —1)--- (s —n)’
We consider a positively oriented rectangular contour C; with horizontal sides Im(s) = A; and

Im(s) = —A;, where A; := %, [ € Z*, and vertical sides Re(s) = n — 6 and Re(s) = —\;,
where 0 < 6 < 1. By elementary bounds on ¢(s) along C; and the fact that

P(s) =

n—~0+ioco
/ 6(s) ds = 0 (3.20)

—6—ioco

(this is implicit on page 113 of Flajolet and Sedgewick [5] and explicitly proved in the Ap-
pendix), one can show that

lim [ ¢(s)ds =

l—o0 a

Accounting for residues due to the poles encircled by C;, we obtain

Up = (_1)n+1 R685:_1[¢( )] + ReSS*—Q Z Ress*—?-f—Xk [(b( )]
kezZ\{0}
Hy,
-t o~ (mz —2) S (3.21)

n+1 (n+1)(n+2)

where

S C(1—xp)T(n+ (1 = xx) (3.22)

veTi0) (In2)T'(n + 3 — xx)
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O
(ii) We have up = t3 — ty = t3 = —§. Hence, from (i),
n—1 n—1
Up = u2—|—ZUj:—§—|—Zv]
7j=2 j=2
1 n—1 1 1 n—1 H'+2 n—1 n—1
B Nl (o)) D L
9 j:2]—|—1 ln2j:2(]+l)(j—|—2) In2 = ]—1—1 +2) =
1 1S Hi v o1\ /1 1 =
- - _(H,—-Hy)+—SN — o= (L __)(=_ - Ny,
g~ (Hn 2)+ln2§(j+1)(j+2) <ln2 2> (3 n—|—1> =

n—1
14 v ¥ 1 1 1 Hjio
9 3In2 +(ln2 2)n+1+1n2]z;(j+1)(j+2) jZ j (3.23)

Here
1 +1
"Z Hivo  _ Zn Hjpr nz H;
= U+D0+2) ‘= 7 =
Hy ~~Hj—H; Hp
= — — 3.24
* Z J n+1 ( )
J=4
17 H,+1
= — — 3.25
18 n+1"’ (3.25)

where we assume n > 3 for (3.24), but (3.25) holds also for n = 2. In regard to Z;L:}l 5,
note that

o CA=xe)I'A=xk) [ T(n+2)  T(n+1)
= ) (In2)(1 = x) [F(n+3Xk) F(nJFQXk)] ’

kez\{0}
so that
n—1
(1 — xx)T 1_Xk)[ I'(n+1) ['(3) ]
> — . 3.26
; a keZZ\{O} (In2)(1 — xx) Cn+2—-xx) T(4—xk) (3.26)
Define

ke Z (0} (In 2)(1 —xx) T'(n+2-—xk)

Then, combining (3.23), (3.25), and (3.26), we obtain

Hpq1 y—1 1 1 S
— “H,+a- - 5
tn nta (ln2)(n+1)+<ln2 n+1+ "
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where
14 17-6y 2 C(1 = xi)T(L = X&)
0= — - Z . (3.28)
9 18In2 In2 2 4 —xx)(1—
n n keZ\{0} Xk ) ( Xk)
O
(iii) Closely following the derivation of u,, described above, we obtain (for n > 2)
n—1 n—1
t, = tz-i—ZUj = Zuj
n n—1
1 H [(v-1 1 3 i
= —>» H; s — = (Hn— = ¥
Z +aln 1n2,zj+(1n2 2)( 2>+. 7
7=3 7j=2
7
- _ o _ 2 @)
(nHp, —n—1)+a(n—2) — 5Tn Q[H + H, 2]
y—1 1 3 =
~ 2V (H, -2 S 2
(s ) (- 3) 4 (329)
where
2¢(1 — x#)T (—xk)
b= ) , (3.30)
wezgoy 121 = x)IG = xk)
z 1-— I'(—xx)l 1
S o= Y (f(z)(1Xk) ()ka)+(?+ )). (3.31)
keZV{O} * X2 A Xk
O

4 Analysis of the Average Case: pu(m,n)

4.1 Exact Computation of u(m,n)

Here we consider the parameter m in pu(m,n) as a discrete random variable with probability

mass function P{m =i} = —, i = 1,2,...,n, and average over m while the parameter n is
fixed. Thus, using the notation defined in (2.3) through (2.7),

,u(m,n):—z (m,n) Z//ﬂst (s,t,m,n)dtds

1 &
= / / ﬁ S, t - Z P(Svtvmvn)dtds :Ml(m7n> +u2(m7n)+ﬂ3(m7n)7
m=1

3

where, for [ = 1,2, 3,

1 1 n
;mm>=é/mmizﬂmewm (1.1)
s m=1
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Here pi(m,n) = us(m,n), since
Ps(1—t,1—s n—m'+1,n) =P (s t',m n)

by an easy symmetry argument we omit, and so

1 1 n
us(m,n) = //ﬁ(s,t)iZPg(s,t,m,n) dtds

= //51—75 1—4) ZPgl—tl s'\n—m/+1,n) dt’ ds'

//ﬁst ZPlstmn)dtds

Therefore
i, m) = 2401 (72, ) + pa(i7, ), (4.2)
and we will compute p1(m,n) and ua(m,n) exactly in Sections 4.1.1-2.

4.1.1 Exact Computation of p;(m,n)

We use the following lemma in order to compute u(m,n) exactly:

Lemma 4.1.

1 r1 n
/0lﬁ(s’t);zpl(svt,m,n)dtds

KLEY() 2 1 (- (” S I Sy SRy gy (o

2 + 3 —2) Bj— : J=L
]z; i =1 9;; jz; 736G -1 —2)(1-279)
n—1 ](n 1

—9 J

U+ )(1*1)(1*2 7)

Before proving the lemma, we complete the computation of uq(m,n). Note that

1 1 18
ur(m,n) = //ﬂ(s,t)nZPl(s,t,m,n)dtds

0 S m=1
1 1ot 1 1 18

= / /ﬂ(s,t)Pl(s,t,l,n)dtds—i—/ /ﬁ(s,t)ZPl(s,t,m,n)dtds
nJo Js 0 Js nm:2
1 Lo 1 «

= n,u(l,n)—i—/o /SB(s,t)an::zPl(s,t,m,n)dtds.
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Therefore, by (3.8) and Lemma 4.1, we obtain

2 &G 2 e i+l ())
) = T )

ST 2t i S
*2Zm—f>+9j§j—1‘223 =

2 | =
R
2 G+ DT
- 42 i )1]>(<Zé)2> 22 T 2(?%
*32 s 223%<jn—_1;<j o
n— j(n—1
- TR T -
where the second equality holds since
- ij;ﬂiﬁjﬁﬁ"i& - Qi PRI s
Sy S [

= n—l—4§n: J( )
iG-10G-2)

In Section 4.1.2 we combine the expression for p1(m,n) in (4.3) with a similar expres-
sion for us(m,n) to obtain an exact expression for p(m,n). The remainder of this section is
devoted to proving Lemma 4.1. For this, the following expression for P (s,t, m,n) will prove
useful:

Lemma 4.2. Let m > 2 and let x := s, y :=t—s, z := 1 —t. Then the quantity P;(s,t,m,n)
defined at (2.3) satisfies

P1(87t7m7n)

- 2”/(]x(é~_+_1gJ)2[T1<mvn7§7‘rayvz> - TQ(mu n7§7x7yaz) + T3(m7n7£7xuya Z)] d§7
(4.4)
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where

Tmneags) = (1)@= 0" 20 - mi(e g+
B L

) ($ . g)m—an—m—i-l.

m — 2

—1
T3(m7n7§7x7y7z) = "

(
Yo(m,n, & x,y,2) = <
(

m — 2

Proof of Lemma 4.2. By (2.2)—(2.3),

2 n! . o .
Pl(s,t,m, n) = E . : — : xz—lyj—z—lzn—]
— IV —i— D — )
meici<n’ m—+10G—D1j—i—1)(n—j)!
= E 2 ! < n-m-1 >(z—m)' i~ lyd—im1,n=j
m<icj<nd +1ln-—m—-1I\i-m,j—i—-1,n—j) (i—1)!

_ 2771' Z 1 < n—m-—1 > (7/ — m)' xiflyjfiflznfj,
7

(n—m—l)!mSKanj—m—l-l -—m,j—i—1n—j) (i—1)!

(4.5)

In order to compactly describe the derivation of (4.4), we define the following indefinite
integration operator T":

T(f(x)) = /0 C1e) de.

We really should write (7'f)(x) rather than T'(f(z)), but we would like to use shorthand such
; 1

as T(a?) = %5

other variables involved in f (namely, y and z) are treated as constants. The notation 7"

will denote the [-th iterate of T'. In this notation, for m < 1,

when j > —1. The operator T treats its argument f as a function of x; the

(1 —m)!

(i—1)

xi—l — Tm—l(xi—m%

and the sum in (4.5) equals

Tm—1 Z ’ 1 ( n,i m -1 ) iyl n=j
m<i<j<n‘]_m+1 t—m,j—1—1,n—j

Here

1

oo
: NI — Zn—m+1/ n—(j—m—l—l)—ldn’
J—m+ 1 z
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SO
Tm—=1 Z 1 < n—m—1 ) xi—myj—i—lzn—j
mSKanj—m—i—l t—m,j—t—1,n—j
— yn—mtlpm—1 /OO Z < n.— m -1 > xz’fmyjfifln*]'+mf2 dn
. t—m,j—t—1,n—j

m<li<j<n

00
anerl Tm—l (/ nfnerfZ(l, 4 y 4 77)nfmfld,)7 )

z

0o n—m—1
= pnomtlpm-l </ n3 <7t7 + 1) dn) (4.6)

(note that = +y = t). Making the change of variables v = % + 1 and integrating, we obtain,
after some computation,

0o ¢ n—m—1
z n

= ! [(n—m) <1+t>n_m+1—(n—m+1) <1+Z)n_m+1

t2(n—m+1)(n —m) z

(4.7)

From (4.5) and (4.6)—(4.7),

Pi(s,t,m,n)
- (n_2mn'+1)' T (t2[(n = m)(z + )" — (n—m 4+ 1)z(z + )™ + 2" ")
(4.8)
Here
t2[(n—m)(z+ )" —(n—m A Dz(z 4+t 4 V] = ”—iﬂ (o),
- (4.9)
where

Y(m,n,r,2) = (n —m) (” e 1) LT (4 1) (” - m) ML (4 10)

Then, since t = x + y,

Z "2 (m,n, 1, 2) = Z Y(m,n,r, z) ady 27, (4.11)

n—m-+1 n—m-+1 r—2
(57)
r=2 r=2 7=0
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From (4.8)—(4.11),
Pi(s,t,m,n)
2! nflT i( ) e
= — - (m,n,r,z)
(n—m+1)! =
27! n—m-+1 r—2 (T 2)
= ZTmnrz Tl K O
(n—m+1)! = J
2n! iagy -2 pitm-1
pu— T
(n—m+1)! Z mner:0< J )y G+ G+m=1)
(4.12)
Because of the partial fraction expansion
1 2 m 2)
G+D)--G+m—1) —2'23 j+l+1 ’
it follows that
r—2 (T’ _ 2) yr_g_j x]+m71
2\ G+ Grm—1)
S (") A G Vi
= J (m — 2)! e j+Ii+1
1 w2 m— 2 v 22
— 1 l( - )xm—2—l/ gl < _ >y7‘—2—j£jd£
i 2= Ny
1 = m—2 v
— 1l< - )xm—Q—l/ é—l€+y7“—2d§
(m — 2)! g( ) l 0 ( )
1 r _ r—
= i, (z— ™ 2(& +y) 2dE. (4.13)
From (4.12)—(4.13),
QTL' n—m-+1
P = T m—2 r—2
otomn) = Sy 2 T [ e
n—1 xr n—m+l
(7 ) S T, 2) (i — A€ + )2
r=2
n—m+1
n—1 /x(l‘—g)m_Q +
= 2n —_— Y(m,n,rz)(€+y) dE. 4.14
(75) [Ue e S T ryas @

r=2
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Here, by (4.10),

n—m-+1

Z T(m,n,r,z)({+y)"
r=2

i n—m-+1 n—m
= Z [(n —m) ( . )z”_mﬂ_r —(n—m+1) ( . >z"‘m+1_r] E+y)"
r=2
n—m-+1 n—m-+1

= (n—m) Z (n—T:+1>(£+y)rzn—m+l—r_(n_m+1) Z <n;m>(£+y)7’zn—m+1—r

r=2 r=2
= (n=m)[(E+y+2)"" =" = (n—m A+ 1)(€+y)2" ]
o DEI(E 2 ()€ )
= (n=m)(E+y+2)"" = (n—m+Da(E+y+2)" T+ (4.15)
Substitution of (4.15) into (4.14) gives the desired (4.4). O

Proof of Lemma 4.1. From Lemma 4.2, we have

1 n
*E P1(57t7m7n)
n
m=2
n

- 2/;(54-12/)2 mzzz[T1(m, n,&x,y,2) — Ta(m,n, & x,y, 2) + T3(m,n, &, x,y, 2)] dE.

(4.16)
Here
- d " /n—1
T (managa z,Yy, Z) = (6 + Yy + 2)2 TR [ < )(CE - g)m_an_m]
mz:; ! dw mz:; m—2 ot bys
= (E+y+2) 4—{w”'m—§+w)1 (z =& '}
w=E+y+z
= €ty {0 = - T (- e - €0
= @-6O"l—14+n-D(E+y+2) (4.17)
(note that z +y + z = 1). Similarly,
- d " /n—1
7;_2 2 dw 7;_:2 m— 2 S
d n— n— n—
= z . [(ﬂf—f—ku}) I (x=¢) 1] R =z [(n— (z — &+ w) 2”w:§+y+z
= z(n—-1), (4.18)
and
ZTg(m,n,§,$,y,Z) = (;:;)(x_é)m 2 n il = (x—§+z) _(x_g)n_l'

m=2 m=2
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Hence

Z [Yi(m,n, & z,y,2) — To(m,n, & z,y,2) + Ls(m,n, & x,y,z)]
m=2

=n—1)E+y) —1+@—-&+2)" L (4.19)

Therefore, from (4.16) and (4.19), we obtain
1< s q g
anﬂP1(s,t,m,n)=2/0 m[(n—l)(f+y)—1+(x_5+z) | de

z 1 n—
_ 2/ Tt DE+y) — 1+ 1= €+ ) 1y de

S /“922 < )fﬂﬂdﬁ—?Z <"]_1)/<5+y)”df

- (1) S () S

j=2 =2 g1

<.

We complete the proof by using (4.20) to compute folfslﬂ(s,t) % S o Pi(s,t,m,n)dsdt.
We have

/01/816(3775); ipl(sﬂf’m’n) ds dt
n—1 '7
//ﬁ” Z <nyl)t“ j(iIS)]ldtds

n—1
//ﬁst > (-1 )j<nj 1>]t]_1 dt ds
=2

2/0 /B(s,t) 3 (1)j<n]_,1)(t;_8)i_ldtds. (4.21)
. 2

=

—_

Closely following the derivations shown in (3.3)—(3.8), one can show that

/1 1ﬂ(s,t) #_1(—1)1 (n__1> jtj L dtds

J

J
S EV0 ) IR E0) n—j+1- ()

1= n—1
NED i Dh by o M

Thus, in order to complete the proof, it remains to show that

Lot — (n—1\ (t—s)i71 = (—1)j(n7~1)
[y ZW]( j )j—l‘”ds 2 Groig-na-z %
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Indeed, we have

1,1 n—1 i—1
n—1\ (t—s)’
o) S (7 ).
/0 /s JZQ Jj—1
oo 92— (k+1) n—1
= ) (k+1)2" / /
9] (k+1) n 1

> (k+1)2
k=0
kO

S
~/2(k+1) s =2
n—1 27"

Ny

k
k

/02
Z

Here

@ F—v) A27 (D v
/ dS = { —k
[2-(E+1) —y] \/ O 27"~

(27F—0) A2- D)

Thus

-k
/2 :
0

j—1

Jj—1 1

j—1

dsdv

I

2—k(j+1 (

dt ds
t—s)i~t
j—
— 1\ i1
)7<n, )v 1dvds
J J—

vi—1

(27F—u) A2 (4D
/[ (k+1)—0] \/ 0

if 0 <vp <2 (ktD)

j—1

if 2= (k1) ¢ < 97k,

(k+1)

27k
vl dv + /
2—(k+1)

)

)
(G+1)i0

From (4.24) and (4.26), we obtain
1,1
I
n—1

i(k + 1)2’?2(71)J‘

n—1

(_1)j<n—. 1

]
(n
j

_1)'

1\ 2-
> G+1iG—1)

and (4.23) is proved.

ds dv.

,U]—l(2—k

21

(4.24)

(4.25)

—v)dv

(4.26)

(4.27)
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4.1.2 Exact Computation of p(m,n) and p(m,n)

The derivations for obtaining a computationally preferable exact expression for ps(m,n) are
entirely analogous to those for j(m,n) described in the previous section (Section 4.1.1).
Thus we omit details. As described in Section 3.1, Pa(s,t,m,n) is zero for m = 1 and for
m = n, so, from (4.1),

1,1 n—1
pa(m,n) = /0 / B(s,t) % Z Py(s,t,m,n) dtds. (4.28)
$ m=2

Therefore we first derive a computationally desirable expression for %Z%_:lz Py(s,t,m,n).
Again, let x :=s, y:=t—s, z:=1—t. Then

1 n—1

— Py(s,t
n Z 2(5, aman)

m=2

12 2 n
= — - i—1, j—i—1_n—j
D INDY j—i+1<i—1,1,j—z’—1,1,n >x oz

m=21<i<m<j<n —J
1 n—1 1 n—1 1 n—1
= - S s Ty by Y,y - S s Thy by Yy - S, sy Ty Ly Yy <) 4.29
nmz:ﬂ 1(m,n,z,y,2) nmz:; o(m,n,x,y, z) an:2 s(m,n,z,y,z), ( )

where

2 . o .
51(m,n,a:,y,z) = Z (Z n > xl*lyjflflznf‘]?

1§2<]Sn']_ll+1 _1715]_7/—]_,]_,71—]

Sg(m,n,m,y,z) = Z < n > Q?Z_lyj_z_lzn_j’

m§i<j§n]—z+1 1—1,1,5—1—1,1,n—3

2 n A o )

53(77%”7%%2) = § < . . > .Z'Z_lyj_z_lzn_J.
1§i<j§m‘7_z+1 t—1,1,j—i—1,1,n—j

Fill and Janson [3] showed that Si(m,n,x,y,z) = 2 Z?ZQ(—I)j (7;) (t — 5)7~2. Hence

n—1 n
L Sitmana ) = 22 Sy (M- sy (4.30)
m=2

=2 J
Following the derivations shown in (4.5) through (4.20), one can show that
1 n—1
- Z So(m,m,xz,y,2) = 2y 2x[(x+2)""'—1+yn—1) (4.31)
m=2
= 2t—s)2s{l-(t—9s)|" =1+ (t—s)(n—-1)}

n—1
= 2s5) (-1) <” B 1) (t — )72 (4.32)
j=2

J
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To obtain a similar expressmn for 1 Z Sg(m, n,x,y,z), we note that, letting m’ := n +
1—-m, 7 =n+1-3,j .—n+1—z
Sz(m,n,x,y,z) = Z 2 " gy T
ST Lo i\ — g1 =i — 1,10 — 1
m/<i'<j'<n

= Se(n+1—m,n,zy,x).

Thus
1 n—1 1 n—1
—ZSg(m,n,x,y,z) = —ZSg(n+1—m,n,z,y,a:)
n7n:2 n7n:2
1«
= ﬁ ZZSQ(T’/%n’z’y’x). (433)
m=

Inspecting (4.31)—(4.33), we find

n—1 n—1
1 -1 .
— g Sz(m,n,z,y,z) =2(1—1) g (n )(t — )72, (4.34)
nqn:Q 7j=2

From (4.29), (4.30), (4.32), and (4.34),

n—1 2n — 2) n A i | :
;W;Pz(s,t,m,n) = (n) ]Z::Z(—l)J <J> (t—s)2—2s j;(—w ( ; >(t —5)i2

n—1

-0 3V (" )e-sr?
n n—1

- A2 > (") -sp2- 231 (" )e-sr?
n—1
12 jz;(w' (” S 1>(t ~ gL, (4.35)
Hence, from (4.28) and (4.35),
) = 22 ;2(—1)]‘ (1) -y aas

1 n—1 _ )
2 Bls.) Y (-1 (" , 1) (t — s)72 dt ds

n—1
+2 1 lﬁ(s, )y (1) (n - 1> (t —s)?Ldtds. (4.36)
0 Js 2
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Fill and Janson [3] showed that
AV ()
B(s,t —1ﬂ<,)t—sﬂ—2dtds= — S 4.37
/0 /s ( );( VI jz;.?(] — D1 -270-1] (437
A careful term-by-term inspection of the derivations shown in (4.24)—(4.27) reveals that
n—1 n—1 j (n—1
n—1 ; (_1)3( )
B(s,t) 1)’ < , )(t— sy 2dtds = J , (4.38)
// JZ2 j G- DA -2
1 -1
— n—1 . - ( 1)J( )
-1 — J
//Bstz )( . >(t sy~ dt ds Freaiioee = SCED)
J= =2 ]:2
Combining (4.36)—(4.39), we obtain
n—2 n n j(n
(n—2) (-1) (3+2) (—=1) (J)
oy _ ‘ 2n —1
e Z GGl - 2] 2 GG Y
n —1) (™
A 17 () +2(n—1). (4.40)

B ‘nzzju—w[l—z—w—”]

j=

Finally, we complete the exact computation of p(m,n). From (4.

2), (4.3), and (4.40),

we have
p(m, n) = 2u1(m, n) + p2(m,n)
B f(C(0) a4 n—+1-())
- A D=8) Gyt X PG na -2
4 n—1 (_1)]' (n;l) n—1 | ] +1— (n 1) n—1 1)j (n;l)
52 4;;3%(]’ DG-DU-29) & GFG- D1 -]
1 =17(})
TnlejGona-z o A (441

We rewrite or combine some of the terms in (4.41) for the asymptotic analysis of p(m,n)
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described in the next section. We deﬁne

_ -17(3)
Fi(n) := ]53 ]—1 G-2)

._ nzl B; n—(3)
Fofn) == o i-27 J)[j—l _1]’

_ ey
Fs(n) = ; B
_1 n—1
B n B; “_1_(j—1)_
Fy(n) := jzz:gj(j_l)(l_z—j) [ Jj—2 1] ’
e (19
Fs(n) = %;j0—1Xf—mu—2<j”T

The second, third, fourth, and fifth terms in (4.41) can be written as —2F(n), %Fg(n),
3F3(n), and —4Fy(n), respectively. The last three terms in (4.41) can be combined as follows:

S ) B TN
_4; G+1jG-D1-27) = JZ::Q JG-Dr_2G0 " 2(n=1)
_ag (17 (%) i (D) i
o ]Z:; G-DG-21-20"D] n ]Z:; G-Di-20671] " 2(n—1)
s8¢ 1) s
= 2 G-0G -2l -]
Therefore
pu(m,n) =2(n— 1) — 2F1(n) + 2 Fy(n) + §F3(n) — 4Fy(n) + S F5(n). (4.42)

4.2 Asymptotic Analysis of p(m,n)

We derive an asymptotic expression for p(m,n) shown in (4.42). The computations described
in this section are analogous to those in Section 3.2. Hence we merely sketch details to derive
the asymptotic expression. First, we analyze F}(n). A routine complex-analytical argument
similar to (but much easier than) the one described in Section 3.2 shows that

2 nl
n) = (=1)"t! €Sg— '
Fitn) = (-D"™ ) Resemy PR Ve e ]
5

= (-1t [(—1)" (1), + (—;)”n(n_ 3 (an B )]

2 2

1 5 1

= —En(n—1)Hn_2+1n(n—1)—an_1—5

= —lnzlnn—i— 5_1 n2—nlnn—|—n72—('y+1)n+0(1) (4.43)
2 12 2(n — 1)
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Since Fy(n) is equal to t,, which is defined at (3.9) and analyzed in Section 3.2, we
already have an asymptotic expression for Fy(n). Next we derive an asymptotic expression
for F3(n):

B (n— 1)
Fsln) = E:R%sk{ sl)@2%~b(n1ﬂ}
nHy,_o—n— H,_9+2
= nlnn+(y—1)n—Inn+O(1). (4.44)

To obtain an asymptotic expression for Fy(n), we closely follow the approach of
Section 3.2. Let 4y, := Fy(n + 1) — Fy(n). Then

"= _;ju -0 —Bj2><1 —27) K?:D R 1] '

Let ¥, := tip41 — Up. Then, by computations similar to those performed for v, in Section 3.2,

n—2
OIS ¢(=2—k) n—1
T ;0(_1)’f (k +2)(k + 1)[1 — 2~ (#+3)] ( k >
3
_  (_1\ntl o5 (=2 —1s) (n—1)!
= (-1) ;R s_k{(8+2)(5+1)[1—2—(8+3)]8(S—1)...[5_(n_1)]}

. (-2 5) (n—1)
+(—-1) +1 Z Ress——34y, {(8 +2)(s+1)[1 — 2—(s+3)] s(s=1)-[s—(n—1)] }

keZ\{0}
1 1 1 v 1 Hus)
 9n nn+1) nanr+Dn+2) [In2 2 n+2 "
where
Z C(1 = x)I(1 = x)T'(n)
veT0} (In2)I'(n + 3 — xx)
Hence
n—1
Uy = U2+ZT~)J’
j=2
1 1 H, Hp+ 1 3+In2-2y 1
= g taté 212( n—|—1> n in2  nm+1)
where

- T4y 3 ¢ = xm)T'(L = xk)
36In2 72 12In2 bz {0} (In2)(2 — xx)T'(4 — xx)

: C(1 = xp)I'(1 — xx)'(n)
S Z (In2)(2 = xp)l(n+2—xx)

keZ\{0}
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Thus
n—1
Fy(n) = F(2)+) i,
j=2
_ 1 8 _ 1 8 3  3+lm2-2y __ - =
= gt gHnot (a 9) "G T 8m2  smz A tbTé
1 H, 3+mh2-2y1
Yomen ¥ am2 o (4.45)
where
b= Y C(1 = xi)T (L — x)
rezqoy 1022 =) (1 =X)L = xk)
& = 3 C(1 = xu)I'(A = xp)'(n)
ke Z\(0) (In2)(2 — xx)(1 = xx)T'(n+1 = xz)
Therefore
1 1 1 8
F4(n):§nlnn+ a+§7—§ n—|—§lnn—|—0(1). (4.46)

Finally, we analyze F5(n). By computations that are entirely analogous to those
performed for Fi(n), Fy(n), and Fy(n),

2 n!
F5(n) = (-1) HkZZOReSSk{[l—Q(31)]82(5—1)2(5—2)2(8—3)---(8—n)}

n!
+(=1)"H Z Ress=1+y; {[1—2—(5—1)]32(5—1)2(5—2)2(5—3)--~(s—n)}

kez\{0}

= i(QHn+3+4ln2)—n(n2_1)(Hn_2—ln2—3)
1 11 1 o 2 W2 1
| (Hpe)?+ (2= — ) Hoor + ——HP 4+ = 4 25—
"[21112( 1)+<2 ln2> e e T T 1 2}
T(—1 - x,)T(n+1
S : 2( 2Xk)1 ;n+ )
1 In2— 1 11
= —§n2lnn+3+n2 7712—21r12n(han)2—|—(1][12—2>nlnn—|—0(n). (4.47)

Therefore, from (4.42)—(4.44) and (4.46)—(4.47), we obtain the following asymptotic
formula for p(m,n):

) = - a2
w(im,n) =4(14+1In2 —a)n — 1n2(lnn) +4 <1n2 1> Inn + O(1). (4.48)

The asymptotic slope 4(1 4+ In2 — a) is approximately 8.20731.



5 DERIVATION OF A CLOSED FORMULA FOR p(m,n) 28

5 Derivation of a Closed Formula for p(m,n)

The exact expression for p(m,n) obtained in Section 2 [see (2.8)] involves infinite summation

and integration. Hence it is not a preferable form for numerically computing the expectation.

In this section, we establish another exact expression for p(m,n) that only involves finite

summation. We also use the formula to compute p(m,n) for m=1,...,n,n=2,...,20.
As described in Section 2, it follows from equations (2.6)—(2.8) that

p(m,n) = pi(m,n) + pa(m,n) + ps(m,n), (5.1)

where, for ¢ = 1,2, 3,

oo 2F k
(m,n) = ZZ/ /l2 (k+1)P,(s,t,m,n) dt ds. (5.2)

k=0 I—1 3)27k

The same technique can be applied to eliminate the infinite summation and integration from
each pq(m,n). We describe the technique for obtaining a closed expression of p1(m,n) in
detail.

First, we transform P (s,t,m,n) shown in (2.3) so that we can eliminate the integra-
tion in py(m,n). Define

i, ) = 1(1§m§i<j§n)2<_ 1

n
5.3
j—m+1 1j—z’—1,1,n—j>’ (5:3)

) )

where 1(1 < m < ¢ < j < n) is an indicator function that equals 1 if the event in braces
holds and 0 otherwise. Since

Si—l(t _ S)j—i—l(l _ t)n—j
j—i—1 i1 n—j n— i
— 8171 Z (j y >tu(_1)]zlusjzluz < . ]> (_1)n7]7vtnfjfv’
v=0

it follows that

j—2 n 2

oy S Y

Jj—i—1ln—j
—1—1 . ) )
P1(87t7 m, n) = Z Ol (Z ] Z (-7 ’L > < ])Sj—u—Ztn—]—v-i—u(_1)71_@_”_1}_1
m<i<j<n =0 v=0 v
( ke 1) ( n —J >(_1)h—i—j+1
m<i<j<n f=i—1h=j—f-2 _Z+ 1 h_.j +f+2
n—2 n—f-2

= > > e, (5.4)

f=m—1 h=0

where

FH1 f+h+2 i1 ne i
- - _q)h—iit
=2 Zc”j( z+1><h—j+f+2>( )

i=m j=f+42
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Thus, from (5.2) and (5.4), we can eliminate the integration in u;(m,n) and express it using
polynomials in {:

Ml(m7n>
n—2 n—f-2 oo
= > Ca(f ) (k+1 22 A e R L (S TARE S (e VEa
f=m—1 h=0 k=0
(5.5)
where )
Note that
h+1 h h+1—j
h+1 1 _ h+1\ (1
m-(-g) =X )A()
1\/* / f+1 , 1\ fi-J
i 1 — 1)1 _ < >l] f+1-j — <>
(1-3) - S (e
Hence
h+1 f+1
[lh—H _ <l _ ;) ] [(Z _ ;) —(1— 1)f+1]
f+1>< ) )i | (1)f+1_jl <1>h+1_j e
Z() ]z;( e (1 ! ,
which can be rearranged to
f+h+1 .
Z C4(f7haj)l]_17 (56)
j=1
where
C4(fa hv])

RO K ) | K| SO [0

3'=0V(j—1-h)
Therefore, from (5.5)—(5.6), we obtain

n—2 n—f-—2 0o 2k f+h+1 ‘
pa(m,n) = Co(f,h) D (k+1) Y 27FIHH2 % 0 Cy(f,h, )™
f=m—1 h=0 k=0 I=1 j=1

n—2 n—f—2 f+h+1 %)

/- "
N YD Cs(fihg) Y (k+1)2 KU N L
= K =1

f=m—1 h=0 =0
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where
C5(f7 ha]) = CS(fu h) . C4(f7 ha.])

Here, as described in Section 3.1,

2k j—1
Z 1= Z ajTQk(j*T)’
=1 r=0

where a;, is defined by (3.4). Now define

Cﬁ(fa h,j,’l") =Gy C5(fa h)])

Then
n—2 n—f-2f+h+1j-1 ) .
pa(m,n) = 2 Z%rQs fihs g Z (k + 1)2 F(F+ht24r=j)
f=m—1 h=0 j=1 r=0 k=0
n—2 n—f-2f+htlj—1 A
= Z Cﬁ(fv h7j7 T)[l - 2—(f+h+2+7’—])]—2
f=m—1 h=0 j=1 r=0
n—1
= Cr(a)(1=277) (5.7)
a=1
where
n—2 n—

f=2f+h
f=m—1 h=a j=p
in which a :=0\(a— f—1)and 8:=1\/(f+h+2—a).

The procedure described above can be applied to derive analogous exact formulae
for po(m,n) and ps(m,n). In order to derive the analogous exact formula for ug(m,n),
one need only start the derivation by changing the indicator function in C;(4,7) [see (5.3)]
to 1(1 < i < m < j < n) and follow each step of the procedure; for pz(m,n), start the
derivation by changing the indicator function to 1(1 <i < j <m < n).

Using the closed exact formulae of py(m,n), pe(m,n), and ps(m,n), we computed
w(im,n) forn = 2,3,...,20 and m = 1,2,...,n. Figure 1 shows the results, which suggest
the following: (i) for fixed n, u(m,n) increases in m for m < "+! and is symmetric about

oL (i) for fixed m, p(m, n) increases in n; (iii) maxy, p(m,n) is asymptotically linear in n.

6 Discussion

Our investigation of the bit complexity of Quickselect revealed that the expected number of
bit comparisons required by Quickselect to find the smallest or largest key from a set of n
keys is asymptotically linear in n with the asymptotic slope approximately equal to 5.27938.
Hence asymptotically it differs from the expected number of key comparisons to achieve the
same task only by a constant factor. (The expectation for key comparisons is asymptoti-
cally 2n; see Knuth [11] and Mahmoud et al. [15]). This result is rather contrastive to the
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Quicksort case in which (see Fill and Janson [3]) the expected number of bit comparisons is
asymptotically n(Inn)(lgn) whereas the expected number of key comparisons is asymptoti-
cally 2n1nn. Our analysis also showed that the expected number of bit comparisons for the
average case remains asymptotically linear in n with the lead-order coefficient approximately
equal to 8.20731. Again, the expected number is asymptotically different from that of key
comparisons for the average case only by a constant factor. (The expected number of key
comparisons for the average case is asymptotically 3n; see Mahmoud et al. [15].)

Although we have yet to establish a formula analogous to (3.8) and (4.42) for the
expected number of bit comparisons to find the m-th key for fixed m, we established an
exact expression that only requires finite summation and used it to obtain the results shown
in Figure 1. However, the formula remains complex. Written as a single expression, u(m,n)
is a seven-fold sum of rather elementary terms with each sum having order n terms (in
the worst case); in this sense, the running time of the algorithm for computing p(m,n)
is of order n”. The expression for p(m,n) does not allow us to derive an asymptotic for-
mula for it or to prove the three conjectures described at the end of Section 5. The sit-
uation is substantially better for the expected number of key comparisons to find the m-
th key from a set of n keys; Knuth [11] showed that the expectation can be written as
20n +3+ (n+ 1) Hy, — (m+2)Hyp — (0 + 3 — m) Hop1).

In this paper, we considered independent and uniformly distributed keys in (0,1).
In this case, each bit in bit strings is 1 with probability 0.5. Building on the present work
and that of Fill and Janson [3], much more general key-distributions are treated by Vallée
et al. [21]. Their generalization further elucidates the complexity of Quickselect and other
algorithms.

Acknowledgment. We thank Philippe Flajolet, Svante Janson, and Helmut Prodinger
for helpful discussions.

7 Appendix

In order to prove (3.20), it suffices to show that, for any positive integer m,

n—~60+ioco ds
—1—s)m™* =0
Joa € e
(note that n > 2 and 0 < 6 < 1). Letting ¢ := —1 — s, it is thus sufficient to show that
—(n+1)+0+ico dt
J ::/ C(t)ym! =0
o * R D) ot (D)

Using the residue theorem, we obtain

J = —2mi [zn:(—nk (kym™ | m

24100 . dt
2 it 1=R T 2! +/2 S(tym

i tt+1) -+ (nt1)
(7.1)
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The “2” in the second term here could just as well be any real number exceeding 1. Here

n+1 —(k—1)

- k C( ) _ 1 - Bk+1m B Bkm
kzo(_ ) k:!(n+1k)!__Q(n+1)!+;(k+1)!(n+1k)!_klk!(n+2k:)!'

Therefore

C(—k)ym™F m
2V Tt ity

k=0
_ m—(n+1) [Tl g (n+1)! - mnt2
(n+1)! k!(n—|—2—k)! n+ 2
—(n+1) ™ m—1 n+1
m n
= Zk“ i <1) ; (7.2)

k=1

for the second equality, see Knuth [12] (Exercise 1.2.11.2-4). On the other hand, Flajolet et
al. [4] showed that

24100 . dt ) m—1 it
/z_m O e+ (D) nﬂlkzl( —) LT3

Thus it follows from (7.1)—(7.3) that J = 0.
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