
Homework No.3, 550.694, Due March 7, 2008.

1. (a) Show that the gradient of the Lagrangian map X(α, t) satisfies

∂

∂t
∇αX = ∇αX ·∇xu.

Use this result to show that Cauchy’s vorticity formula ω(X(α, t), t) = Ω(α)·∇αX(α, t)
provides an explicit integration of the 3D Euler equation Dtω = ω·∇xu.

(b) The Weber velocity variable

w(α, t) ≡ ∇αX(α, t)·v(α, t)

is closely related to the Cauchy invariant. Establish the so-called Weber formulation
of the 3D Euler equation:

∂

∂t
w = ∇α

[
1

2
|v|2 − pL

]
,

where note that pL(α, t) = p(X(α, t), t) is the Lagrangian pressure.

(c) If C is any fixed loop in the label space, show that∮
C

dα·w(α, t) =

∮
C(t)

dx·u(x, t)

where C(t) is the image of C under the Lagrangian flow X(α, t). Then use the result
in part (b) to give another proof of the Kelvin circulation theorem.

(d) Show that Cauchy’s vorticity invariant is the curl of Weber’s velocity variable:

Ω(α) = ∇α×w(α, t).

Hint: Define Ω∗(α) ≡ ∇α×w(α, t) and then calculate Ω∗(α)·∇αX(α, t). You will
find useful the result

εijk
∂Xl

∂αi

∂Xm

∂αj

∂Xn

∂αk

= εlmn,

which you should show follows from the Jacobian, ∂(X1, X2, X3)/∂(α1, α2, α3) = 1.
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2. (a) Show that∫ t

0

ds

∫ t

0

ds′ F

(
s′ − s,

s′ + s

2

)
=

[∫ t

0

dτ

∫ t−τ/2

τ/2

dT +

∫ 0

−t

dτ

∫ t+τ/2

−τ/2

dT

]
f(τ, T )

with τ = s′ − s, T = (s′ + s)/2.

(b) Use part (a) to show that, if the statistics of the Lagrangian velocity v(α, t) are
stationary in time, then

〈|δX(t)|2〉
2t

=

∫ t

0

dτ
(
1− τ

t

)
〈v(τ)·v(0)〉.

(c) Finally, show that
lim
t→∞

〈|δX(t)|2〉/2t = D

with D =
∫∞

0
dτ〈v(τ)·v(0)〉, if the velocity auto-correlation function 〈v(τ)·v(0)〉 is

(absolutely) integrable in time.

3. (a) Suppose that u(x, t) for all times t is a smooth velocity field in a flow domain
Ω that is incompressible and has no flow across the boundary ∂Ω of the domain:
∇·u = 0 and n̂·u|∂Ω = 0. Explain why, for any function F (x, t),∫

Ω

ddx F (x, t) =

∫
Ω

ddα F (X(α, t), t),

where X(α, t) is the Lagrangian flow map generated by u.

(b) Now suppose that u(x, t) is an incompressible velocity field on all of Euclidean
space Rd which, for simplicity, is absolutely bounded: |u(x, t)| ≤ umax < ∞. If Ωn is
a sequence of domains Ωn ↑ Rd, then explain why, for any fixed time t,

lim
n→∞

1

|Ωn|

∫
Ωn

ddx F (x, t) = lim
n→∞

1

|Ωn|

∫
Ωn

ddα F (X(α, t), t),

where |Ωn| is the d-dimensional volume of Ωn.

(c) If statistics are defined by space-averaging, then show that the single-time, 1-point
PDF’s of Eulerian velocity P (u, t) and of Lagrangian velocity P (v, t) are identical
under either of the assumptions in (a) and (b). It may be helpful to consider the
Fourier transform, or so-called characteristic function,

〈exp(ik·u(·, t)〉 =

∫
ddu eik·uP (u, t)

with average on the left over x, and similarly for P (v, t).
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4. In this problem we consider the solution of Richardson’s equation for 2-particle
relative diffusion in 3D spherical coordinates,

∂tP (ρ, t) =
1

ρ2

∂

∂ρ

(
ρ2K(ρ)

∂

∂ρ
P (ρ, t)

)
,

with eddy-diffusivity K(ρ) = k0〈ε〉1/3ρ4/3.

(a) Define a new time-like variable τ = k0〈ε〉1/3t and a time-dependent length-scale
L(τ) = τ 3/2. Looking for solutions of the self-similar form

P (ρ, τ) =
1

L3(τ)
Q

(
ρ

L(τ)

)
,

show that Q(x) with x = ρ/L(τ) must satisfy the equation

9

2
Q(x) +

3

2
xQ(x) +

10

3
x1/3Q′(x) + x4/3Q′′(x) = 0.

(b) Making the substitution y = 3
2
x2/3, show that the resulting equation has an exact

solution Q(y) = exp(−(3/2)y). From this infer that

P (ρ, t) =
A

(k0〈ε〉1/3t)9/2
exp

[
−9

4

ρ2/3

k0〈ε〉1/3t

]
is an exact solution of Richardson’s equation for any constant A.

(c) Show that the value of the constant to satisfy the normalization condition

4π

∫ ∞

0

ρ2dρ P (ρ, t) = 1

is given by 1/A = 4π(2/3)8Γ(9/2) with Γ(z) =
∫∞

0
dt tz−1e−t. Explain why it is true,

with this value of A, that limt→0+ P (ρ, t) = δ3(ρ).

(d) Show for the solution in (b),(c) that

〈ρ2(t)〉 ≡ 4π

∫ ∞

0

ρ4dρ P (ρ, t) = g0〈ε〉t3,

with the Richardson constant g0 = (1144/81)k3
0. Hint: Recall that Γ(z + 1) = zΓ(z).
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